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Multivalued robust tracking control of Lagrange
systems: Continuous and discrete-time algorithmes.

Félix A. Miranda-Villatoro {, Bernard Brogliato i, and Fernando Castafios 7

Abstract—The robust trajectory tracking of fully actuated
Lagrange systems is studied. Exogenous perturbations as well
as parameter uncertainties are taken into account. A family of
set-valued passivity-based controllers is proposed, including first-
order sliding-mode schemes. The existence of solutions and the
stability of the closed-loop system are established in continuous-
time. An implicit discretization approach is proposed and the
well posedness and the stability of the closed-loop system are
studied. Numerical simulations illustrate the effectiveness of the
proposed discrete-time controller.

Index Terms—Robust control, sliding-mode control, differen-
tial inclusion, discrete-time, trajectory tracking, Euler-Lagrange
systems, finite-time convergence, Lyapunov stability, convex anal-
ysis, passivity-based controller.

I. INTRODUCTION

HERE exists a vast literature on the control of Euler-
Lagrange systems (see, e.g., [12], [39], [21] and ref-
erences therein). In the early eighties, the problem of ro-
bust tracking for nonlinear robotic systems was approached
in [36] by using sliding-mode control techniques. Later in [34],
[35] the methodology was improved by the use of adaptive
schemes. The main idea was to use a passivity-based approach
to render the closed-loop passive and globally asymptotically
stable [30]. As it is well known, the implementation of robust
controllers based on sliding-mode techniques, suffers from
the so-called chattering problem [39], i.e., the output and
the control input switch at a high frequency between a finite
number of values. Chattering becomes dangerous in mechan-
ical systems, specially when the discrete-time controller is
implemented without the proper discretization scheme. Re-
cently, implicit discretization schemes for linear systems with
sliding modes were proposed in [1], [2], [20] (see also [23]
for a similar approach), and experimentally tested with success
in [18], [19], [20], [40], where it is shown that chattering in
both, the output and the input, is almost totally suppressed.
We begin with an Euler-Lagrange system for which a de-
sired trajectory qq, 4d, g 1S given and we propose a family of
multivalued control laws such that robust tracking is obtained,
both in continuous and discrete-time. Robustness is obtained in
the presence of bounded external disturbances and parametric
uncertainties. The results we present encompass [1], [2], [4],
[5], [20] in the sense that none of the previous papers deals
with parametric uncertainties and [1], [2], [20] limit their study
to linear systems. From a mathematical point of view, the

t Automatic Control Department, Cinvestav-IPN, Av. Instituto Politécnico
Nacional 2508, 07360, Mexico City, Mexico.

1 INRIA Grenoble Rhone-Alpes, University of Grenoble-Alpes, Inovalleé,
655 Av. de I’Europe, 38334, Saint-Ismier, France. bernard.brogliato @inria.fr

problem with parametric uncertainties is that they appear as a
term which cannot be uniformly upper bounded by a constant.

The part on continuous time is a nontrivial extension of
the results in [4], [34], [35], [36] and is strongly based
on the theories of maximal monotone operators and convex
analysis. The time-discretization of set-valued sliding-mode
control laws requires particular care, as it may yield numerical
chattering if the set-valued part of the controller is discretized
using an explicit scheme [1], [2], [15], [18], [19], [20], [40],
[41]. Moreover, an explicit discretization may yield unstable
closed-loop systems in the nonlinear case [27] while, on the
other hand, the implicit method advocated in [1], [2], [5], [20]
retains the continuous-time stability properties of the system
in question [11], [20].

Set-valued control laws are common in sliding-mode control
theory, where the sign multifunction plays a particularly im-
portant role. However, little attention has been granted to other
possible multifunctions. Only until recently, more general set-
valued maximal monotone operators were studied in a control
context [4], [10], [28], [38]. In this paper we study the use
of other multifunctions for the robust control of dynamical
systems and their implementation in discrete-time. The main
objective is to diminish the chattering phenomenon.

Contributions: We generalize the implicit method for
discrete-time sliding mode controllers proposed in [1], [2],
[20] in several ways: First, we take into account the lack
of complete knowledge on system parameters and propose
a family of set-valued controllers for the robust tracking
problem. The family contains the signum multifunction but
it is not limited to it. Second, we provide an algorithm for the
computation of the control that will achieve the robust tracking
with virtually no chattering.

Paper structure: Section II contains mathematical pre-
liminaries while Section III recalls some basic properties of
Lagrangian dynamics. We present in Section IV the well-
posedness analysis of the closed-loop system with set-valued
controllers (existence of solutions), relaxing a stringent as-
sumption made in [4] (see Remark 2). The stability analysis
is made in Section V. We do not establish uniqueness of
solutions, but we do prove that all of them yield a tracking
error with suitable stability properties. Section VI is dedicated
to the analysis of the discrete-time controller. Due to the
nonlinearities of the Euler-Lagrange dynamics, the design of
the implicit discrete-time controller is made from an inexact
discretization of the continuous plant. The design of the
discrete-time nonlinear passivity-based controller is made in
Section VI-A and the stability analysis in Section VI-B.
Numerical simulations illustrate the theoretical developments
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in section VII. Conclusions end the article in section VIII.

II. PRELIMINARIES

Some preliminary results are presented together with the
notation used through this article. Let X be an n-dimensional
real space with the usual Euclidean inner product denoted as
(-,-) and the corresponding norm as || -||. A symmetric matrix
M = M7 is called positive definite if " Mz > 0 for any
x € X \ {0}. For any matrix M € R**™ the norm ||M]||,,
is the induced norm given by [|M||;;, = supjg=y ||M=||. The
unitary ball of R™ with center in 0 is denoted by B, . We
denote by 'y (X)) the set of all proper, convex, and lower semi-
continuous (Isc) functions from X to RU{+oc}. The indicator
of a set C' C X is the function ¥ : X — R U {+0oc} which
satisfies ¥ (z) = 0 for x € C and ¥(x) = 400 otherwise.
The boundary of a set A is denoted as bd(A). The following
definitions are rather standard in the convex analysis literature.
The interested reader can refer to [8], [16], [17], [31], [32] for
further details.

Definition 1. Let ® € I'g(X). The subdifferential of ® at x,
denoted as 9®(x), is the set-valued map given by

0(z) := {C € R*|(¢,n — x) < () —2(x)
forall n € X}.

Definition 2. Let f : X — R U {+oc} be a proper function
and let A > 0. The Moreau envelope of f of index A is

P = nt { )+ o=l

Remark 1. When f € I'x(X), the Moreau envelope is known
as the Moreau-Yosida approximation of f of index A and it
is known that f* € T'o(X). Furthermore, the gradient of f*
exists and f* is Lipschitz continuous with constant 1/ [32,
Exercise 12.23].

Definition 3. Let f € I'o(X) and let x € X. Then, the
proximal map of f at x, denoted as Proxs(x), is the unique
minimizer of f(w) + §|lw — z|[%, ie.,

(1)

(Proxy(2)) + 5| Pros(2) — o]
= nig { ) + o = ol = 7o)

It is important to notice that, when f = W, (the indicator
of the set (), the proximal map agrees with the classical
projection operator Proj(-) given by

(@)

3)

1 .
Proj.(x) = arg min  ||w — z||*.
weC 2

The distance between a point w € R” and a closed convex
set A is given by the expression

“)

Definition 4. Let f : R* — R be a proper and Isc function.
The conjugate function of f is

fr(x") = sup {(w,z”") — f(w)}.
X

weEL

dist(z, C) = min | — w|| = |z - Proje («)].

2

It follows from the definition of conjugate function that, for
any two functions f,g € ['o(X) such that f > g, we have
g* > f*. The following facts will be useful in the sequel.

Lemma 1 ([16, Lemma 5.2.1]). Let f € To(X) and let A :
X — X be a continuous and strongly monotone operator.
That is, for any x|,z € X,

(A(x1) — Alx2), 71 — 22) > f|71 — 72|

for some o > 0. Then, for each v € X, there exists a unique
solution x € X to the variational inequality

(Az —v,n—2x)+ f(n) — f(z) >0 forallne X.

