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1. Introduction

In the center of this paper stands a certain matrix generalization of the classical
notion of Hurwitz polynomials. A real polynomial with all its roots in the open left half
plane C~ := {2z € C:Rez € (—00,0)} of the complex plane is called Hurwitz polynomial.
Apparently, such polynomials were first studied by J.C. Maxwell [25] in 1868 and later
considered by E.J. Routh [28] and A. Hurwitz [19] in 1875 and 1895, respectively. Routh
and Hurwitz gave a necessary and sufficient condition for a real polynomial to be a
Hurwitz polynomial. Other tools for dealing with such polynomials are provided by
Sturm’s theorem [30] and Bezoutian approach [14]. The so-called Markov parameters
(MP) approach was studied in [15]; see also [6,18] and references therein. Recently,
by using Wall’s continued fractions, a connection between the Schwarz matrices and
rational functions associated with Hurwitz polynomials was studied in [31]. In [8] the
description of functions generating infinite totally non-negative Hurwitz matrices via
Stieltjes meromorphic functions is given. What concerns a detailed treatment of the
theory of Hurwitz polynomials we refer the reader to the monographs Gantmacher [15,
Chapter XV], Postnikov [26] and Rahman/Schmeisser [27, Section 11.4].

Starting with the classical work of Grommer [17] the theory of Hurwitz polynomials
was extended to entire functions (see Chebotarev/Meiman [2], Krein [21], Levin [23,
Chapter VIIJ], Katsnelson [20]). The direct matricial generalization of the notion should
be defined as follows: A ¢ X ¢ matrix polynomial P is called Hurwitz polynomial if the
inclusion {z € C:det P(z) = 0} C C~ is satisfied. In this paper, we follow another line
of generalizing the classical notion. We are inspired by the investigations in Gantmacher
[15, Chapter XV] on Hurwitz polynomials and related mechanical application in Gant-
macher /Krein [16, Appendix IT]. One of the central ideas there is to study interrelations
between the even and odd parts of a polynomial. The membership of a polynomial to the
class of Hurwitz polynomials is characterized in terms of particular continued fraction
representations of the rational functions which are formed by the even and odd parts
of the given polynomial (see Gantmacher [15, Chapter XV, Section 14, Theorem 16]).
The shape of these continued fractions immediately establishes a bridge to the Stieltjes
moment problem. These connections are discussed in [15, Chapter XV, Section 16].

This paper is based on the author’s recent investigations [4] on the non-degenerate
truncated matricial Stieltjes moment problems. In [4] we obtained distinguished matrix
continued fraction expansions for the two extremal solutions to the above mentioned
moment problem. Against to this background we introduce the notion “matrix Hurwitz
type polynomial” which in the scalar case indeed coincides with the classical notion. In
the matrix case the relation between “matrix Hurwitz type polynomials” and “matrix
Hurwitz polynomials” is still uncovered.

A closer look at [4, Theorems 3.4 and 4.8] shows that a Stieltjes positive definite
sequence produces matrix continued fractions which lead in a natural way to matrix
Hurwitz type polynomials (see Theorem 5.4). Starting from this observation we estab-
lish a principle of constructing matrix Hurwitz type polynomials by using the Stieltjes
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quadruple of sequences of left orthogonal matrix polynomials associated with a Stielt-
jes positive definite sequence (see Theorem 6.1). Conversely, we show that each matrix
Hurwitz type polynomial can be generated in this way (see Theorem 7.9). In this way
a bijective correspondence between matrix Hurwitz type polynomials and finite Stieltjes
positive definite sequences is established via Markov parameter sequences.

In Section 8, we obtain in the scalar case a criterion of asymptotic stability of a system
of linear ordinary differential equations with constant coefficients in terms of the main
results of this paper (see Theorem 8.2).

2. Matrix Hurwitz type polynomials

We introduce in this section a class of ¢ X ¢ matrix polynomials which turns out to
coincide in the classical case ¢ = 1 with the class of classical Hurwitz polynomials. In our
further considerations we will often work with the odd and even parts of a polynomial,
which will be introduced now.

