Lecture 13

Dynamic Regulator

13.1 Full order linear dynamic controller

The suggested minimization strategy for quasi-Lipschitz nonlinear output control
systems is combined with full-order linear dynamic output controllers in this lecture.
In general, we select the controller parameters (gain matrices) that minimize the
size of an appealing ellipsoid associated with the closed-loop control system.

Consider the quasi-Lipschitz nonlinear output control system (11.3),
(11.4):

i (t) = Az (t) + Bu (t) + &,(t, x),

z (0) =z € R, (13.1)

y(t) = Cz(t) + (¢ ).

The admissible feedback control strategies for this system are chosen from
the class of full order linear dynamic controllers of the following structure

u(t) = Crap(t) + Dpy(t),

ir(t) = Arxr(t) + Bry(t)’ (13'2)

where

z, €R", A, e R™" B, e R™* D, e R™*F (C, ¢ R™*"
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184 Lecture 13. Dynamic Regulator

The control design associated with (13.2) is completely determined by a
selection of the matrix

0 [ P } € ROvHm)x(+#) (13.3)

We call © the dynamic controller matriz. The closed-loop realization of
(13.1) under (13.2) is given by

2= (Ao + Bo©®Co)z + Do&, + Bo©OEpE,,

2(t) = ( ;T((tg) ) eR™, 2(0) = ( ;;00 )’

R A Oan e B 0n><n
e[ ) w2,

nxXn Oan nxm Ian

Ok xk Inxn ] [ T xk ]
, Dy = , By = .
[ Onxn In><n :| 0 [ Onxn 0 Ok xk

(13.4)

where

Cy:=

As in the previouse Chepter 12 define the matrix Gp which satisfies the
relations

GBGT = GEGB = I2n><2n7 GBBO = |: [0(2n_‘ém)><7’hj| :| c R2n><rh7
0

BO S Rmxm, det Bo 75 0
e Bé_ 1 T / 1\\T
Gp = |, where By = (null(B]}))T and B = (null (BO )) .
Following then the same scheme of the analysis as before, we obtain

d /- - s s s
= <GBz) — (GpAo + GpByOCy)z + GpDot, + GpBiOF,

or, in new coordinates

5:=Gpz= 4 e R
T BE = 52€an
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we get
d . A 0 n—m)Xx(n ~ z
7= (Ao + [ O s +5)] ]COG]B)Z
(13.5)
- O/~
+ GBDO£x+ |: [ (2n m}ZYX(n'i‘k)] :|E0€y;
where . . .
AO = GBA[)GTB
and _
Y := By©® € R™* (k) (13.6)

13.2 Main result on the attractive ellipsoid for a
dynamic controller

Now we are ready to formulate the principle result concerning the attractive
ellipsoid guaranteed by the dynamic controller (13.2).

Theorem 13.1 If the matrices
Pl c ]R(2TL—77L)><(TL—Th)7 P2 c anxm’ )% c Rm><(n+k)

and positive numbers a, e > 0 satisfy the following matriz inequalities

0> Wae=
PBy A (By)' + ]
(PBEA(BY)T)T  DiBoABy) +
+OéP1 [P2BéA (BLOL)T ]T PlBOL O(anrh)xk
~ ~ YC (B
+5(Qx+Qy) +[ C( 0)]
! INT
BByt R P,
/ 1NT [P2BOA (Bo) ] Ormxn ’
+P2ByA (BO ) +[YC (BT + +P2Y
LY (BT 0
0 YC (Bé)T +C¥P2
(PIB(J)_)T Onxﬁm _Elnxn O77,><k
0(2n—rm)xk (P2B)T + (PY)T Okxn —elpxk |

(13.7)
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then the ellipsoid

Eo(Pastr) = {2 €R™: TPy 2 < 1}, P= Py 02n—m)xim
O x (2n—1) Py

is attractive for the system (13.5) with
~ a ~
Py = —————
attr € (Co’m + Co’y)
and the control matriz © given by
0 = B,'Y.
Proof. Consider the quadratic function of the form

[ Py O2n—m)xm }
Omx (2n—mm) Py ’

V() =2TPz, P=

P e R(2nfr~n)><(2nfﬁ1)’ P anxm,

and calculate its total derivative along the trajectories of the system (13.5):

o -d e N
V(z) = 2ZTP%Z =zT (PAO + A(T)PT) Z+

= 0 n—m)x(n ~ ~ =

i <[ )t ]coagwgcg [ On—rm)x(msr) Y7 ]) Z(13.8)

+25TPGpDoE, + 25TP [ 09”*@;*("%) ] Eot,

Taking into account that

PAy:= PGpA)GY =

Py O(Zn—ﬁm)xﬁ’z Bd_ ) [ A Onxn :| < Bd‘ )T _
O’ﬁLX(anﬁL) P2 B[/) On><n Oan B[/)

Py 02n—m)xm BLAOnn
a2 e |3 -

mx(2n—m) Py B()A Onxn
[ P 0(2n—m)x m} [BOLA (BRL)TT BiA(B ] _
O (2n—m) Py A(By)' ByA (BU)T

PByA(By)" PyBfA(B))T
PyBYA (By)"T  PByA(BY)T



13.2. Main result on the attractive ellipsoid for a dynamic controller

[0(2n—m})/x (nth)) CoGT, =

[ (R ] [ ¢ O ] ((BHT By ) =

Oan Ian
[02n—myxmiw] | [ C(Ba)" C(By)" | _
Y Onxn (BT
OTLXTL Oan
YC (By)" YCO(BY)T