Proposition 1 ([8, Th. 14.3] Moreau’s decomposition). Let
feTo(X) and X > 0. For any x € X we have

x = Proxap(x) + AProxs. /5 (z/A).

We will use Proposition 1 in order to compute explicitly
the proximal map of the norm function that will be used in
Section IV.

Lemma 2 ([8, Example 14.5]). Consider a function f : R* —
R+, = = c||z]| with ¢ > 0. The proximal map of index X\ at
x, Proxyy(x), is given by

_ Ac .
Proxys(z) = (1 uzu) z i flz]| > Ac
0 if ||zl] < Ae.

III. LAGRANGIAN MECHANICS

Let us introduce the class of dynamical systems on which
we will focus. We start with a nonlinear system described by
Euler-Lagrange equations,

M(q())§(t) + Clq(t), 4(2))q(t) + Glq(t))
+ F(t,q(t),4(8)) = 7(t), (6)

where ¢q,¢,§ € R" are the vectors of generalized posi-
tions, velocities and accelerations, respectively. The matrix
M(q) € RY™™, M(q) = M(q)" > 0, denotes the inertia
matrix of the system. The term C(g,q)¢ € R"™ represents
the centripetal and Coriolis forces acting on the system. The
term G(g) € R™ is the vector of gravitational forces. The
vector F(t,q,q) € R" accounts for unmodeled dynamics and
external disturbances. Finally, the vector 7 € R™ represents
the control input forces. We assume that C(q, ¢) is defined
using the so-called Christoffel’s symbols [21, Chapter 4].

Property 1. For all differentiable functions q, the matrices
M(q) and C(q,q) satisfy

d . .
M (a(®) = Cla(®), d(8) + CT (a(t), 4(2).

Notice that the previous property implies that M(q) —
2C (g, ¢) is skew-symmetric.

The following assumptions are standard [21], [12].

Assumption 1. The matrices M (q), C(q,q) together with the
vectors G(q) and F(t,q,q) satisfy the following inequalities
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Sor all (t,q,q) € Ry x R* x R™ and some known positive
constants ki, ko, ko, kg and kp:

0 <k <|[M(q)||m < ka2, 1C(q, Dl < kelldll,
Gl < kellqll, 1F(t q, DI < kr.

Assumption 2. There exists a constant k3 such that, for all
z,y € R, ||M(z) — M(y)|lm < ksllz —yll-

Assumption 3. The function h : R* x R* — R" defined by
h(zy,xo,x3) := C(xy,x2)x3 is locally Lipschitz.

Assumption 4. The function F(t,xy,x2) is continuous in t
and uniformly locally Lipschitz in (x1,x3), (i.e., the Lipschitz
constant is independent of t).

Assumption 5. The function G(-) is Lipschitz continuous and
satisfies 0 = G(0) < G(x) for all x € R™.

IV. WELL-POSEDNESS OF THE CONTINUOUS-TIME
CLOSED-LOOP DYNAMICS

A. Multivalued control law

In this section we present the multivalued control law
inspired by the controller proposed in [34], [35] for the
case when the parameters are known. Subsequently we will
establish the existence of solutions and stability of the closed-
loop.

Let us introduce the position error § = g—qq and the sliding
surface o = (j + Ag, which will be used in order to maintain
the error signal around zero. Here, the matrix —A € R**"™ is
Hurwitz and satisfies K,A = AT K, > 0 for a symmetric and
positive definite matrix K, € R"*". The proposed control law
has the following form:

7(q,4) = M(@)¢e + Clq,9)gr + Glq) — Kpg +u, (7

where ¢, = g — A¢, K, € R™", K, = K] > 0. The
term u accounts for the multivalued part of the controller
and is specified below. The matrices M(q), C(g,¢) and
G (g) describe the nominal system and are assumed to fulfill
Assumptions 1 to 5 (although with different bounds). In other
words, we assume that all the uncertainties are in the system

parameters and not in the structure of the matrices.

Assumption 6. The matrices M(q), C (q,q) together with the
vector G(q) satisfy the following inequalities for all (t,q, ) €
Ry x R" x R" and some known positive constants l::l, 1%2, ke
and kg

0< I;/'l < H-Z\A/[(q)Hm < ];/'2; ||é(qaq)||m < ];'C'HqH;
IG (@) < kcllall.

After some simple manipulations on (6) and (7), the closed-
loop system results in

(8a)
(8b)

M{qg)e + Clg,¢)o + Kpg + £(t,0,9) = u,
q:: g — A(ja

where the new function £ : Ry x R* x R* — R™ accounts
for all the uncertainties in the system and is given by

§(t,0,q) = F(t,q,q) + AM (q)d- +AC(q,¢) g+ AG(g), (9)

3

N

where AM (q) = M(q)—M{[q), AC(q,¢) = Clq,4)—C(q,4)
and AG(q) = G(q) — G(g). Note that the closed-loop
system (8) slightly differs from the closed-loop system in [34],
[35], since we have omitted the term proportional to ¢ and we
have added the term K ,§ instead. Additionally, it is worth to
mention that the function £ is not uniformly bounded but it is
still upper-bounded by a locally Lipschitz continuous function
of positions and velocities, as the following proposition re-
veals. This fact is a nice feature of the passivity-based control
not shared by other nonlinear control techniques like feedback
linearization.

Proposition 2. The function {(t, 0, q) satisfies
&t o, d)[| < B(e, ),

where 3(0,q) = ¢1 + coflol| + esl|ql] + callgllllo]] + es]lg
for known positive constants c¢;, 1 = 1,...,5.

2
,

Proof. From (9) we have

18, o, )| < NIF(E g, DIl + |AM (q)de|
+ 1AC(g: @) | + IAG ()]l (10)

It follows from Assumption 1 that the first term on the right-
hand side of (10) is bounded by a constant k. The following
terms satisfy

IAM (@)iel| < Cra -+ k2) (ldall + [IAlallol] + AN 1dl)-
IAC(q, )il < (ke + k) [(lgall + 1Al ml1d])
+ (llgall -+ lIAfLnllgD eI,
IAG(@)|| < (ke + ka)(llgall + l1dl)-

Inasmuch as the variables qq,¢q and §q are known and
bounded, we obtain the desired result. O

Now we define the multivalued part of the control law 7 as
—u € (0, )% (o), (1n)

where the function v : R* x R* — Ry is locally Lipschitz
continuous and is specified below in Theorem 1. Additionally,
® € I'y(R™) and is selected in such a way that the following
assumption is fulfilled.

Assumption 7. The function ® € T'o(R"™) has effective domain
equal to R" and satisfies 0 = ®(0) < ®(w) for all w € R".
Also, we have that 0 € int 0®(0).

Notice that Assumption 7 rules out linear controllers. Indeed,
we require ® to be convex and to be non differentiable at
the origin, e.g., the norm function || - ||. It is noteworthy
that the condition 0 € intd®(0) is essential for the finite-
time convergence of the sliding variable ¢ (see the proofs of
Theorem 2 and Lemma 6). The key property is established
formally in the following proposition.

Proposition 3. The following assertions are equivalent:
o 0¢int0®(0),
o There exists o > 0 such that, ®(-) > «f| - ||.

Proof. Let 0 € int 9®(0), i.e., there exists « > 0 such that
for all p € aB, and all € R™, we have (p,n) < ®(n).
Equivalently, sup{(p,n) | p € aB,} < ®(n) for all n € R*
and consequently «|n|| < ®(n) for all n € R™. O
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B. Existence of solutions

The next step consists in establishing the existence of
solutions for the closed-loop system (8) when the multivalued
control (11) is applied. To this end we start using the Yosida
approximation of the set-valued map 9®(-) and after proving
the boundedness of ¢ and ¢, we can conclude the existence of
solutions of the differential equation taking a limit process. Let
®* (o) be the Moreau-Yosida approximation of ® of index A at
the point o € R™. As is pointed out in [6, Th. 4 Sec. 3.4], the
gradient V®* () corresponds to the Yosida approximation of
0®(c). Thus, the approximated closed-loop dynamics satisfy

M(gx)ox + Clan, dx)ox
+K i + £t on, @0) = —7(oa, 1) VEN o),
gr = ox — Ady.

