Lecture 8

H, Control

8.1 The problem of perturbations attenuation in
linear continuos-time systems

Consider the following linear plant

i = Az + Byu + D€,
x (0) = xp,

y = Cyx + Byu + Dyfy,

z = C,x + Byu+ D,E,,

where

- x € R" is the state vector,

- y € R™ is measurable output,

- z € Rl is the controllable output,

- u € R¥ is the control action,

- & R € RPv, £, € RP- are unmeasurable perturbations with
bounded energy, that is,

€péy €. € La[0,00) = v (t),t>0: / v (@&)||2dt < oo p . (8.2)
t=0

Remark 8.1 The property (8.2) means that all these perturbations are de-
creasing in time, but may have some bounded spikes on integrable intervals.
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Introduce the extended vector of perturbations

s
E=| & | €ER p=p,+py+p..
3

In view of this definition it is easy to check that the following relations take
place:

Dw§$ - D$H$§ = D€, Hy := ( Iszpz 00 ) y Dy = Dmea
Dy, = DyHy¢ = Dyg, Hy= (0 I, ., 0), D,=D,H,
ngz = DZHZf =D,§, H,:= ( 00 Ip2><pz ) , D, = DzH27

and therefore the linear plant (8.1) can be rewritten as

i = Ax + Byu + D,€,

y=Cyz+ Byu+ Dy, (8.3)

z=Cx+ B,u+ D,

where the perturbation ¢ has a bounded energy, i.e.,
5 € L2 [07 OO) .

Consider the following control problem.

Problem 8.1 (Attenuation of unmeasurable perturbations)
Design a dynamic feedback control u(t) in the form

u(t) = Cray(t) + Dyy(t),
f'r(t) = Arﬂfr(t) + Bry(t)a (84)

zr(0) = zg,

which guarantees the given v - attenuation level, namely, providing the
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fulfilling of the inequality

21,
sup
¢eL2]0,00) 1€l L,

(8.5)

loll,, == / o (8)]2 dt
t=0

ensuring that the worst "output - noise" ratio does not exceed the prespecified
attenuation level 7.
8.2 H,_ interpretation

8.2.1 Transfer functions

Let us apply the Laplace transformation to the plant and control equations
(8.3) and (8.4). We get

Y = C,X + B,U + D,z (8.6)
7 = C.X + B,U + D.E,

and for the control U, linearly depending on the output Yand and some
auxilary dynamic signal X,

U=C.X,+D,Y,

(8.7)
sX, = A, X, + B,Y,
it follows
U= [CT (sI —A,) B, + DT] Y,
and
X=(sI—A)'"BU+(sI —A) 'D,E=
(8.8)

(s — A" B, [CT (sI—A,) ' B, + DT} Y + (sI — A)' D,E,
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)

Y = [Cy(sT = A) " Bo+ B,| U+ |C, (sT = ) DD, | 2

= |Cy(sT = ) B+ By| |G (sT = 47 B+ D, | ¥ (8.9)

+ [Cy (sT — A D, + Dy] =

and
7 - [CZ (sI — A)"' B, + Bz} U+ [Cz (sI—A)"'D, + DZ] = (8.10)
From these representations we obtain

Y = Hg,S, )

He, = <1 - [Oy (s — A" B, + By} [Cr (s —A,) ' B, + DTD_I x

[Cy(sT = 47" D+ D,
U = He,E, )

Hey = [Cr (sI— A) "B+ Dr] He, =

<[Cr (T~ A) ' B, + D] o (Cy(sT = A) " B, + B > e

(Cy(sT = 4)7' D, + D, |

and

Z = He,E )

He. i= |C: (sI = A)™' By + B.| Heut (8.11)

[Cz (s — A) ' D, + Dz} .

8.2.2 Laplace transformation and H_ norm

Recall now one of the most important results of the Laplace transformation
theory.
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Theorem 8.1 (Plancherel, around 1800.) If f(t) € Ly[0,00) and its
Laplace transformation is F (p) € Ha, where Hy is the Hardy space
defined by

o0

Hy = F(p):ﬁ{f}::/f(t)e_ptdﬂ / F(—jw) F (jw)dw < 00 b |
t=0

W=—00

then the following identity (known as the Parseval’s identity ) holds:

)

00 1/2
= (T 1£@F )~ =17,
1 Oowhere o (8.12)
1 E g, == (g :[ F (—jw) F (jw) dw) .

Corollary 8.1 In the vector case when f (t) € R" the Parseval’s identity
looks as follows:

9 1/2
WM:QLWWWQ _
(8.13)

2 w=—00

L e 1/2
HFMg=<7 fﬁ0ﬁwFUM¢0

By the Parseval’s identity (8.13) and in view of (8.11) the inequality
(8.5) can be represented as

el _ 120y 1HeEl,

= — = — (8.14)
€€ L2[0,00) ||§||L2 2cHy ||:||H2 EcHy ||:||H2

Definition 8.1 The norm ||He. ||y  of transfer matriz function He, in the
Hardy space H_, is defined as

H:.=
||H§z||Hoo = Sup m

e 1=,
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That’s why, the inequality (8.14) is equivalent to the following one:

1Hely_ <7 (8.15)

The H__ norm of complex-valued matrix may be calculated based on the
following lemma.