Definition 2.1. Let n € N and let f,, be a ¢ X ¢ matrix polynomial of degree n. For z € C
let f,, be given by

fu(2) = Agz"F (2.1)
k=0

Let m € N be chosen such that n = 2m or n = 2m —1 is satisfied. Then the ¢ x ¢ matrix
polynomial h,,: C — C%%9 defined by

SoboAsez™ Tt ifn=2m

h,(2) =4 S : 2.9
(=) { Doiet Agp_ 2™t ifn=2m—1 (2.2)

is called the even part of f,,, whereas the ¢ x ¢ matrix polynomial g,,: C — C9*9 defined
by

— 2211 AQ@—Izm_Z7 lf n = 2m ) 3
=1 42022 , 1In m
is called the odd part of £,.

Remark 2.2. Let n € N and let f, be a ¢ X ¢ matrix polynomial of degree n. Denote
by h, and g, the even and odd part of f,, respectively. Then it is easily checked by
straightforward computation that the identity

£,(2) = hy(22) + 2gn(22)

holds for z € C.
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Remark 2.3. Let n € N and let f,, be a ¢ X ¢ matrix polynomial of degree n. Denote by
h,, and g, the even and odd part of f,, respectively.

(a) Suppose that n = 2m for some m € N. Then the leading coefficients of f,, and h,
coincide. In particular, f,, is monic if and only if h,, is monic, and furthermore f,, has
non-singular leading coefficient if and only if h,, has non-singular leading coefficient.

(b) Suppose that n = 2m —1 for some m € N. Then the leading coefficients of f,, and g,
coincide. In particular, f,, is monic if and only if g,, is monic, and furthermore f,, has
non-singular leading coefficient if and only if g, has non-singular leading coefficient.

Remark 2.4. Let m € N.

(a) Let h be a ¢ x ¢ matrix polynomial of degree m and let g be a ¢ x ¢ matrix poly-
nomial of degree at most m — 1. Let f: C — C be defined by f(z) := h(2?) + 2zg(z?).
Then f is a ¢ X ¢ matrix polynomial of degree 2m with even part h and odd part g.

(b) Let h bea g x ¢ matrix polynomial of degree at most m—1 and let g be a ¢ x ¢ matrix
polynomial of degree m — 1. Let f: C — C be defined by f(2) := h(2?) +zg(2?2). Then
f is a ¢ X ¢ matrix polynomial of degree 2m — 1 with even part h and odd part g.

Lemma 2.5. Let n € N and let £, be a g X g matriz polynomial of degree n with non-
singular leading coefficient. Let Ng, = {z € C:detf,(z) = 0}. Then Nt, is a finite
subset of C.

Proof. For z € C let f,, be given by (2.1) and let £Y:C — C9%¢ be defined by

n
£Y(2) := Z Ag 2R,

k=0

Then £Y(0) = Af. Hence, det[fY(0)] = det Ay # 0. Thus, since detf) is a polynomial,
the set Nyv := {z € C:det f/(2) = 0} is a finite subset of C. For z € C\ {0} the identity

holds (see e.g. [7, Lemma 1.2.2]). Hence,

det [£, ()] = 2"det [f,y G)}

This implies that det f,, does not identically vanish in C. Since det f,, is a polynomial the
set AV, is a finite subset of C. O
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Lemma 2.6. Let n € N and let £, be a q X g matriz polynomial of degree m with
non-singular leading coefficient. Denote by h,, and g, the even and odd parts of f,,, re-
spectively. Let m € N be chosen such that n = 2m or n = 2m — 1 is satisfied. If n = 2m
then the set Nn, := {z € C:deth,,(z) = 0} is finite whereas in the case n = 2m — 1 the
set N, = {z € C:det g, (z) = 0} is finite.

Proof. In the case n = 2m (resp. n = 2m — 1) the application of Lemma 2.5 in combi-
nation with (2.2) (resp. (2.3)) yields the assertion. O

Now we introduce the central objects of this paper. What concerns the case of an
even n we are inspired by a classical result due to Stieltjes [29] and its connections with
classical Hurwitz polynomials (see Gantmacher [15, Chapter XV, Section 16, Proposi-
tions 15 and 16]). In the case of an odd number n our construction differs from that one
which is suggested by the scalar result. The reason for this will be seen later.