(12a)
(12b)

As a first step we prove that the closed-loop system (12) is
well-posed. Once the well-posedness of the approximated sys-
tem is established, the existence of solutions for the differential
inclusion (8)-(11) can be established by applying [4, Theorem
4.2]. This procedure is formalized in Theorem 1. The proof is
only outlined, but can be found in its complete version in [29].

Theorem 1. Let Assumptions 1-7 hold. Then, there exists a
solution ¢ : [0,+00) = R", ¢ : [0, +00) — R™ of (8)-(11)
Sor every (0¢,qo) € R* x R*, whenever:

« . ~
57(07 q) Z ,8(0'7 q);

where (3 is specified in Proposition 2 and « is given in
Proposition 3. The notion of solution is taken in the following
sense:

13)

o 0 is continuous with derivative ¢ continuous and bounded
in bounded sets.

o § is continuous with derivative (j continuous and bounded
in bounded sets.

o Equations (8)-(11) are satisfied for almost all t €
[0, +00).

[ 0(0) = 0o and (1(0) = (jo.

Sketch of the proof. Clearly, equation (12) is equivalent to

|:(7)\] — |:_-Z\[_1(Q)\)G(taq)\;q')\;0')\) (14)
Gr ax — Agx ’
where

G(t,axn,dxn,02) = Clan, dr)ox + Kpdx
+ &+ v(on, VRN on)
and &, = &(t, o, qx). Since all the terms in &, are locally

Lipschitz together with the function ~ and the gradient V&?*,
it is easy to see that the term

g(ox, @) = Clar, drn)ox + Kpgx + &
+ (02, @)V (a2)
is locally Lipschitz as well. It is not difficult to show

that Assumption 2 ensures the local Lipschitz property for
M~(gx)g(ax,dx). In conclusion, the right-hand side of (14)

4

is locally Lipschitz continuous and, therefore, there exists
a unique solution in an interval [0,7) in the sense of
Caratheodory.

Now we prove that the solution exists for all 7' > 0. Fol-
lowing [37] and [12, p. 403], we consider the energy function
H(ox,Gx) = 304 M(gx)ox + 34, Kpgx. The derivative of H
along trajectories of (14) takes the form

H(oxr, 40) = —45 KpAda
—(oxn, )(VENar),00) — (Ex,00).  (15)

The following step consists in describing more precisely the
term (V®*(ay), o). As pointed out in Remark 1, the func-
tion ®* is convex and differentiable. Therefore, its gradient
satisfies

— (V@ ax),00) < —f*on)
1 )
= —al|Proxys (o) — B3 |IProxas(ox) — oall*, (16)

where we have used [17, Th. 4.1.1] and Proposition 3 with
f() = ]| - |]. The substitution of (16) into (15) together with
Lemma 2 leads to

H(ox, @) < —4x KpAdy — (%W(UA;@A) - ﬂ(GA;(fA)) loall

(17)
for all ||ox]] > aA, which is strictly negative for all ¢y in
view of (13). On the other hand, considering the case when
lloal] < aX and ||g|| > 7, we have that

. o1 .
H(ox,qx) < — [)‘min(KpA) — ap) HqAHZ - _’YHUAHZa

2A
(18)
where p = (1 + c2a/r? + (e3 + cqa))/r + c5 and the
positive constants ¢;, ¢ € {1,...,5} are defined in Proposition

2. Thus, it becomes clear that (18) is negative for all A > 0
small enough. It follows that any level set V.. := {{(ox,d)) €
R |H(ox,dx) < c} that contains the ball v/a2A2 + r2Bs,,
is positively invariant and attractive since H < 0 outside V.
Hence, the pair (o, §y) is ultimately bounded (see, e.g., [22,
Sec. 4.8]). Finally, the existence of a solution of (8)-(11) is
established by taking the limit as A — 0. Formally, this is
a direct application of [4, Theorem 4.2] (taking into account
that ¢ corresponds to ¢ in our setting). O

Remark 2. The previous proof differs from the proof of
Lemma 4.1 in [4] in that the stringent Assumption Hg
is relaxed. Such assumption imposed a severe restriction on
the relation between the Moreau-Yosida approximation of
® and the disturbance. Instead, we only require (13) and
0 € int 0®(0) for the design function. It is thus possible to
consider a much larger and realistic class of disturbances.

Remark 3. Theorem 1 does not guarantee uniqueness of solu-
tions. An analytic proof of uniqueness requires more stringent
properties which are rarely satisfied in practical cases [4,
Section 5].

C. Case with a constant gain y

The well-posedness of the closed-loop system (8)-(11) has
been proved above making use of a state dependent gain

0018-9286 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2017.2662804, IEEE

Transactions on Automatic Control

~(o,§) which satisfies (13). An important case of study is
when the control gain is set constant, which simplifies the
implementation.

Corollary 1. Let Assumptions 1-7 hold. Consider the system

M(g\)on + Clar, Gr)oa

HE iy + £t 00, 00) = =7V 8N o), (19a)
gr = ox — Agx. (19b)

Fix R > 0 and define the set
Wr.k, = {(or, @) €ER" xR" | H(oy,Gx) < R}, (20)

where H(ox,4\) = 0 M(qx)ox+ 24\ Kpda. Let ky, be the
maximum eigenvalue of K, and let R¢ be a positive constant
satisfying

max

B(o,q).
(o) EWR.Kp (@9

R = 21
Then, for any initial condition (x(0),4x(0)) € Wg k,, the
unique solution of (19) is bounded for all t > 0 whenever

R g . R
7>2—5 and N +rP<2——
e max{kz, kp, }
for some r > 0. Moreover, the system is semi-globally
practically asymptotically stable.

Proof. The proof is a consequence of Theorem 1. Indeed,
the condition a?A? + r?> < 2R/ max{ks, kp,} implies that
Va?A? 4 r2By, C Wg k, and, using the same arguments as
those in the proof of Theorem 1, it follows that H < 0 for
all (ox,4x) € bd(Wg,k,). This proves the positive invariance
of Wg, k,. Moreover, we have semi-global practical stability
since the trajectories converge to the smallest level set which
contains the ball v/a2A2 + r2B,,,, and this set can be made
arbitrary small by decreasing the value of A (consider, for
example, 7 = A'/3 in the proof of Theorem 1). O

It is clear that, for any fixed R > 0 and the conditions
of Corollary 1 satisfied, Theorem 1 ensures the existence of
solutions of the differential inclusion (8) with the multivalued
controller u € —y9® (o).

V. ROBUST STABILITY OF THE CLOSED-LOOP SYSTEM

In this section we prove how the trajectory tracking is
robustly achieved in the presence of external bounded dis-
turbances and parametric uncertainties. Additionally, we show
that the variable ¢ reaches zero in finite time. In order to obtain
an upper bound of the reaching time, we shall take only the
dynamic equation related to ¢ and make K, =0, i.e.,

M(q)o + Clq,¢)o + &(t,0,q4) € —y(0,§)0®(0).

From the closed-loop equation (8b) we see that the finite-time
stabilization of the variable ¢ implies the asymptotic stability
of the error ¢ and its derivatives.

(22)

Theorem 2. Consider system (22). Let the assumptions of
Theorem 1 hold. Set v(o,§) = (28(0,q4) + )/, where § > 0
is constant and 3 is defined as in Proposition 2. Then, the
sliding surface ¢ = 0 is reached in finite time.

