Lecture 15

Systems with Sampled-Data
and Quantized Output

The approach for resilient feedback designing is provided for a wide range of nonlin-
ear systems with internal uncertainty as well as external constrained disturbances.
The associated BMI’s, which are demonstrated to be reduced to the system of
LMT’s, describe the class of stabilizing dynamic feedbacks with a specified linear
structure. Under a set of specified linear matrix constraints, the optimal parameters
of the feedback controllers actualize the matrix solution to conditional optimization
problems. The normal MATLAB packages are used to address this optimization
issue. The recommended approach’s viability is demonstrated by numerical ex-
amples.

15.1 Sampling and quantization

The control community has seen a revived interest in phenomena that are
intrinsic to the digital implementation of continuous-time control systems,
such as sampling and quantization, spurred by increasing applications in
networked control systems [22-24]. A significant line of study in this field
integrates information-theoretical components of the networked control issue
(such as channel capacity) and tries to develop a theory that is comparable
to the well-known mathematical theory of communication [25]. Following
this path has yielded some interesting outcomes. For example, it is now feas-
ible to connect the absolute magnitude of a system’s unstable eigenvalues
to the minimal channel capacity necessary to stabilize it [26-28]. While the-
oretically fascinating, the majority of these findings are restricted to linear
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208 Lecture 15. Systems with Sampled-Data and Quantized Output

systems thus far. The topic is framed in a stochastic framework, with the
coding and decoding components of the communication channel receiving
special attention (see [29] for a coding scheme).

Depending on whether quantization influences the control or output sig-
nals, quantization can be viewed as deterministic noise or deterministic per-
turbation. To deal with the quantization problem, a robust-control tech-
nique, such as Hy [30] or the sector bound [31], can be used. Again, the
majority of the findings obtained with this method are restricted to linear
systems. In this regard, the present lecture can be seen as an extension of the
work presented in [32] to the case nonlinear models when quantization phe-
nomena are present. Notice that the same problem has been considered in
[33] where the feedback has built using the state estimates generated by the
Luenberger-like filter. Here we follow [1], [34] and considere the designing
of robust full-order dynamic feedback as in lecture 13.

15.2 System Description and problem formulation
Consider the nonlinear system

[#(t) = £t 2(t) + Bu(t) +&, (1) (15.1)
where z(t) € R", u(t) € R™ (m < n) and &, (t) € R" are, respectively,

the state vector, control input and perturbation at time ¢ > 0. We use the
following model to describe a noisy, sampled and quantized output y(t):

y(t) = Cx(t) + &, () (15.2)

() =Y Gti)x (t € [t trr1)) (15.3)
k

y () == (y(t)) (15.4)

The vector &, (t) € R’ in (15.2) is the deterministic noise. The symbol
X (t € [tk,trt1)) in (15.3) means thecharacteristic function of the time inter-
val [tk,tk+1), i.e.,

1 if tG[tk,tk+1)

X(t S [tk)tk-l-l)) = { 0 if ’ k= 07 1727 “eed tO = 0.

otherwise,

Thus, %(t) : R — R! is a piecewise constant function which is obtained
by sampling and holding y(¢) at the discrete instants t;. The actual system
output at time ¢ is y(t) € R!, and is obtained by quantizing the sampled
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signal 7(t). Formally, let Y C R! be a countable set of possible output
values. Then, 7 : R — Y in (15.4) is defined as a projection operator, i.e.,

as an operator that satisfies

mom (y(t) = (y(1)) .-

The image of 7 is a discrete subset of R!. For example, each component
y;(t) after the projection may take its values on the set of fixed points

(0,40,

as they are depicted in Fig.15.1.