Lemma 8.1

|He:llg = sup  |[[He: (jw)l| = sup maxo; (He, (jw))
o we(—00,00) w€(—o0,00)
where
[ (jw)ll = maxo; (He (jw))
and

oi (H) = N/? (HeH ) = N/* (Hes (o) HL ()

HE = ng (—jw)
(o; (H) is the singular value of the matriz He, (jw)).

Since
HE, (—jw) He: (jw) < maxof (He. (jw)) = |[He- ()| T
< sup ||He (o)l T =||Hel3 1,
we (—00,00) °°

the properties (8.14)-(8.15) are equivalent to the following matrix inequality
in the frequence domain:

H], (—jw) He: (jw) < 9°1 (8.16)

valid for all w € (—o0, 00).

8.2.3 Problem formulation in the Hardy space H__

Now the original control problem (8.5) can be formulated in the frequency
space H_ .

Problem 8.2 Design a feedback control in the form (8.4) which guarantees
the given v - attenuation level providing the fulfilling of the frequency
matriz inequality (8.16) for all w € (—00,00) .
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8.3 The Kalman-Yakubovich-Popov lemma

8.3.1 KYP - lemma

Consider the Linear Time - Invariant (LTI) system
i = Azr + Bu,
y =Cu, (8.17)
AeR™™ BeR™™, CeR*"

where for any fixed t > 0 and some fixed initial value z (0) = x( the vectors
x =z(t), u = u(t) and y = y(t) are referred to as the state, control (external
input) and output respectively. Applying the Fourier transformation to
(8.17) we obtain the model of the system in the frequency domain:

iwX = AX + BU, i* = —1,

(8.18)
Y =CX.
The transfer function H,, (iw) from the input u to the output y is
Hyy (iw) = C (iwlyxyn — A) ' B. (8.19)

The following assumptions will be in force hereafter:

A1) Here we suppose that the matrix A has no eigenvalues at the imaginary
azis.

A2) The pair (A, B) is stabilizable, i.e. there exists a matrix K € R™*"
such that the matrix (A + BK) is Hurwitz (stable).

Lemma 8.2 (The KYP frequency lemma, 1973) Let the assumptions
A1 and A2 are met. To guarantee the existance of a real symmetric matrizc
P = PT satisfying the the inequality

|2Re X*P(AX + BU) — L(X,U) < 0| (8.20)
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for all | X|| + [|U|| > 0 and for a given hermitian quadratic form
XN\ L L X\ )
sor=(y ) [ 2] (v)-

X*L11 X +2Re X*L1oU + U*L11U,

(8.21)

L1 = [{1, Log = 552, Lo] = [{2 - real matrices )

it is neccessary and sufficient the fulfilling of the following frequency con-
dition

L([jwI — A]' BU,U) > 0 (8.22)
for allU # 0 and all w € (—00,00).

Proof.
a) Necessity. Suppose that (8.20) holds. Then

2Re X*P(AX + BU) < L(X,U)

for all | X|| + |U|| > 0. Then for X = (iwlyxn, —A)"' B in view of the
relation (8.18) we have

2ReiwX*PX =0 < L((iwlyxn — A) " B,U)

and the necessity trivially follows. Notice also that from the last inequality
it follows that
Log = ££2 > 0.

b) Sufficiency. First, let us show that the Hermitian form £(X,U) can
be represented as

L(X,U) =2Re X*P(AX + BU) + (U — HTX)* L35 (U — HTX) (8.23)

with real matrix H. To do that it sufficient to open both quadratic form in
the left and right hand sides and to equal the corresponding parameters:

XL X +2Re X* LU + UL\ U =
2Re X*PAX + 2Re X*PBU + U* LU —
X*HLooU — U*LooHTX + X*HLpHTX =
X*(PA+ ATP 4+ HLoHT) X + X* (PB — HLy) U+

U* (BTP — Lo9HT) X + U* LU
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and

PA+ATP + HLooHT = L4,
PB — HLy = L13, (8.24)

L11 = Loo.

The algebraic relations (8.24) is referred to as the Lurie’s equations. Since
Lag > 0, from the second equation in (8.24) we get

H = (PB - L12) Ly (8.25)

Substitution this representation of matrix H in the first equation in (8.24)
we finally get
PAy+AJP+PRP+Q=0 (8.26)

where
A=A~ BLy L],
R:= BLy, BT,

Q= 512,62_21,6.{2 —L11.