5

Proof. Consider the function V(o,t) = 10" M (g(t))o, which
is positive definite as a function of ¢ alone. Taking the time-
derivative of V" along the trajectories of (22) leads to

V < (o, 9)(¢ o) + €t o, d)|l]|o]],

where ¢ € 9®(0) and Property 1 was used. From the definition
of the subdifferential and from Proposition 3, it follows that
—{¢,0) < —®(0) < —al|o||, which yields

V < — o0, @) — Blo, @] .

Hence, if ay(o, §) = (o, §)+0 where 4 is a positive constant,
we obtain V' < —§||o|| = —4, /%Vl/z. By applying the Com-
parison Lemma and integrating over the time-interval [0, t] we

obtain V1/2(t) < V1/2(0) — \/%t. Consequently, V' reaches

zero in a finite time ¢* bounded by ¢t* < ¥2R2771/2(0). O

Remark 4. The case K, # 0 makes the computations more
laborious and is left to the reader. The main difficulty resides in
the fact that it is no longer possible to analyze the sliding and
the error dynamics separately. It is then necessary to consider
the full Lyapunov function V =o' M + ¢ K,q or to use a
small-gain-theorem approach.

Now that the global asymptotic stability of the origin has
been established in the presence of parametric uncertainty and
external disturbances using a state-dependent gain (o, §), we
will derive stability conditions for the case when y is constant.

Theorem 3. Let the assumptions of Theorem 1 hold. Consider
system (8) with the multivalued control law v € —~v0®(0)
and consider a compact set Wy i, as in (20) with R > 0
fixed. The origin of the closed-loop system is semi-globally
asymptotically stable. Moreover, the basin of attraction con-
tains Wg i, whenever

v > &, (23)
(8%

with B¢ as in (21).

Proof. The result follows from the fact that Wg g, is posi-
tively invariant (the proof is similar to the one of Corollary
1) and the fact that, for ( € O®(c), we have that H <
—G"K,A§ — (va — Rg)||a||. Tt is clear that H is negative

definite whenever (23) holds. O

VI. IMPLICIT DISCRETE-TIME SLIDING-MODE
TRAJECTORY TRACKING CONTROL

A. Discrete-time controller design

This section is devoted to the analysis of the discrete-time
version of the above robust set-valued passivity-based control
algorithms. We consider an implicit time discretization similar
to the one proposed in [1], [2], [20] for linear time-invariant
systems with known parameters. The difficulty in extending
the above-mentioned method resides in the facts that the plant
is now nonlinear (which prevents us from using an exact
integration like the zero-order-hold method), the controller is
also nonlinear and, most importantly, we allow for parametric
uncertainties.
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Let us start with the following Euler discretization of the
plant (6):

Grt1 — 4 .
M(qw% + C(qk, Gk )dr+1

+Gqr) + F(tr, qr, Gx) = Tk,
Gh+1 = qr + hay.

(24a)

(24b)

(Henceforth, for a given fungtion F, F}, denotes F'(t).)
Assuming that the matrix C'(g, ¢) is also computed using the

Christoffel’s symbols from M (q), then the pair M (q), C(q, 4)
satisfies a property similar to Property 1.

Property 2. The matrices M(q) and C(q,q) satisfy
d e . .
M (a(®) = Cla(®),4(1) + CT (q(#), 4(2)-

Notice that Property 2 is not necessary in the continuous-
time case since the explicit selection of the controller was not
specified. This stands in contrast to the discrete-time setting,

where one of our main concerns is obtaining a numerical value
for the control input at each time step (see (32) below).

Lemma 3. For any k > 0 we have
Mgy — My = hCy, + hC)| + &,
My — My, = hCy + RO + €,

(252)
(25b)

where h is the time step and satisfies ty41 — ty = h, and
€k, € € RY™ are o(h) (‘little-o’) matrix functions, ie.,

||é\k||’rn/ — lilll ||6k||’[7L — D.
R0

lim
110

Proof. Obtained from the expansion in Taylor series of Prop-
erties 1 and 2 [5]. O

Following the same methodology as in the continuous-time
problem, we introduce the position error ¢y = g — qg as well
as the sliding surface o, = (jk + Ady, where Gp41 = Gr, + h(fk,
A € R**"™ is a Hurwitz matrix as in the continuous-time case,
and q,‘cl refers to the sample of the reference trajectory at time
tr. We propose the control law 73 as

o ey — 4y . .
T = ]\fk% + qul?—i—l + Gy + ug,

q£+l = qz + hqz;

(26a)
(26b)

where ¢ = qg — Agp and wy refers to the multivalued part
of the controller plus an additional dissipation term specified
below. After some simple algebraic manipulations, the closed-
loop system is obtained from (24) and (26) as
Myogs1 — Mpoyg + hCropy1 = —h&, + huy, (27a)
Qr+1 = (I = hA) @ + hog, (27b)
where o1 = o + hog, Qr+1 = G + h(fk and the equivalent
disturbance &, := {(tg, ok, Gi) is given by
& = i + (Mg — My) (i — Ao — Adr)) + Gi — Gy
+ (Cr — Ck) (g — AT = hA) G + hoy]) . (28)

It is easy to prove that the discrete-time version of the
disturbance & satisfies an analogue version of Proposition 2:

6

Proposition 4. The function {(ty, ok, Gi) satisfies

1€, ok @)l < B(ok, i),
where

Blow, @) = c1 + eallowll + esll@ell + callgillllowll + e5| gl

and ¢;, © = 1,...,5 are known positive constants.

Proof. The result is obtained by following the same steps as
in the proof of Proposition 2. O

If uy, is well-posed and non anticipative, i.e., if it depends
only on the data available at time £z, then the control law 7y
will be non anticipative as well. Simple computations reveal
that (26) is equivalent to

Tk = M (G — Aok — Ade)) + Gr + w

+ G (s — AT = hA) G + hoy]) . (29)

Equation (27) leads us to the following.

Assumption 8. The step length h > 0 is small enough such
that the spectrum of I — hA is contained in the interior of the
complex unitary circle.

At this point we specify the remaining term v, in a similar
way as its counterpart in continuous-time (11),

—up € KoGpq1 +70P(6p41), (30)

where K, = K| > 0. The gain v > 0 is considered constant
and G4 1s defined by the nominal version of (27a),

A%k6k+1 - ]\fAkak + héka'k+l +hK;0541 € —h76¢(6k+1).

(31
Since the equivalent disturbance & is unknown, we will com-
pute the controller from the nominal unperturbed plant (31)
with state g4 and using (27) as follows:

Myogs1 — Myog + hCrop41

+hK;0p41 — hé = —hyCpyr, (32a)
Ci1 € 0P (6p41), (32b)

M6ry1 — Myog + hCrbpr
+hKoOpy1 = —hyCrya, (32¢)

Ge+1 = (I = hA) G + hoy, (32d)

Notice that the discrete-time closed-loop system (32) is
slightly different from the direct discretization of the
continuous-time closed-loop system (8), since it contains a
new term K641 and we have made K, = 0. The additional
term K, 6,41 will assure the stability of the closed-loop
system by adding dissipation, as is shown in the proofs of
Theorems 4 and 5. From now on we will concentrate our
attention on equations (32a)-(32c), for which, if some stability
properties are preserved, then the boundedness of the solutions
of the difference equation (32d) follows. Moreover, from
Assumption 8 we have that g, — 0 as o, — 0 and k¥ — +oc0.

