Lecture 6

Analysis of Absolute Global
Stability in Time-Domain

6.1 Scalar feedback

6.1.1 Lyapunov function of the Lurie-Postnikov type

To guarantee the absolute global stability of the system (5.1), (5.6), accord-
ing to the Barbashin-Krasovskii Theorem (see, for example, Theorem 20.7
in [14]), it is sufficient the existence of the Lyapunov function V (z) such
that

a) V(0)=0and
V (z) > 0 for any = # 0,

b) radially unboundedness:

V () — oo whereas |[|z|| — oo,

c) for any ¢t > tg

9V @ (1,20, 10)) <0,
where Z (¢, xo,tp) is the solution of (5.1) with the initial conditions
x (to) = X0-

In [15] there was suggested to find the function V (z) as a quadratic form
plus the integral of the nonlinear feedback in the scalar feedback case (when
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y=cTz, m=101=1and B =becR"), that is,

y=cTx

V(r)=2TPx —q / ¢ (y) dy, (6.1)
y=0

where P = PT is a real positive definite matrix and ¢ is real number (may
be positive, negative or zero). Calculating the time derivative of (6.1) on
the trajectories of (5.1) we obtain

d
5V (@ (t,20,%0)) = 227 (¢) P (Az () + bu (t)) + qu(t) 5 (¢),
where (6.2)
y(t) =cT (Az (t) + bu(t)).
The right-hand side is a quadratic form of variables  and u, namely,
d
%V (t,z (t,z0,t0)) = Qo (z (t) ,u(t)) (6.3)
where
Qo (z,u) := 22T P (Azx + bu) + quc™ (Ax + bu) =
z \' x
() (D)
(6.4)

PA+ ATP Pb+ gATc

Q= by %CTA 4cTh

7

Therefore, to fulfill the condition c¢), given above, one must fulfill the con-
dition

Qo (x,u) < 0 for all real z € R” and all u € R, ||z +u® > 0,

or equivalently, B
Qo (l’,u) = —Qo (IE, u) >0
for all real z € R™ and all u € R (simultaneously non equal to zero), satis-
fying the inequality (5.9) with I' =~ :
uT (u+ ky) =~vu(u+ky) <0, v>0. (6.5)

implying
Qi (z,u) :=u’+k(zTc)u<0 (6.6)
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Notice that Q1 (z,u) is also a quadratic form of x and w, that is,

wien=(1) ()

with .
0 k§
Q1 := kCT 1

2

and, in fact defines the additional constraint for these variables. In the
equivalent format the constraint @ (z,u) < 0 may be expressed as

Q1 (z,u) == —Q1 (z,u) =

(&
T 0 —k—
(x) c’ ’ (x):_k(xTC)u—UQZO,
2

which defines the subspace in the variables (x,u) which we are interested in.

6.1.2 Absolute stability in the time-domain

Based on the S-procedure (see Theorem 1.4) we may conclude the following.

Theorem 6.1 (Sufficient condition of absolute stability in time-domain)
The absolute global stability of the systems (5.1)-(5.6) with a nonlinear feed-

back w = —¢ (y) from the class F. j, with m =1 =1 takes place if there exist

the positive definite matriz P, constants ¢ and 7 > 0 such that

QT::QO_TQ1: . .
—PA—ATP —Pb—QAT—+Tk'— 67
2 2 (6.7)
cT cT >0
—bTP—q?A—l-Tk? —qcTb+ 7

Proof. It directly follows from Theorem 1.4. m

6.2 Vector feedback

To analyze the conditions of absolute stability for the Fr j - Lurie’s systems
let us introduce the Lyapunov function of the generalized Lurie-Postnikov
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type:

V(z) =2TPz —¢q / ©T (y) I'dy, (6.8)

for which we have

%v (7 (£, 20, 10)) = 207 (£) P (Az (£) + Bu () + quT (1) T ()|

where

§(t) = (Az (t) + Bu (1))

The right-hand side of this equation can be represented as
d _ z\' T
GVeaa) = (1) a5 ).

PA+ATP  PB+ %ATCTP
BTP+ gFC’A % (TCB + BTCTT)

where

QO = (69)

So, we now are interesting in the condition c) of the Barbashin-Krasovskii
Theorem T
x x
0
or equivalently

() an()=-(2) a(i)-o

_PA—ATP _PB-— gATCTF

o= -prp-irca -4rcB+ B

for all paires (z,u) (|z]® + |lul|* > 0), satisfying the generalized sector
condition (5.9)
u'l (u+ kCx) <0,

which can be represented also as the quadratic form

(i)TQl(i)go (6.10)
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where

k
20T
0 20

Ql = k
51‘0 I

The inequality (6.10) can be represented equivalently as

<2>TQ1<i>zo (6.11)

with
i 0o —Eemr
Ql = k 2 5
—§FC -

and we interested in the subspace of variables (z,u) satisfying the inequality
(6.11), namely, when

T ~
( . ) Q1 ( . ) = —kaTCT'u — u"T'u > 0.
U U

Based on the S-procedure (Theorem 1.4) we may conclude the following.

Theorem 6.2 (Sufficient condition of absolute stability in time-domain)
The absolute global stability of the systems (5.1)-(5.6) with a nonlinear feed-

back u = —¢ (y) from the class Fr, takes place if there exist the positive
definite matrix P, constants ¢ and T > 0 such that

QT = QO - TQl =
_PA— ATP _PB— gATCTr T T%CTF
> 0.
_BTP— %FCA + Tgrc —g (ICB + BTCTT) + 1T
(6.12)

Proof. As in scalar contrrol case the proof directly follows from Theorem
14. =



100 Lecture 6. Analysis of Absolute Global Stability in Time-Domain

6.3 Exercise

Exercise 6.1 Check if the linear system

-1 1 0 11
it)= 0 =2 1 |a@®+|0 1 |u(),
-1 0 —05 10

n=3 m=1[1=2

is absolutely asymptotically stable in the class Fr . of nonlinear feedbacks
with
10

F:0.3[O 1

] and k = 2.