But, according to Theorem 10.4 in [14] the symmetric solution P of the
algebraic Riccati matrix equation (8.26) exists in view of the assumptions
Al and A2. Indeed, the assumptions there require the stabilizability of
the pare (Ap, B), and our assumption A2 deals with the stabilizability of
the pare (A, B). But this is sufficient, since the matrix Ko = K — L5 L],
provides the stability (the Hurwitz property) of the matrix

Ay— BKo=A-BLy, L], — B(K — L3, L],) = A— BK

if (A— BK) is Hurwitz one. Hence, by (8.25) there exists the matrix H
satisfying (8.23). So, if (8.22) holds, then from (8.23) (since Log = L], > 0)

we have
L(X,U)—2ReX*P(AX +BU)=(U—-H"X)" Lo (U—-H"X) > 0.
Suffiiency is proven. m

Corollary 8.2 By the Schur’s complement lemma the inequality (8.20) is
equivalent to the following LMI

PA+ATP - L1 PB— L9

BTP — Lo Lo <0, (8.27)
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and the inequality (8.22) looks as

[—jwl — A]"'B ]T [ Li1 Lio ] [ [jwl — A]"' B

; o ; ]>o. (8.28)

8.4 LMI representation of the perturbations at-
tenuation problem

Consider the simplified version of the system (8.3) with B, =0, D, = 0 and
B, =0:

i = Az + Byu+ D&,

y = Cyx, (8.29)

z=C,x+ D,E.

Together with the dynamic controller (8.4) for the extended vector & =

( v > we have
Ly

—T = A’élcl:Ij + Dcl£7
dt (8.30)
z=Cqt + D,E,
where
Ay = Ay + By©OCy,
A0 B 0
AO_{O o]’BO_{O Im}’
C 0 D,
CO_|:O In)(n:|’DCl_|:O:|’
Ccl = Oz [ Inxn Onxcn ]
and
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The Laplace transformation of (8.30) is
sX = AClX + Dgy=,
Z=0CuX + D.E,

which leads to the following expression of the transfer matrix He.:

Hgi’ (7/‘*)) =Cy [312n><2n - Acl]_1 Dy +D,.

(8.31)

Let us select the hermitian form £(Z,Z) as

B 7*7 = 42E¥E — (Cclf( n DZE) (Cdf( n DZE)
_(X\'[-Cclcqa -CID, X

“\ = _plc, I-DIp, |\ =

-(2) & 2]()
= Lo1 Lo =

(8.32)
with

L1 =—-CYCq, L12=-C]D.,

(8.33)
Loy = —DICy, Lo =~ — DID,.

Show now that the inequality (8.28) coincides with (8.16) where hermitian
form £(Z,=) as in (8.32).

Theorem 8.2 If

1) the matriz [iwlonxon — A is non-singular,
2) the pare (Ag, Dyp) is stabilizable,
then for all w € (—o0, 00)

E([iWI2n><2n -

Ac) ™' Da, I) = %1 — HE; (—iw) Hez (iw) > 0.

(8.34)

Proof. Defining

S = [iWIQnX%L - 140[]_1 Dcla



124 Lecture 8. Hy, Control

we get
0< C([iwfgnxgn — Ad]il D, ]) =

ST Ly L2][S]

I Lo Lo I
S1°[-cicy  -CID, s1
I -DIC, ~+*I-DID, I|

S " _Cllccl [iwj2n><2n - Acl]_l Dcl_CIlDz
I _DlCcl [iWIZnX2n - Acl]_l Dcl+’)/2I — D;Dz

8T ~CT Hez (iw)
ST — DT Hez (iw) +721

. _ T . .
= - [[_ZWIQnXQn_Acl] ! Dcl:| CCTZH@; (1w) —DTHe; (iw) —1—721

= —H/[; (—iw) He; (iw) + 721

Theorem is proven. m
By the Corrolary 8.2, the condition (8.34)

L([jwI — Aq)"' DaU,U) >0
guarantees the desired tolerance level v (8.16)
H, (—jw) He: (jw) <~°1,

and is equivalent to the following LMI

PAy (@) + All (@) P+ CZ[CCZ PDg + C;I-ZDZ
<0. (8.35)

D],P + DICy DID, — 421

This means that any parameter O, participating in
Ay (@) = Ay + By©C)y

and satisfying LMI (8.35) for some symmetric matrix P and a scalar ~,
solves the perturbations attenuation problem (8.16) with the tolerance level

v.
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Remark 8.2 The explicit relationship between sum of squares (SOS) de-
compositions of uniariate polynomial matrices and the Kalman- Yakubovich-
Popov (KYP) lemma can be found in [17]. There an efficient algorithm for
explicitly finding an SOS decomposition of such matrices, inspired by the
Hamiltonian-type methods for the solution of Riccati equations, is presen-
ted.

8.5 Exercise

Exercise 8.1 Design the dynamic feedback controller

D, C,
o5 &)

providing the attenuation tolerance level v = 0.5, fulfilling the estimate
HY, (—iw) Heg (iw) < 721,

for the system

5”:[(1) _—Oil}:“r[oi]“J“[(l)Hg’ \

0.1 O
y:[l l]x,z:m%—{ 0 0.1}5’

—0.01¢
€R? ueR! yeRl, ¢ = [ 0.1e sin(10¢) }

—0.1e7 001 cog(2¢)
Hint. To find P > 0 and © for which the LMI (8.35)

PA, (@) + AZZ (@) P+ CCTZCCI PD, + CJZDZ
DI P+ DICy DID, —~*I

] <0
with v = 0.5 is fuldilled.
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