System (32a)-(32d) may be viewed as follows: Equa-
tions (32a) and (32d) are the Euler discretization of the
plant with a pre-feedback, (32c) is a nominal unperturbed
system and (32b) is the discretized set-valued controller to be
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calculated from (32c). From (32) it becomes clear that, when
all uncertainties and disturbances vanish, ¢, = o, whenever
a 0 — 0p-

First, we prove the well-posedness of the general
scheme (32), i.e., we prove that we can compute a selection
of the multivalued controller (32b) in a unique fashion, using
only the information available at the time step £. We note first
that (32c) and (32b) imply

(My, + hCy + hK )b 41 — Moy, € —hny0®(6141). (33)

Equivalently,

— G1) + hy®(n) — hy®(G41) > 0,

(34)
for all n € R™, where /ik = (J\A/[k + hé’k + hKo). It is
clear from Lemma 1 that 641 is uniquely determined if the
operator Ay is strongly monotone. Additionally, note that o1
depends on Ak, M, ks Ok, N,y and @ only (all of them available
at time step k). In order to obtain conditions for the strong

monotonicity of Ay, we note that, for any w € R*,

||6k||
=) P,

where x; is the minimum eigenvalue of K, and we have made
use of Assumption 6 and Lemma 3. Hence, 4y is strongly
monotone for any A small enough such that

<¢21k5k+1 — Mok, n

(Apw,w) > (12:1 + hky (35)

k1 €k llm

D) + hlﬂ 2
By applying Lemma 1 we obtain the uniqueness of Gjq.
Moreover, the solution &4 is Lipschitz continuous with
respect to oy,. It is noteworthy that the condition on the strong
monotonicity of Aj, of Lemma 1 can be relaxed using the
approach developed in [3, §2.7]. It is possible to derive an
implicit formulation for the solution of (34), so that it can be
easily found numerically. The following Lemma provides the
means to accomplish that.

> 0. (36)

Lemma 4. Consider the following variational inequality of
the second kind,

(Px—r,m—x)+¢n) —d(x) >0 forallnecR* (37)

with P € R"™™ a strongly monotone operator (but not
necessarily symmetric). Then, the unique solution of (37)
satisfies
x = Prox,4 (I — pP)x + pr)
= (Id — pProxy- op 'Id) (I — pP)z + pr)

(38a)
(38b)

for some p > 0. Moreover, there exists p > 0 such that the
map x — Prox,s (I — pP)x + pr) is a contraction.

Proof. Let x be the solution of (37). Then, for any p > 0,
we have ur — uPzx € 9(u¢)(x) or, equivalently, (I —uP)x +
pr—x € O(pd)(x). Hence, x = Prox,,4(({ —puP)x+pr). The
second equality in (38) is a direct consequence of Moreau’s de-
composition Theorem (Proposition 1). Recalling that Prox;,
is a non expansive operator, we have that

IProxus () — Prosya (p2)ll < I = pPllllzr - 22l

7

where y; = (I — pP)z; + pr, i = 1,2. Now, because we
are using the Euclidean norm we have that the induced norm
of a matrix 4 satisfies ||A|l;m = vV Amax(ATA) [26, p. 365
Exercise 5]. Thus, if I—(I—pP) " (I—pP) is positive definite,
then the map defined by x — Prox,4((I — pP)xr + pr) is a
contraction. The condition for positive definiteness reads
0<P+P" —pP'P

which, by the strong monotonicity of P, is readily satisfied by
selecting & small enough. O

Remark 5. There are several ways to numerically solve
problems of the form (37), like the semi-smooth Newton
method [14, §7.5] advocated in [5, Section 6]. For control
applications this method may be too time-consuming since
it involves the computation of inverse matrices and proximal
maps of composite functions. In contrast, the simple method of
successive approximations [24, §14] can quickly find the fixed
point or (38). Details about the implementation are given in
Section VII.

According to Lemma 4, the selection of the control value
can be obtained from (32b), (32¢) as
— -Z\'Afk g k)

1
Cott = —H(Ak0k+1 (39a)

Oyl = PI‘OX,Lth)((I — ;J,Ak)a'k+1 + ,uM'kak), (39b)
where g > 0 is such that 0 < Ay, + /AlkT - ,u/ikT/Alk The
solution of the implicit equation (39b) with unknown 641 is
a function of ¢ and A, and it is clear from (39a) that the
controller is non-anticipative. Let us now present conditions
that guarantee (36) and, consequently, the possible application
of Lemma 4 to (34).

Lemma 5. There exists §* > 0 (depending on Gy and oq) such
that, for any h € (0,8*] the following inequalities hold:

éell,, < min{lz:l,th},
lekll,, < min{k,2hr},

(40a)
(40b)

where ry is the minimum eigenvalue of K, and €y, € sat-

isfy (25).

Proof. 1t follows from Lemma 3 that (40) is always solvable
Indeed, since & (eg) is o(h) we have that, for any £ > 0
(e > 0), there exists & > 0 (& > 0) such that ||é||,, < h
(|le]| < eh) for all b < & (h < &). Therefore, by choosing &
and ¢ small enough, we have that both inequalities in (40) are
fulfilled for all i € (0, min{d,d}]. O

The previous reasoning calls our attention to a detail re-
garding the uniformity of h. That is, whether or not ¢* and )
can be selected independently of the time step k. The fact that
it does becomes more clear after proving that all solutions
of (32) are bounded. In the mean time, the rigorous reader
can set i = hy. Note also that, by Lemma 5, equation (40a)
implies (36).
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B. Stability of the discrete-time closed-loop system

Once the solvability of the control law has been established
for each time step, we turn to the question about the stability
of the closed-loop discrete-time system (32). To this end we
present two cases. The first one addresses the stability issue
without parametric uncertainty, whereas in the second case the
full perturbation case (i.e., external disturbance and parametric
uncertainty) is considered.

The following bounds will be useful.

Proposition 5. Let Assumption 6 hold and assume that the
time step h > 0 is such that (40a) is satisfied. Then, for all
k € N the following bounds hold:

. 1

A < —, 41
- 2

B <=, 42
k Hm ~ky 42)

where flk = M’k + hé'k + hK, and l’;’k = M’k + hék.

Proof. From (35) and (4031) it follows that, for any vector
w € R\ {0}, we have || Agw||[|w]] > ki |lw|]%, so

1 ~ ~
Hwng;_Wm&+hck+thwH.
1

In particular, w = (Mj, + hCy, + th)_lar with z € R* \ {0}
yields the desired result. The proof of the second inequality
follows the same steps and takes into account the fact that
k1 — ||é|lm > 0 (see (40a)). O
Remark 6. Bounds for matrices .A,;l and B,;l (depending
on Mj and Cj) can be obtained as ||A;'||,, < 1/k and
I8¢ | < 2/kq in a similar way by making use of (40b) in
Proposition 5.

Before presenting the main results on the stability of the
closed-loop system we show that, even in the presence of an
external perturbation &, the variable 5, which is a state of
the nominal unperturbed system (32b)-(32c), is maintained at
Zero.

Lemma 6. Let h > 0 be small enough such that (40a) holds.
If

-Z\'Afk gp

— 7

then &y11 = 0. Moreover, suppose that M, = A&’k, Cr = C’k
(no parametric uncertainty), that &, is uniformly bounded by
some constant 0 < F' < +oo and that the gain satisfies

ko -
22F < va.

43
P (43)

Then, 61,41 = 0 for some k = ko implies that 6,4+, = 0 for
all n > 1.

Proof. Since the solution of the variational inequality (34) is
unique, we have that 644, = 0 if, and only if, Moy /hy

8

belongs to the set of minimizers of the conjugate function ®*.
Indeed, from (33) we have the following chain of equivalences:

-Z\'Afk gp
hry

0 € 0* Mo s Myow
hy hry

Now, according to Assumption 7, ®(-) > «f| - ||, which in
fact implies U,p, (1) > ®*(-) for, recall that the conjugate
function of «| - || is the indicator function of the set aB,, and
f > g implies g* > f*. Hence, we have that ®*(w) < 0
for any w € aB,. On the other hand, from the definition of
the conjugate function, the fact that ® € T'o(R"™) and using
the Fenchel-Moreau Theorem [9, Theorem 1.10], it is easy to
deduce that 0 = ®(0) = &**(0) = —inf ®*, and we have
0 < ®*(w) for all w € R™. Therefore we have proved that,
for any w € aB,, one has ®*(w) = 0, while ®*(-) > 0
everywhere. In other words, aBB,, C Argmin ®*.