In view of Lemma 2.6 the following definition is correct. For A, B € C9*? with B
invertible, set % = AB~ L.

Definition 2.7. Let n € {2,3,...} and let f, be a monic ¢ X ¢ matrix polynomial of
degree n. Denote by h,, and g, the even and odd parts of f,,, respectively.

(a) Suppose n = 2m for some m € N. Then f,, is called a matriz Hurwitz type poly-
nomial (short MHTP) of degree n if there exists an ordered pair of sequences
[(er)y (di)oy'] from CZ* such that the identity

- (2.4)

dp-2+ ——7—
" 2Cm_1 +d b

holds for all z € C\ M, . In this case the pair [(cx)["", (dx)}'] is called a Hurwitz
parametrization of f,.

(b) Suppose n = 2m + 1 for some m € N. Then f,, is called a matriz Hurwitz type
polynomial (short MHTP) of degree n if there exists an ordered pair of sequences
[(ck) g, (di)7=5'] from CL*? such that the identity

- (2.5)
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holds for all z € C\ [{0} UNg,]. In this case the pair [(cx)~,, (dx);,'] is called a
Hurwitz parametrization of £,.

Remark 2.8. Let m € N and let n := 2m + 1. Let f,, be a MHTP of degree n and let

[(er)Tp, (di)7="] be a Hurw1tz parametrization of f,. By multiplying (2.5) by z and

taking the inverse of 2 ( ;7 we see that

= CO —|— (2.6)
Zdo +

C1+

Cm—1+ - 1
de,1 + Cm

holds for all z € C\ Ny,

In the scalar case, i.e. for ¢ = 1, the polynomials of Definition 2.7 coincide, in view
of (2.4), (2.6) and [15, Chapter XV, Section 14, Theorem 16], with the classical Hurwitz
polynomials.

In our subsequent considerations we will use a matricial generalization of the con-
struction of Markov parameters of a polynomial (see Gantmacher [15, Chapter XV,
Section 15]). Our approach is based on the following observation.

Lemma 2.9. Let n € N and let £, be a q X q matriz polynomial of degree n with invertible
leading coefficient. Denote by h,, and g, the even and odd parts of f,, respectively.

(a) Suppose n = 2m for some m € N. Let 1, := max{|z|: z € Nn, }. Then there ezists a
unique sequence (3;)52, from C?*? such that

e}
& =Sy
Z

Jj=0

for all z € C with |z| > ny,.
(b) Suppose n = 2m + 1 for some m € N. Let p,, := max{|z|:z2 € N, }. Then there
exists a unique sequence (3;)52, from C¥*? such that

i i~ U+l g

z
gn ot

for all z € C with |z| > pp.
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Proof. This follows by observing that in view of (2.2) and (2.3) we have degh,, = m
and degg, = m — 1 in the case n = 2m, and furthermore degh, = m and degg, = m
in the case n=2m+1. O

Lemma 2.9 leads us to the following notion which will be important for our subsequent
considerations. What concerns the following definition we meet the same situation as in
Definition 2.7. Namely, in the case of even n we have a direct generalization of the
classical notion of Markov parameters whereas in the odd case we prefer a different
construction.

Definition 2.10. Let n € N and let f,, be a ¢ X ¢ matrix polynomial of degree n with
invertible leading coefficient. Denote by (5;)5, the sequence from Lemma 2.9. Then
(§j)?:0 is called the sequence of Markov parameters of f,. Furthermore, (§j)3?°;0 is called
the extended sequence of Markov parameters of f,

3. On matricial power moment problems and several classes of sequences of matrices

Our subsequent considerations will be closely related to matricial power moment prob-
lems. In order to give precise formulations of the moment problems under consideration
we introduce some terminology. Let {2 be a Borelian subset of the real axis R. Further,
let ¢ € N, let Bg, be the o-algebra of all Borelian subsets of 2, and let M2 (2) be the
set of all non-negative Hermitian ¢ X ¢ measures on (9, Bq). Let & € No U {oo} and let
M (Q) be the set of all 0 € ML (Q) such that the integral

sga) = /tja(dt)