Figure 15.1: Sampled and quantized output signal.
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Notice that from (15.2) - (15.4) it follows that for all ¢ € [ty, tx41)
y(t) =m () = (Co(te) + &, (t) = Cx(t) + &, (t) +
m (Ca(te) + &, (tr) — [Ca(t) + &, ()] +
Cx(ty) + &, (te) — (Cx(ty) + &, (tr)) =
Cx(t) + &, (1) +

T (Cx(ty) + &, (th)) — (Cx(te) + &, (tr))+

g

Ay/ (t7tk)

Cx(ty) + &, (te) — [Cx(t) + &, (¢)],

Ay// (t7tk)

and hence, the output signal y (t) may be represented as

y(t) = Ca(t) + &, (t) + Ay (L, i) (15.5)

where

Ay (t, tk) = Ay’ (t, tk) + Ay” (t, tk) ,

Ay’ (t,ty) = (Calty) + &, (t)) — [Cx(t) + &, (1)] (15.6)

Cla(tr) —2(®)] + [&, (te) — &, ()] -

Here Ay’ (t,t;) may be treated as an error of quantization, and Ay” (¢, tx)
as an error of sampling.

15.3 Basic Assumptions
Let us now formulate our basic assumptions.

(1) The perturbation and noise are unknown but bounded. More precisely,
there are known positive definite matrices @, € R"*" and @, € Rix!
such that

206, (03, + &, O, <1 (15.7

(here [|-|| g, and [|-||, are weighted norms given by Q. and Q.
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(2) The function f: R4 x R"™ — R™ is also supposed to be unknown but
satisfies the quasi-Lipschitz bound

1
£ (t.2) = Aallyy < 5 (5+ qug) for all (#,2) € Ry x R®  (15.8)

where § > 0 is a scalar and () > 0 and A are known (n xn)-dimensional
matrices.

(3) The pair (A, B) is controllable and (C, A) is observable.

(4) The sampling intervals need not be regular, but there exists a maximum
sampling interval

h:= mkax (tk+1 — tk) N tk+1 Z tk. (159)

(5) The quantization error is bounded, i.e., the positive scalar

_ N 112
c:= ma — 15.10
max 7 (@) =7 @), ( )

is finite.

Notice that (15.8) is not restrictive and comprises a large class of un-
known nonlinear functions. Defining the auxiliary function

walt,z (t)) = &, (t) + f (t, 2 (t)) — Az (¢) (15.11)

we can rewrite (15.1) and (15.2)—(15.4) in the quasi-linear format

#(t) = Az (t) + Bu(t) + wy(t, x (1)),
(15.12)

y(t) = Cx(t) + &, (¢) + Ay (t,t) s t € [ty thr1)

Remark 15.1 The assumption 3, given above, then becomes to be natural.
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15.4 Feedback Structure

The proposed feedback designing is used here in combination with the clas-
sical full-order linear dynamic output controllers (see lecture 13) given by

u(t) = Cray (t) + Dry(t),

Ty (t) = Az, (t) + Bry(t)a (15'13)

T (t) = g,

where
z, € R", A, e R™" D, e R C, e R™*",

The control design associated with (15.13) is completely defined by a
selection of the matrix

0:= [ ?‘ i’“ ] € Rtm)x(n+l), (15.14)

We call © the dynamic controller matriz. Introducing the extended vectors

2(t) = (2T (t) al(¢) )T e R?",
(15.15)

n(tte) = (witz(t) &) ATy(tty) ) € R

we can represent the closed-loop realization of (15.12) under (15.13) as

. A+ BD,.C BC, I,xn BD, BD,
0= I o g B T |new

or, equivalently, with z(0) = (x¢, zj) and for anyt € [, ty11)

Z(t) = [AO + B(]@Co] z (t) + [Do + Bo@Eo] n (t, tk) (15.16)
where
o A Oan | _ B Oan )
Ao = |: Onxn  Onxn 1 » Bo= |: Onxm  Inxn :| ’
o C Ol><n
Cy= |: O Loor :| , (15.17)
Ian Oan OTLXn | Oan ‘InXm InXm
D — s E =
0 [ Onxn Onxn Onscn |77 2 | Onscn O Opom |~
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15.5 Stability Analysis

15.5.1 The Lyapunov - Krasovskii functional and its deriv-
ative

Since sampling entails delays, instead of a regular Lyapunov function let us
use a Lyapunov - Krasovskii functional. More precisely, let CY (]R, ]RQ”) be
the space of all continuous functions of mapping R into R?", differentiable
almost everywhere; let matrices R > 0 and P > 0 be (2n x 2n)-dimensional
matrices and let @ > 0 be a scalar. Following [1], propose the functional
V:RxCY (R,RQ”) — R4, defined as