For the second part of the proof, let £y be such that 64,41 =
0. We know from (32c¢) that —M’kako = —h7yCpy+1 for some
Cho+1 € OP(0). Substitution of oy, in (32a) gives

Gr+1 =0 € 02(0) <=

€ Argmin ®*.

kot = —hBg &, (44)

Equations (42) and (43) then yield

From the inequality above we obtain 6,42 = 0. An induction
argument allows us to conclude that 64,4+, = 0 for all n >
1. O

2k -
< 2P <a
ky

Mio+10ko+1
h

‘Z\'Alko-l-ll;[;()l fko

In continuous-time, the selection of the set-valued controller
exactly compensates for the perturbation on the sliding surface
o = 0, see (22). This is not possible in discrete-time. The
following corollary gives the value of the controller once the
nominal sliding surface 6y = 0 has been reached.

Corollary 2. Under the assumptions of Lemma 6, the equiv-
alent control which maintains the constraint Gy, = 0 for all
n > 1 is given by

. 1. .
(o = Hﬂ'fk+15k Y((My — Moy — her)  (45)

with By, = My, + hCy.

Proof. According to (32¢), the condition G4, = 0 forall n >
1 implies Moy = —hy(;L,. Substitution of (1, in (32a)

then yields

q q
+1° +1

(.Z\fl’k + th) Ok+1 — (]\ffk — M’k)ak = —h&.

It follows that oy = By ' (Mg, — My)oy, — héy). Another
iteration on (32c¢) results in Agog1s— Mok = —hy Ziz
and the result follows. O

The previous corollary has the following interpretation: The
scheme in (39) for computing the controller for the nominal
system (32b)-(32c) allows to compensate for the disturbance
of the actual system with a delay of one time step. Obviously,
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the equivalent control in (45) is not directly implementable
since the disturbance is unknown.

It is noteworthy that the magnitude of the equivalent control
in (45) does not depend on A (cf. (44)).

Theorem 4 (Known parameters). Let Assumptions 1-8 hold.
Consider the discrete-time dynamical system (32a)-(32c) with-
out parametric uncertainty (M = M’k, Cy = C’k) and &,
uniformly bounded by F. Then, the origin (c,6) = 0 is
globally practically stable whenever

2%y _ F 2
kzF( - ) Qs ks <r+ 2F>
kl k/'l'rA kl kl

Yo > max § —

(46)
Sfor some 0 < 7 small enough and fixed. Moreover, &y, reaches
the origin in a finite number of steps k*, and 6y, = 0 for all
k>k"+1.

Proof. Consider the functions V;  := &;A&’k&k and V5 =
a,;rM’kak and their respective differences AV; = V; p41 —
Vik, for i = 1,2. The following is due to (25) and (32c):
AVi = 644y M1 6141 — 64 My
= 60y (Misr — M) bpyr + 2674 My (5541 — %)
— b Mibiy + 260, Moy, — 6 Moy
< &l;r+1 (Qhék + ék)&k+1 + G,;rﬂ?kak — &,;FJ\VAJ’,C&,c
+2004 (= — WK 611 = hyGest). (47)

Now, adding and subtracting the term okTHM’kHokH +
&,L_l]\ifkﬂ Gp+1 to the right-hand side of (47) results in

hCrG i1

foe AT s op AT N
AVI < Gpp1€kOrt1 — 2hE gy (KoOkt1 + 7Crt1)
. P T ST
+ AV — AV, + O'k+1]\1k+lgk+l — O'k+1j\[k+10'k+1;

and it follows that

AVy < 6 €661 — 2h6 ),y (KoGpgr + ¥Chp1)

T~ T R
+ 0k+1-2\'{k+10k+1 — 0k+1-2\'{k+10k+1' (48)

Substltutlon of (320) into (32a) ylelds (recall that here M} =
.Z\[k, Ck = Ck and Bk = .Z\[k + th)

Tht1 = Gppr — hBL &, (49)

from which we derive

akTHMkHakH = 6;+1A2—k+16k+1 - 2h6,€T+1Mk+18,;1§k
+ B2} By T My B ey (50)

After substitution of (50) into (48) we arrive at (recall that
R = )\Hlill(KO'))

AV, < — (2hm = [léllm) ||6k+l||2 — 2hy 41 G

+4h Hﬁkll2

kaIIIIGkHH +4h2 1)

- (th — lléllm) ||01c+1||2

<
o (7 2k»
ka

k:
) 1541 ]| + 4R kz

1

9

where we used the fact that (py; € 0®(Gk41) together

with Proposition 3 in the last inequality. Now, assume that
llokt1]l (T‘A+%—F)h for some 0 < 7 < +4o00. Equa-
1
tions (49) and (42) ensure that ||op41|| > (f + i—F) h implies
1

l|6k+1]| > #h. Hence,

AV < = (2hk1 = [Jé]lm) [|60+1 ]

s - ( F > .
—2h . _ o .
( P i 16 k+1]]

Finally, from (46) and (403), we conclude that AV, < 0
whenever ||og41]| > |7+ i—F h. Therefore, we obtain the

1
ultimate boundedness of the solution of (32a), i.e., for any
initial condition oy € R™, we have that

O\ —
T

1

2F
k1

dist

>hIB —+0

as k — oo. More precisely, we have proved the global practical
(r + ZF) hB,, can
be made arbitrary small by letting i applroach Zero.

Now we proceed with the proof of the finite-time conver-
gence of 4. Because of the ultimate boundedness of the
solution of (32a) we know that there exists a finite number
of steps k* such that |log|| < 24/ka/k: (f+2F/l§:1) h for
all k > k*. Then, from (46) we have that

k/‘z ( 2F>
<ay
ky Ky

for all £ > k*. From Lemma 6 we conclude that &, reaches
zero in at most k* 4+ 1 steps. Moreover, Gg+4+, = 0 for all
n > 1, since the ball 24/ 1232/1231 (F + 2]3/]::1) hB, is positively
invariant. Finally, since 6«4, = O for all n > 1, it follows
from (49) that

stability of the origin, since the set

-Z\'Afk T
h

< —||0'k|| < 2]{?2

2F
ok +nll _hHBk* nlkrgnl] < P —h foralln > 1.

O
Remark 7. Under the assumptions given in Theorem 4, it
is clear that the sliding variable o} converges to a ball
\/1232/1231 (f + 213/]::1) h, which implies the
boundedness of the state variable . Recalling that A and h

are such that Assumption 8 holds, the solution at the step &
is given by

of radius r, =

k-1
Grh=U-hN)q@+hdY I—hA)" o
n=0
Hence, if o, is bounded by R, for all £ € N, we have that

hmsup gkl < hR, Z (I = hA)™| < hRyp
n=0
for some finite p > 0 [33, Theorem 22.11]. Therefore, g is
also bounded for all £ € N. In fact, it converges to a ball of
radius hR,p.
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Corollary 3. Let the assumptions of Theorem 4 hold. Then
in the case when there is no disturbance (£ = 0), the origin
of (32) is globally finite-time Lyapunov stable, while g, — 0
asymptotically.

Proof. From (49) we have that o411 = 641 and the result
follows since &y, reaches the origin after a finite number of
steps. The last statement becomes clear by taking B, = 0 in
Remark 7. O

Let us now consider the parametric uncertainty. In this case
we see that the difference equation (32a) is equivalent to

Myogr1 — Myoy + hCropsr + hK 56541

+ h(& + Ok + V1) = —hyCryr, (52)

where we have defined two new perturbation terms associated
with the parametric uncertainty as 8, := (M} — M’k)dk and
Y = (Ck — ék)0k+lv where Og+1 = O + hoy. The two
additional disturbance terms will add new constraints to both,
the gain of the controller and the time step of the discrete-time
scheme as stated in the following theorem.

Theorem 5 (Parametric uncertainty). Let Assumptions -8
hold. Consider the discrete-time dynamical system (32). Then,
there exist constants ¥, > 0 and h* > 0 such that, for all
h € (0, min{é*, h*}] with §* given by Lemma 5, the origin
of (32a) is semi-globally practically stable whenever -y and «

satisfy

Y& > max %ﬁﬁ <1+ b ) , 2k Fy <r0+£>
kl k/‘lfag- k/'l kl

(53)
The constants 3 and F are specified in the proof. Moreover, Gy,
reaches the origin in a finite number of steps k*, and 6, =0
for all k> k* + 1.