Q

exists for all non-negative integers j < k. Initiated in the scalar case ¢ = 1 by
M.G. Krein [22] the following truncated matrix moment problem is studied:

M[€; (sj)Lg, <] Let m € Ng and let (s;)’L, be a sequence of complex ¢ x g matrices.
Describe the set MZL[Q; (s)72, <] of all ¢ € M% | (Q) for which s, — s is

- 2,m

non-negative Hermitian and, in the case m > 0, moreover sg.”) = s; is fulfilled
for all Jj e ZO,'m—l-

There are many interesting interrelations between moment problems on [0,00) on
the one side and on R on the other side. Obviously each o € MZ[[0,00); (s;)72, <]
determines by a natural zero continuation a measure & € M%[R; (s;)7, <]. So the case
Q2 = R stands always in the background.

To discuss the solvability of the above mentioned moment problems, we introduce some

classes of sequences of matrices. Let n € Ny and let (sj)?io be a sequence from C9*9.
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Then (s ) ", is called Hankel non-negative definite (vesp. Hankel positive definite) if the
block Hankel matrix

Hy, = (8j4k) ] k=0

is non-negative Hermitian (resp. positive Hermitian). Denote by H=,, (resp. Ho,) the

set of all Hankel non-negative definite (resp. Hankel positive definite) sequences (s])?zo

from C?%9,

q,2n

Remark 3.1. Let n € N and let (s])J 2y € Hq on (vesp. (s;)3% € Hy,). Then for k €
Zo,n—1 it is obvious that (s;)3%, € ?—lqgk (resp. (s;)3%, € Hoon)

Remark 3.1 leads us to the following notion. A sequence (s;)52, from C?*? is called
Hankel non-negative definite (resp. Hankel positive definite) if for all n € Ny the sequence
(sj)5 is Hankel non-negative definite (resp. Hankel positive definite). We denote be
HZ., (resp. H_ ) the set of all Hankel non-negative definite (resp. Hankel positive
definite) sequences from C?2*2. The following result shows the importance of the set ’H;Qn

Theorem 3.2. (See [3, Theorem 3.2].) Letn € No and let (s;)3, be a sequence of complex
q x q matrices. Then MZ[R $(55)720, <] # 0 if and only if (s;)32, € Hq om-

The present work is closely related to the non-degenerate situation of Prob-
lem M[0, 00); (85)}L¢, <]. To describe the solvability of this problem we introduce further
classes of sequences of complex matrices. Let n € N and let (sj)3"0 be a sequence
from C?%9. Then (s )2"0 is called Stieltjes non-negative definite (resp. Stieltjes posi-
tive deﬁm’te) if (s;)52 € 'Hq o, and (sﬁ_l)?(% Ve Hq a(n—1) (T€SD. (s5)3% € H. 5, and
(Sj.l,_l)?(:() € ’Hq a(n—1))- Let (s )2”+1 be a sequence from C7%9. Then (33)2"3’1 is called
Stieltjes non-negative definite (rebp Stieltjes positive definite) if {(s;)3, (sﬁ_l)?ZO} -
qu,Qn (resp. {(s7)7%0, (sj41)3%0} € H_ 3,)- For m € N the symbol KZ,, (resp. K7 )
stands for the set of all Stieltjes non-negative definite (resp. Stieltjes positive definite)
sequences (s;)7L, from C7*9.

Remark 3.3. Let m € N and let (s;)., € KZ,, (resp. (s;)7-, € K7 ,,,). Then for £ € Zg
it is obvious that (sj)fzo € IC;Z (resp. (sj)fzo €K,

Remark 3.3 leads us to the following notion. A sequence (s;)32, from C9*? is
called Stieltjes non-negative definite (resp. Stieltjes positive definite) if for all m € Ny
the sequence (sj) o is Stieltjes non-negative definite (resp. Stieltjes positive defi-
nite). We denote be KZ_ (resp. K7 ) the set of all Stieltjes non-negative definite
(resp. Stieltjes positive definite) sequences from C?%9. Concerning a detailed treat-
ment of the theory of Stieltjes non-negative definite sequences we refer the reader to
Dyukarev /Fritzsche/Kirstein/Madler [10], Fritzsche/Kirstein/Médler [11,12].
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The following result provides the reasoning why we will work at many places in this
paper with infinite Stieltjes positive definite sequences instead of finite ones.