0 t
V(t,z() = 2T (t)Pz(t) + h DT (5) Rz (s) dsdf.  (15.18)
Glh st/+¢9

Direct calculation of its time-derivative gives

V(tz() = )
0ot
2:T(t)P2(t) —ah [ [ e*57D:T (s) R (s)dsdf
0=—h s=t+0
0 t
+h [ % [ e50:T (5) R2 () dsdf =
9=—h  s=t+6
0ot
227 (t) P2 (t) — ah e (s) Rz (s) dsdf
9_f—hs tf+9 (15.19)
0
+h f TR () dO+h [ €T (t+0) R:(t+6)do
O=—h O=—h
0t
=22T(t)P2(t)—ah [ [ e*7D:T (s) Rz (s)dsdf
0=—h s= t+9
+h2:T (t) Rz (t) — h f =037 (5) Rz (s) ds
S= J

By adding and subtracting the term «zT (t) Pz (t) to the right-hand side of
(15.19) we get

1%4 (t,z(:)) =227 (t) P2 (t) + azT (t) Pz (t) — aV (t,2(+))

t (15.20)
+h2ET () R2(t) — h ) tf_h =037 (5) Rz (s) ds
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Then using the upper estimate

t t
—h [ eI (s)Ri(s)ds < —e™ " [ iT(s)Rz(s)ds <
—t

s h s=t—h
t t
—e—h J iT(s)R%(s)ds < —e—h i 2T (s) Rz (s)ds
s=t— n}cax(tk+1—tk) S:t—(tk+1—tk)

t<tp41

¢
— _e—ah [ 3T (s) R (s)ds —e h [ 3T (s)Rz(s)ds

s=tp+t—tr41 s=tj

and the Jensen’s inequality (for details see Theorem 16.30 in [5])

fiz‘T(s)Rz’:(s)ds: f (R1/22(s))TR1/22(3)d3:

s=tp, s=tg,

2

t
[ RY2:(s)ds

s=tj

t
S |[RY2z s)|| ds =

s=tj

s=t =t

¢ T ¢
( | Z(s) ds) R < | Z(s) ds) =[2(t) — 2 (tx)]" R[2 (t) — 2 (tx)]

valid for any given z (-) € C° (R,RQ”), h>0,a>0and R > 0, from the
identity (15.20) we derive the following differential inequality:

V(t,z(+) <22T(t) P2(t) + azT (t) Pz (t) — aV (t,2(+))

FR2ET () RE () — e [2 () — 2 (8)]T R[2 () — 2 (t)],

which may be represented as

V(t,z(-) < —aV (t,2 () + T () Wiy (1), (15.21)
where
z (t)
; z (t)
aw=| Y |- ( £ () ) (15.22)
_ft Z(s)ds 2 (t) — z (tg)
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and

aP P 02n><2n
P R2R  Onxon | - (15.23)
O2nx2n  O2nx2n _he_ahR

Wi

15.5.2 Descriptor form

Now we will refine the bound given in (15.21) by restricting z(t) to the set
of solutions of (15.16). To do so, we follow the idea presented in [35, 36]
which, originally devised for systems in descriptor form, consists in adding
a term (the descriptor term) to the expression (15.21) for V (¢, z(-)). The
descriptor term has to be zero for any solution z(t) of the system. In our
case, we will add the term

D(t,z() =

2 [T () +27 (1)) [(Ao+Bo©OCh) 2 (t) + (Do+Bo©OEo) n (t, 1) —2(t)] = 0,

where II, and II, are (2n x 2n) matrices. Obviously, D is zero along the
solutions of (15.16). As the result we obtain