Proof. The analysis made in the proof of Theorem 4 can be
repeated for (52) if we aggregate the uncertainty as ék =&+
¥y + 8. However, special care must be taken since ék is not
uniformly bounded anymore. Consider the compact set W :=
{w € R*|w" Mow < R} for some R € R, . For any ¢y € R”
we can always find R > 0 such that oy € W. Moreover, by
Assumption 6, there is a known R, > 0 such that W C R;B,,.
Following the same steps as in the proof of Theorem 4 we
arrive at an inequality similar to (51),

AVZ < - (Qh’ﬂ - ||6Hm) ||(31€+1||2

—2h | ya = =2l ) 6wl + 4R = [1&I1°. (54
ki ki

Now, choose R large enough such that h7,B,, C W, where

7+ > 0 is a design parameter. We have two cases.

Case 1: First consider the case where ||Ggt1|| > his.
Hence,

AV < = (2hw1 = [|élln) [|G5+1]>

o[ 2 2k,
i 2,

[ ||ék|2> |Gg41ll. (55)

10

The next step consists in finding appropriate bounds for the
term || || on W. We have

kIl < B+ [|Mx — Mllmlloell + ICk — Crllmllorsa

where 3 := max, . cwxim, B(ok, qi) is an upper bound
of B(ok,qr) (cf. Proposition 4) and R = R(oo, ) is the
radius of a closed ball such that ¢, € RBn (the radius can
always be found in view of Remark 7). Recalling that héy, =
or4+1 — 0 and using (52) as well as Assumptions 1 and 6,
one can see that

. lizlziz
kellgellllogsall + I}—Ra
1

1
o1
loell < -

+ (1 + h%) vR: + B] , (56)
1

where ko is the maximum eigenvalue of K, and R¢ is an
upper-bound of (1. Thus, from (56) we obtain

. — Kok:
1€kl < (1T +a1) B+ ar 2 2

R, + (1 + h2> ayyR¢
1 kl
+ (arke|lgrl] + ao) |oksall,  (57)

where ag := HCk —C’ka and a; := ‘ My, — M, |m/k1. Note
that ag is in general a function of ¢, and §j, whereas ay is a
function of g only. It follows also from (32a) that

2 Iiz];‘z
< — k- h—— o
lok1ll < I (( >+ P )R

+ (1 + h%) hyR: + h,ﬁ) . (58)
1

where we made use of an analog of Proposition 5 for B,;l (see
Remark 6). After some algebraic operations, the substitution
of (58) into (57) results in

& < b0+ bins bon? = 7, (59)
where each b; > 0 is given by
_ k. k.
bo = (ﬂ + ’YR( + (A—Zliz + 2—2]€C'Rq> Ro—> ay
k/'l kl
iy 2%%1%0 (60a)
1
. _ ok
by = Qngal + (/3’ + R + 2I€2—A2R0> (ap + kcRga),
k1 kiky
(60b)
by = %ng (a0 + ke Ryar) (60c)
1

and I, < +oo is an upper-bound of g; (which exists because
both ¢, and ¢ are bounded on W).

It is thus clear from (55) and (59) that AV5 is strictly
negative whenever

g(h) == —ya + ]%2

(bo +bih+ bzhz)
1
ks

—
kit

+ 2 (bo + bih o+ bah?)? <0, (61)
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Condition (61) can be written in the form g(h) := d4h* +
dsh® + dyh® + dih + dp, where d; > 0 fori =1,...,4. It
is clear that, if dy < 0, then there exists A* > 0 such that
g(h) <0 for all h € (0,h"].

From (61) and (60a) it follows that dy is given by

2k, 2ks
do(by) = —vya + 2 4 22 o
0(bo) Y P T2, 0

Notice that in the case without parametric uncertainty we
have a; = a9 = 0 and, from (59)-(60), we have that the
polynomial g(h) reduces to do(3), which is strictly negative
in the light of (53). Thus, by continuity there exists b} > 3
such that dy < 0 for all by € [B3,b}). Indeed, let us write
the polynomial dy as do(bg) = ¢cobd + ¢1bo + G2, where
the values of the ¢;’s are easily obtained from the definition
of dyp. Thus, from the continuity of dy together with the
fact that & < 0 it becomes clear that for all by such that
bo € [8,B+(—8 + /& —4606) /&), then dy(by) < 0. It
is noteworthy that the previous condition imposed in by can be
always made feasible by increasing the value of ¢; through an
increment in the gain . This last fact implies that there exists
h* > 0 such that for any h € (0, h*] we have that g(h) < 0
and therefore AV, < 0.

Case 2: For the second case, (i.e., ||gg+1]|| < h#y), the
Lyapunov difference AV5 could fail to be negative, but instead
we prove that if it increases, it will be in small quantitites in
such a way that o, remains in W. Formally, from (54) it
follows that (using (53) and Lemma 5)

Va(okt1) < Valog) + 4h21§:_2‘|€k”2'
1
Hence, letting h > 0 be such that

R> max V(w) +4h2@f,
llwl<rs ky
we get Va(ope1) < R, ie., ogy1 € W, (where r, is the
appropriate bound of oy, consequence of ||Ggt1|] < hFy).
Therefore, in both cases the next iteration o remains in W
and the positive invariance of W follows.

Let us now pass to the last part of the theorem. Assume
that we start at k¥ = 0 with an initial condition g9 € R™.
We have shown that there exists £ > 0 such that o9 € W.
Moreover, there exists K, > 0 such that W C R,B,,. Since
W is invariant, it follows that ||¢|| is bounded by 3 for all
k € N. These statements imply that that the bound (59) is valid
for all £ € N. Upon examination of (54) and by considering
that |jogp1|| > (e + 2F/k1)h with #, > 0 fixed and F
defined in (59), we have that

AV < = (2hw1 = [|élln) 1654117
ks

—
2kits

—2h (WOé—A—|€k||— ||€k||2> G k41l
k1

(as in the proof of Theorem 4, the constraint [[og4i|l >

(f¢ + 2F [k1)h implies that ||6j4+1|] > #-h). For semi-

global practical stability we need to prove that the term within

11

parenthesis that pre-multiplies ||041 ]| is negative. In the first
part of the proof we have already shown that

— Oé+2A— +2A
gl klllfkll Ere

1€x]1* < g(h) <0

whenever by and A are small enough. Therefore, AV5 < 0 for
all |ogs1|| > (7o + 2F/ky)h. The proof for the finite-time
convergence mimics the corresponding part of the proof of
Theorem 4. O

The following theorem relates the solutions of the discrete-
time system (32) to the ones of an associated continuous-time
system. A detailed proof may be found in [29, §6.3]

Theorem 6 (Convergence of the discrete-time solutions).
Let (of,Gr) be a solution of the closed-loop discrete-time
system (32) and let the functions

tpy1 — ¢
h

thar — T, .

T(Qk — Grt1),

op(t) := g1 + (Ok — Okt1),

Gn(t) == Gra1 +

for all t € [ty try1), be the piecewise-linear approximations
of o and gy, respectively. Then, (oy,,qp) converges to (o,q)
as the sampling time h decreases to zero, where (0,q) is a
solution of

M(q(t))o(t) + C(q(t),q(t)) o(t)
+Kqoo(t) + &t a(t),q(t) = —((t), (62a)
C(t) c 0P (a(t)) , (62b)
q(t) =o(t) — Ag(t)  (620)

with o(0) = oo and §(0) = go.