Proposition 3.4. (See [11, Propositions 4.15 and 4.14].) Let m € No and let (s;)jL, €
K- Then there exists a sequence (3;)52, € K7 o such that (3;)7y = (s;)7L-

The following result shows the importance of the set K%m.

Theorem 3.5. (Cf. [10, Theorem 1.4].) Letm € N and let (s;)}L, be a sequence of complex
q x q matrices. Then M2[[0,00); (s;)7g, <] # 0 if and only if (s;)7-y € KT,

Remark 3.6. Let m € N and let (s;)7., € K7,,. Then Theorem 3.5 shows that
MQZHO’ OO); (Sj);'nzo’ S] # 0.

For a detailed description of the work on matrix versions of the Stieltjes moment
problem we refer the reader to [12] and the references therein. This paper is inti-
mately related to several aspects of the author’s recent investigations [4] on Prob-
lem M[[0, 00); (57)72¢, <] in the case (s;)72, € K ,,. First we explain that, following
the classical line, we did not study the original moment problem but an equivalent prob-
lem for holomorphic ¢ X ¢ matrix-valued functions in C \ [0, c0).

Definition 3.7. Let 0 € M%([0,00)). Then the function G,:C \ [0,00) — C?*7 defined
by

is called Stieltjes transform of o.

In view of a matrix version of the Stieltjes—Perron inversion formula (see [5, Theo-
rem 8.2]) a measure o € M%([0,00)) is uniquely determined by its Stieltjes transform.
For this reason the solution set of the Stieltjes moment problem can be described in
terms of Stieltjes transform s. In this way, Stieltjes [29] already handled the classical
case.

In the case (s;)jL, € K, the set of all Stieltjes transforms of the measures
belonging to the solution set of Problem M[[0,00); (s;)7, <] was parametrized by
Yu.M. Dyukarev [9] with the aid of a linear fractional transformation (see also [4, The-
orem 3.2]). Of particular importance for our subsequent considerations is the fact that
the generating matrix-valued polynomial of this linear fractional transformation was ex-
pressed in [4, Theorem 4.6] in terms of a quadruple of ¢ X ¢ matrix polynomials with
particular orthogonality properties.

In our subsequent considerations we will sometimes meet compactly supported matrix
measures on R. In this case the Stieltjes transform has a particularly simple shape.
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Lemma 3.8. Let a,b € R with a < b and let 0 € ML ([a,b]). Then o € ML _ ([a,b]) and
the function S,:C\ [a,b] — C2*? given by

1
Se(z) = / = Za(dt)
[a,b]
admits for all z € C with |z| > max{|a|, |b|} the representation

oo

So(2) = — Z z_(j+1)s§-o).

Jj=0

Proof. If z € C satisfies |z| > max{]|al, |b|} then

1 1 A -
_ _ 1 PN L N (D)
t—2z z2(1—t/z) z];)(z) kZ:o :

for all t € [a,b]. Now changing integration and summation yields the assertion. O
4. The Dyukarev—Stieltjes parametrization of Stieltjes positive definite sequences

In this section we recall the Dyukarev—Stieltjes parametrization of sequences (s;)52, €
Ko which was introduced in Fritzsche/Kirstein/Médler [12, Section 8] inspired by
Yu.M. Dyukarev’s paper [9]. For a complex p x ¢ matrix A, let A* be the conjugate
transpose of A and let AT be the Moore-Penrose inverse of A, i.e., the unique matrix
X € C?*P which satisfies the four equations AXA = A, XAX = X, (AX)" = AX,
and (XA)* = XA. If A € C7%%, then let det A be the determinant of A. For a complex
q % q matrix A with det A # 0 let A=! be the inverse of A. In this case, AT = A~1.