Vies) S O+ dOWGO D) )
= AV (b2 () 7 (t t) @ () + CT (£) WaC (1) |

with

CH) =@ 0 (ttr) )T €R®, 5e="Tn+2l,
Qu
0
0

and
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Wy =
W2(1,1) W2(1,2) 0 W2(1,4)
1,2\ T 2,2 2,4
(wi=)" w? 0w
0 0 —he "R 0
1\ T 20\ T
) ) e
w1 (15.25)
W2 o =aP +11, (Ag—i—Bo@Co) -+
(Ao+BoOCy)T I} € R2n7<2n,
W2(1’2) =P+1I (Ao—i-B()@Co) € R2n><2n7
W2(1,4) =11, (D0+B0®E0) e R2nx(n+2m)
Wi = h2R — T, —TI] € R2nx2n,
W2(2,4) = II; (Do+BoOE) € R2nX (n+2m)

Recall that
z(t) = M2(t), M := [ Inxn  Onpxn ] (15.26)

so that
=615, = =7 (£) [MTQuM] 2(t),
Ay" (t,ty) := Cla(ty) — z()] + [€, (te) — &, (t)]

= —CMIz(t) — z(te)] + [, (te) — &, (1)] -

Notice also that by the assumptions (1) and (2), relations (15.6) and
(15.26) becomes

0 (1) Qn (1) = In (683 = 116 ()G, + )
ley @) llg, + 18y (& )13, < 2016 ()13, +
201f (¢, (£)) = Azllgy, + (1€, @, + 18y (4 )13, (15.27)

< B+2T (1) [MTQ.M] 2(t)+

[2 () = 2 ()] [AMTCTQ,CM] [z (8) — 2 (t)] )

with
B=9+0d4+ 2 (15.28)



15.6. Main Result 217

Finally, substituting (15.27) into (15.24) implies

V(t,z() < —aV (t,z()+B8+CT ()W () (15.29)
with
MTQ.M 0 0 0
wewr| o 4MTOTOQyOM 0 (15.30)
0 0 0 0

15.6 Main Result

Now we are ready to formulate the main result of this paper, concerning the
parametrization of all full-order dynamic feedbacks with the parameter ©
which guaranty the boundedness of any possible trajectory of the considered
dynamic system closed by this feedback.

Theorem 15.1 Under the assumptions (1)-(5), given above, the control
system (15.12), closed by the dynamic feedback (15.13) with the parametric
matriz ©, provides the boundedness of all possible trajectories,which asymp-

totically tend to the attractive ellipsoid £ (O, éP , if there exist positive
@

scalar o, matrices 11, and Iy, and a positive definite matriz P = PT > 0
satisfying the matriz inequality

W =W(P,I,,1I,,0,a) < 0 (15.31)

where W is defined by (15.30).

Proof. It follows directly from (15.29) if take into account (15.31) and
obtain

V(t,z() < —aV (t,2(-) + 5,
which implies

Vit z()) <

Tending ¢t — oo leads to

L™

lim supzT (t) Pz (t) < limsupV (¢, 2 (1)) <

t—o0 t—o00
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or, equivalently, to

lim supzT () <9P> 2(t) < L.

t—oo

Theorem is proven. m

15.7 Matrix Inequality Simplification

Introduce the following orthogonal matrix

Gp € R, GG, = I,xn, GgB = O(n—rm)>m (15.32)
B

Ime

The corresponding matrix Gp can be easily found in MATLAB using
the function null. For given matrix M the function null(M) returns the
matrix that columns are orthonormal basis of the null space of the matrix

M, namely,
BJ_
oon (%)

Bt = [mull(BT)]T, B’ = [nuu(BL)]T.

where

Since the descriptive multipliers IT, and IIj, may be any (2n X 2n) - matrices,
select them as

Il, = I, = PGp, (15.33)
where
N GB Onxn 2nx2n
GB o |: 0n><n Inxn :| cR
satisfying
5 = ~ G Onxn B Opxn
GBGTB:I2n><2naGBB0:[OB IX ]{0 IX }
nxn nxn nxm nxn
O n—m m
On><m Ian I(n+m)><(n+m)
Then for
P= { Py O(n—m)x (n-+m) ]
0(n+m)><(nfm) P2

J = ]R(n—m)x(n—m)7 Jo= R(n+m)x (n+m)
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it follows

PGBB()@CO _ [ O(n—gri)één-i-m) :| ’ YCO e R(n+m)x(n+m)