Sketch of the proof. By the boundedness of the discrete it-
erations, it is possible to approximate o and g; by piece-
wise linear and step functions. By the Arzela-Ascoli and
Banach-Alaoglu Theorems [25, Theorems 1.3.8, 2.4.3], these
converge (strongly in L?([0,T];R")) to limit functions &
and ¢g. The relevant assumptions are that the derivative of
F(-,q,¢) maps bounded sets of L?([0,T]; R*) into bounded
sets of L?([0,T]; R"), and that the operator 0@ is maximal
monotone. Under these assumptions, a direct application of [6,
Chapter 3.1, Proposition 2] guarantees that the limits are
solutions of (62). O

In other words, the time-discretization chosen in Sec-
tion VI-A is a suitable approximation of the continuous-time
dynamics. This is an important conclusion since the discrete-
time controller is designed from an approximation of the
continuous-time plant (24). More on the closed-loop behaviour
depending on h is illustrated by examples in the next section.

VII. NUMERICAL EXAMPLE

Consider the two-link planar elbow manipulator depicted in
Fig. 1. Its dynamics are given by (6) with
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_limsup,_, . [|on ()]

10° 10°

10°
h

Fig. 2: Evolution of the limsup,_, . ||on(t)|| of the sliding
variable oy, as a function of A in a logarithmic scale.

Fig. 1: A two-link planar elbow manipulator.
with sgn(0) = [—1,1]. With this choice of ®, the algo-

- rithm (39) for the computation of the control law is imple-
Real’ parameters

o T5ke progs T0 ke mented for each & € N using the successive approximations
I 0.4 m l2 0.3 m method as follows:
lcl 0.2 m lcz 0.2 m

1) Set > 0 small enough such that 0 < Ay + /AlkT —

I 0.08 kg m? Ip 0.03 kg m? POl
AL Ay, holds.

Nominal parameters 2) Set j =0 and set z° € R™.
m 1.6 ke e 0.8 ke 3) Compute z/*! as
}1 0.4 m }2 0.3 m ‘ . . .
le1 0.25 m le2 0.15m v/ = (I — pAg)x’ + pMyoy,
Iy 0.0853kgm? 1o  0.0240 kg m? v
TR N
TABLE I: Parameters of the two-link planar elbow =)~ B Proji_c cn (E) ’
where ¢ = hvya and the set [—c,c]™ represents the n-
M(q) = milZ2 +maa+ I + I mi2 cube in R™ centered at the origin with edge length equal
a mi2 mol?, + I |’ to 2c.
) _ b Gy G 4) If [|#/*t — z7|| > &, then increase j and go to step 3.
Clg, @) = —maliles sin(gz) {_qél " 0 qz} : Else, set 6541 = z/*! and stop.

(myler +mali)gcos(qr) + maleag cos(qr + go) Ip the previous a}lgorit.hm, the Variablizga' represents. the p'reci-
males cos(qr + ¢2) » sion of the algorithm; it was set to 10~ in all the simulations.

o _ The simulations were performed using the continuous-time

where 1m; represents the masszof thze i-th link; mi2 = m2(I%+  plant (6), but the feedback control was implemented using
lilez cos(g)) + Iz and @ := 17 + 12, + 2lilea(le2 + c08(g2)); li  the stepwise discrete-time scheme (29)-(30). The initial con-
and [..;, are the length of the ¢-th link and the distance from the  {jtions were set as 4,40 ] = [7/3, —7/4,7/3,7/8]". The

base of the i-th link to its center of mass, respectively; I; is  trajectories obtained in simulation are shown in Figs. 3-5 for

G = |

the inertia moment of the i-th link, ¢ = 1, 2. The constant g =  geveral sampling times. Note that the discrete-time sliding
9.81m/s? is the acceleration due to gravity. The parameters phase, 6, = 0 for all k large enough, cannot be reached
of the ‘real” plant and of the nominal model are as shown in  (even with precise knowledge of system parameters) because
Tab. L. of the plant’s discretization error. This fact induces an error

Our control objective is to track the trajectory ga(t) = in the set-valued input, which explains the appearance of
Zlsin(t) +1, — cos(t)]T, We suppose that the system is chattering that is absent in the discrete/discrete setting. It is
subject to the disturbance also worth mentioning that this numerical chattering appears

when h = 1072 s (Fig. 3) but vanishes for smaller sampling
periods. Fig. 2 depicts how the norm of the sliding variable oy,
associated with the continuous plant/discrete controller setting,
tanh(gq) evolves as a function of the sampling time /& > 0. We can see
tanh(gs) cos(q1 + g2) |’ that the order of convergence is not constant and, moreover,
The gains of the controller are set as: it tepds to £ero as h decreases to zero. .
Finally, in order to set-up a benchmark for evaluating the
5 —4 5 —-0.5 implicit discretization scheme, we present the case when the
K, =2 [—4 5 ] , A= [— 5 ] ’ controller is discretized in an explicit way, i.e., when (30) is
replaced by

F(t,q,4) = 0.25 { cos(rt) sin(t) ]

0.5 sin(v/2t) sin(t/3) cos(t)

+0.5

v=05, a=1.
—uy, € Ky0 + v0®(0y). (63)
In all this section we set ®(x) = «f|z||; (but other choices

are possible). Hence, Notice that in the explicit case there is no need for the

’ scheme (32), since the variable o is assumed to be known at
O0®(z) = [sgn(z1) sgn(za) ... sgn(z,))] time £y,.
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Fig. 3: Evolution of the sliding variable g5 (left) and the
control input 7 (right) for the closed-loop system (6), (29)
and (30) with sampling time A = 1072 s.
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Fig. 4: Evolution of the sliding variable g (left) and the
control input 75, (right) for the closed-loop system (6), (29)
and (30) with sampling time A = 1073 s.

Figure 6 illustrates how the numerical chattering effect
appears in the input and the output of the closed-loop system
when the explicit method is used. On the other hand, chattering
is almost suppressed with the implicit controller, even for the
same values of h (see Figs. 4 and 5). Moreover, we see that
the error in the sliding variable ¢}, and the chattering effect in
both the input 75, and the output o, is much larger (under
the same sampling rate) with the explicit algorithm (63).
Finally, it is worth to mention that, when h = 1072 s, the
resulting closed-loop system with the explicit controller (63)
shows an unstable behavior (a phenomenon already observed
for different plants and controllers in [20], [27]), while the
implicit algorithm keeps the input and output bounded (see
Fig. 3). The implicit discrete-time controller (30) supersedes
the explicit one (63), since the former allows much smaller
sampling rates and exhibits a significantly better chattering

0.05 15
0.04
10 v
003 \ / Fa /
O A A
° H i N i :
2o 25 LU BT R R B
s° \r Vi =1 ‘/—/*v//\—\/‘/\~/\/\_/‘«—/\,_/\‘/
001 Lo o ' }‘ " /
0.02 \ |
003 o \ / ‘\/ \U \ \
004
005 15

o0 5 10 15 20 2 £ 5 10 15 20 2 30
t

Fig. 5: Evolution of the sliding variable o, (left) and the
control input 74 (right) for the closed-loop system (6), (29)
and (30) with sampling time A = 107% s.

13

i i S o imm BVALYIR VIR VARY

Fig. 6: Evolution of sliding variable (left) and the control
input (right) for the closed-loop system (6) and (29) (63) with
sampling time A = 1072 s.

alleviation together with smaller error amplitudes. Thus, the
conclusions drawn in [18], [19], [20] from experimental data
extend to the nonlinear uncertain case analyzed in this article.

VIII. CONCLUSIONS AND FURTHER RESEARCH

The main objective of this article was the analysis of a
family of implicit discrete-time set-valued sliding-mode con-
trollers for trajectory tracking in fully actuated Euler-Lagrange
systems. First, continuous-time controllers were studied for
systems with exogenous disturbances and parametric uncer-
tainties. Well-posedness together with stability results were
established. Subsequently, the analysis of the implicit discrete-
time scheme was carried out. Interesting features were ob-
tained: finite-time convergence for the nominal (unperturbed)
sliding variable, robustness against external and parametric
uncertainties, convergence of solutions of the discrete-time
system to solutions of the continuous-time closed-loop system
and input and output chattering alleviation.

Simulations validate the theoretical results and allow to
better understand the limitations of the proposed scheme.
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