Let (s7)32 be a sequence from CP*9. First we introduce some sequences of matrices
associated with (s;)52,. Let

So S1 N Sj
S1 S92 cee S541 )
Hyj:=| . : : ; j€No,  (41)
S Sj41 .- 525
S1 S92 . Sj+1
S9 S3 e Sj4-2 .
Hy ;= . : ) ; jeNy, (4.2
Sj+1 Sj42 ... S2j541
S
J
Sj+1 )
YLj = : s Zl,j = (Sj,Sj+17...782j,1)7 7 €N, (43)

S25—1
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Sj+1
Sj+2 .
Y2,j = : ) ZQ,j = (Sj+17 Sj+25- -5 52_]')’ J € N. (44)

ng

Furthermore, for j € Ny we set

~ S0, lfj =0

Hl’j = {32]‘ — Zl7jHI’j71Y1,j, lfj > 1’ (45)
~ s1, ifj=0

= {32j+1 — ZoHY; Yoy, ifj>1" (4.6)

In other words, if 7 € N then ITILJ» (resp. ﬁg’j) is the Schur complement of sp; (resp.
Soj41) in Hy ; (resp. Hs ;). Now we summarize some basic properties of Hankel positive
definite sequences which are mostly taken from [13, Section 3].

Remark 4.1. Let (s;)52 € H o Then:

(a) If j € Ny, then sy5 € CL*? and s9;,1 € Cff*?.
(b) 1f j € No, then Hy j € CYTVXUTD (and in particular det Hy ; € (0, +00)).
(¢) If j € Ny, then Hy ; € C2* (and in particular det H; ; € (0, +00)).
From Remark 4.1 and the definition of the set K~ __ we immediately obtain the fol-

4,00
lowing observations.

Remark 4.2. Let (s;)2 € K . Then:

(a) If j € Ny, then s; € CL*. 4 4

(b) If k € {1,2} and j € Ny, then Hy ; € CQH)QX(JH)‘I (and in particular det Hy ; €
(0, +00)).

(c) If k € {1,2} and j € Ny, then Hy; € CL*? (and in particular det Hy, ; € (0, +00)).

Let

I
vo := Iy, Vg = 1 , keN. (4.7)
0k:q><q

Let (s)52 be a sequence from CP*?. Let j, k € No. Then, we set

Ogsas if j > k
Sj
Yijik) = s i<k (4.8)

Sk
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and

[ Ogxq; ifj>k
FLk { (Sj’$j+la R Sk)a 1f] <k’ (49)

The following construction goes back to Yu.M. Dyukarev [9, p. 77].

Definition 4.3. (See [12, Definition 8.2].) Let (s;)52, € K o, and let

M, -_{sgl, if k=0
= -1 -1 .
UZHl,kvk — vzlekalvk_l, ifk>1

and

L sosflso, ifk=0
k= * —1 * 1 .

y[O,k]H2,ky[07k] - y[O,k—l]HZ, _1Wok-1), k=1
for all k& € No. Then the ordered pair [(Lg)72, (My)32,] is called the Dyukarev-Stieltjes
parametrization (shortly DS-parametrization) of (s;)3%-
Remark 4.4. (See [12, Remark 8.23].) Let (s;)52, € K, with DS-parametrization
(L), (My)2 ). Then, in view of [9, Theorem 7], the matrices Ly, and My, are positive
Hermitian and, in particular, invertible for all k € Ny.

Remark 4.5. (See [12, Remark 8.3].) Let (s;)52, € K. with DS-parametrization
(L), (My)2,]. In view of Definition 4.3, (4.7), (4.1), (4.8), and (4.2), we can easily
see then, that, for all £ € Ny, the matrix My only depends on the matrices sq, ..., Sog
and that the matrix Ly only depends on the matrices sg, s1,. .., Sok+1-

Against to the background of Remark 4.5 we see that the notion “DS-parametrization”
could also be analogously introduced for finite Stieltjes positive definite sequences. Re-
mark 4.5 leads us to the following notion.

Definition 4.6. Let n € N and let (s;)7_, € K. Let (5;)52, € K, be chosen such that
(8))7—0 = (55)j=o is satisfied and let [(Lx)3q, (My)72,] be the DS-parametrization

of (3;)72p- Let m € N be chosen such that n = 2m or n = 2m — 1 is satisfied.
Then the ordered pairs [(Ly)}" ', (Mg)i,] and [(Lg)iy (My)7,'] are called the DS-
parametrization of (s;)77, and (sj)?zlo_ ! respectively.