PéBBo@EO = [ O(n—gn/)lx?én-i-m) :l ,YE) € R (nt+m)x(n+m)

where

153

and defining

X—p— [ X4 O(n—m)x (n+m) ] , X1 =Py, Xo = P,,| (15.35)
0(n+m)><(n—m) X2

as the result, for the transforming matrix

T = diag (GB, Ionxon, Ionxan, I(n+2l)><(n+2l))

we get
WG‘B (X,)Y |a) =TWTT =
r (1,1) (1,2) (1,4)
WGB ] WGB 0 WGB
GB GB GB < O
0 0 Wg’j 0
1,4)\ T 2,4)\7 (4,4)
L&) () 0wl
where

ng;” = X + MTQ.M + XGpAo + A (GB) "X+

0 0 !
(n—m)x (n+m) + (n—m)x(n+m)
YCy Yy ’

(1.2) _ e 0(n—m)><(n+m)
WP = X (Tnxon + Gpdo) + { e |

(1,4) _ 1-(24) _ A O(n—m)x (nt+m) (44)
WGB o WG‘B = XGpDo+ |: Y Ey ! WGB =-Q,

W = hR - XGp — (@B)T X, WS = —he™*" R+ 4MTCTQ,CM.
B B

Notice that (15.36) is a linear form with respect to the matrix variables X
and Y .
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15.8 Optimal Feedback Parameters

If an attractive ellipsoid & (0, P,,r) with
Pattr - EP
o

has the smallest size (we mean the trace of the associated ellipsoid matrix
Pa_ttlT), then it seems to be natural to call the corresponding parameters
O™ of the designed robust feedback optimal. Introducing the upper matrix
estimate

H> X1,
that can be equivalently represented (by the Schur inequality) as

|: H I2n><2n

Y }>0, (15.37)

we may define the optimal parameters ©* of the dynamic controller as the
solution to the following matrix optimization problem

o «
X7 <o (H i 15.
w5 <o (5) = o Bya 05
subject the matrix constraints (15.36) and (15.37)

H IQnXQn

WG‘B (X,Y ’ a) <0, |: Ionsxon X

>0

such that if X* and Y™ are the solutions of the problem (15.38), then by
(15.34) and (15.35)

0 = (X3) 'y~ (15.39)

15.8.1 Example
Example 15.1 Consider the dynamic plant governed by

a1 (t) = 0.5v/|z1 (¢)[sign (21 () +u+ &1 (1), )

&z (t) = sin (21 (1)) + u + &5 (1),
(15.40)
y(t) =1 (t) +0.15sin (5¢), t >0

Tl (0) = —1.5, T (0) = -2
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where &, (t), &, (L) are independent “white” noise (generated by the Simulink
tool-boz) with the amplitude M = 0.2, the output is quantized with interval
¢ = 0.05, the maximal sample-time is h = 0.2. Here in the format (15.1) -
(15.2)

B:[_ﬂ,():“ 0].

We also selected

A= [__150 :ﬂ’ 0=1, Q =142, =946+ 2c=10.01,

and the matriz R in (15.18) as

25 21 0 0
21 21.512 O 0
0 0 0 0
0 0 0 5.2808

R =

As the result, we obtained
o = 0.1562

and the solution of the optimization problem (15.38) is

11147 0 0 0 09016 0 1
xe_ | 0 11871 0 0 T
10 0 L1419 0 |77 T | o o 1|
0 0 0  1.2971 '
Len 0 o LT 000
xHt=| o 11419 0 |, H*= '
0 0 192071 0 0 1678 0
' 0 0 0 11778
. —0.7587 0 —0.8419
* #\—1 v % Dr O,,,
O =(X3) 'Y =| gL L |=|04389 08752 0
ro 0.3861 0 —0.7733

D} = —0.7587, C; = [0, —0.8419], B} = [

T

0.4389 Ar — —0.8752 0
0.3861| "~ " 0 —0.7733|

The figurs below illustrate the process (see Figues 15.3 - 15.5) controlled
under obtained values of the feedback.
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Figure 15.2: Measurable output y(t).
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