1 Py O(2n—7h)><m :| ( BoL > |: Inxn :|
BEo [ 0 x (2n—m) Py B Opnsxcn

PiBy  O@p_myxim }
0 (2n—m) P,Bj
and

5 | On—m)x(ntk) _ | 9en—m)x  O@n—m)xk
P [ Y Eo=1 "0 RY |’

we are able to represent (13.8) as

Z1 1
S 22 22
V(z) = Wi
D=l | "
Sy Sy
with
[ PiBy A (BT +
PlBOLA (BOL)T—F PlBO (B(J]_)T T PBJ_ 0 B
[P]_BLA (BL)T]T [ 2P¢ ( 0 ] 120 (2n—m)xk
0 0 4 [YC (BOL)T]T
P,Bj T+
[PLBA(B))T]" [P;B o (( ))T]T L PyBI+
Wo = +P236A (BOL)T 0 mxn RY
0 yc (BB)T]T
(PIBOL)T Onxrn Onxn Onxk
(P2By)" +
i Ok (2n—mm) (PY)T Okxcn Ok
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Adding and subtracting the term —a'V'(2) and in the diagonal blocks —e@,

and —eQy we derive

Z1
V(3) = 2’2 W,

&y

with

PiBg A (By)" +
[PiBgA(By)']

+aPy
Wy = [PIB()lA( )T]

(PBy)"
Ok (2n—m)

As in (11.15)

21
3 3
o | V@ re(Eda+ge) (139
&y
PByA(By)" +
PBYA (BE)']T  PiBF  Onm)xk
0 0 0 ( )
+[Ye (By)']'
PyByA (By)T +
PyB A (BT
YC (B(/))T + OéPQ
Onxcrm —elnxn Onxk
(PoBY)T + (PY)T  Opxn —elixk

e (€16, +€]6,) <= [(cow + o) + A1 (Qx +Qy) 2]

Q:r = GBQIGBa Qx

GB Qy

In view of this, the ODE (13.9) can be converted into the following differ-

ential inequality

T

V(2) < c

where W, . is defined in (13.7).

Wa.e

—aV(Z) +e(coz+coy)

(13.10)

If Wo,. < 0, the result of this theorem

follows from the considerations as in the proof of Theorems in the previouse

lectures. m
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13.3 Optimal parameters of dynamic controller

Notice that matrix W, . contains the term FPY, which makes the matrix
inequality (13.7) nonlinear one. To deal with LMI constraint recall that the
term corresponds to the term 2z] P,Y¢, in the quadratic form representa-
tion. Using A-inequality (12.16) with A = I,,x,, we get

223 PYE, < 2 (PAP]) 2 + & (YTAT'Y) €, <
2 (P P2) 22 + ELYTYE, < 2Qsz,% + £1Q¢, &,
where matrices Qz, and Q)¢ satisfy the matrix inequalities
P2TP2 < Qgg, YTPQY < Q§$Q27y

which by the Schur’s complement are equavalent to the following LMI’s:

% L[

>0 (13.11)

P2T I’I'LX’I'L YT IT’LX’I’L :|

Both matrices @z, and Q¢ naturally can be incorporated into the corres-
ponding block-diagonals of matrix W, . (13.7), obtaining

Wae < Wae (13.12)

where

Wa,a =
P B+ A(BH)T+
[PlBOOLA((BOOL))T} T PlBOLA (BT —i—T
+aP; [P2BéA (BEL)TT]T PlBOL 0(2n7ﬁ1)><k
+e(Qer0,) +[YC (By)']
Py A (BY)T +
[PBFABY']T  [PBYA (BT

P, B!
+PyBYA (By)T  +[YCBYTT+  Omxn Py
+YC (By)T YC (B})T +aPs 2

+ QEQ
el
(Ple_)T O + C;;n Onxk
O2n—m)xk (PBy)" + (PY)T Ok xn —elpxk

(13.13
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Fulfilling W, . < 0, in view of (13.12), we guarantee W, . < 0.

The optimization procedure for finding the best parameters © for the
dynamic controller, which provide the minimal size of the attractive ellipsoid,
can be formulated now similarly to the problem from lecture 9, namely,

inf tr(PyY) + tr(Py !
Pi>0, Py>0, Qz, 50, O, >0, Y, a0, s>0[r( ) ),

or equivalently,

inf [tr(Hy) + tr(H2)],
P10, P3>0, Qs,>0, Q¢, >0, H1>0,Hz>0, Y, a0, £>0

subject to LMI’s constraints (13.13), (13.11) and additionally (13.14)

{ H, Tn—si) x (n—m) ] >0,
Iin—im)x (n—m) Py

Hy  Ijxm
> 0, 13.14
Iixm P ( )

H, € }R(n—m)x(n—m)’}I2 c RﬁlXﬁl)’

obtained from the matrix estimates
Pt <Hy, Pyt < H,y

by the Schur’s complement implementation.

13.4 Exercise

Exercise 13.1 For the system (as in the previous lecture 8)

&1 = —x1 + x2 + 0.1xsign(z9),
T9 = —x1 + 0.2sign (x1) + u,
y=x1+ 12+ &, (1),

x1,x2 € R, 29 = (1,1)7,
|§y(t)|2 < ¢py = 0.01.

design the dynamic controller and find its optimal numerical feedback para-
meters ©*. To compare graphically the obtained results with the previous
lecture results.