Remark 4.7. Let n € N and let (s;)}_, € K7 ,,- Let m € N be chosen such that n = 2m
or n = 2m — 1 is satisfied. Denote by [(Ly){,", (Mg) o] (vesp. [(Li)7's (M) 7'
the DS-parametrization of (Sj)?:(y Then, in view of Definition 4.6 and Remark 4.4,
the matrices Ly and M, are positive Hermitian and, in particular, invertible for all
k€ Zym—1 and all £ € Zg ,, (resp. £ € Zo m—1)-
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The following proposition plays a key role in the proof of Theorem 7.9 which is the
second main result of present work. This proposition is a slightly modified version of the
Fritzsche/Kirstein/Médler’s Proposition 8.27 in [12], which considers an infinite sequence
of pairs [(Ly) o, (My)72,] instead of an analogue finite sequence. Our proof differs from
the one in [12] since it is based on part d) of Theorem 4.12 in [11] which in turn uses the
rank of the matrices Hy ; and Hs ;. Let us first recall the following well-known result
(see e.g. [7, Lemma 1.1.9] or [1, Proposition 8.2.4]).

Lemma 4.8. Let A := (ﬁi ﬁ;z) be a Hermitian (n+m) X (n+m) matriz with
n X n block Ay1. Then the following statements are equivalent:

(i) Aechrmpxintm),
(ﬁ) A € ngn and Agg — AT2A1_11A12 S (Cngm.
(iii) A22 S C7>n><m and A11 — A12A2_21A>{2 S (ngn

Proposition 4.9. Let m € N and let (Lj);.":]f and (M;)7q (resp. (L;)7lq and (M;)7)

be two sequences of positive Hermitian complex q X q matrices. Let the sequence (sj)Qm

7=0
(resp. (sj)?;”g'l) be recursively defined by

M, !, ifj=0
Soj 1= 1 —J—1 1 —Jj—1 o (410)
Vi H Y+ (Tmo MiLe) "M ([T MiLy) ™, ifj 21
and
(ML) *Lo(MoLo) !, ifj=0
S2j41 = 1 —J —J 1 o (411)
Yy iHy i 1Y+ (I1—g MiLk) "Ly (T MiLk) ™, ifj>1

forj=0,....,2m (resp. 5 =0,...,2m+1). Then (sﬂ?ﬁo (resp. (sj)?g(}q) is a Stieltjes
positive definite sequence.

Proof. From (4.10) and (4.5), we obtain
— % . —1

j—1 j—1
— —

Hyo=My", Hyj=|[[MiLe | M7 | [[MeLi | . (412)
k=0 k=0

Respectively from (4.11) and (4.6) we get
—% —1

j j
= =
Hyo =My 'Ly M, Hy, = H M, L, L, H ML . (4.13)
k=0 k=0
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Since L; € CL*Y and M; € CL* for all j, then

—%

J

j—1 —1
— —
Mytect? [ [[MiLi | M;! MLy, e CL9  (4.14)
k=0 k=0
j —% j —1
— —
M, 'Ly Myt e €L, ML, | L; MLy, e CL.  (4.15)
k=0 k=0
By (4.12), (4.14) (resp. (4.13), (4.15)), we have
H,; € CY9, for all j € No, (4.16)
Hyj e CT9, for all j € No. (4.17)
Let
Hi, 1 Yi, Hyio Yy
Hy ;= ( }1/1 ' m) ) Hy 1 = (YQ’J 2 1) . (4.18)
1,j 52 2j-1  S2j-1

By using (4.16), (4.18) (resp. (4.17), (4.18)) and Lemma 4.8, we obtain Hj ,, which
is positive Hermitian; (resp. Ha, is positive Hermitian). Consequently, the sequence
(s; )?QO is a Stieltjes positive definite sequence. O

Note that equalities (4.12) and (4.13) were first proved in a different way in [4, Corol-
lary 4.10] under the condition that (s;)jL, for m = 2n and m = 2n + 1 is Stieltjes
positive definite. This result, proved using a different approach, later appears in part (a)
of Proposition 8.28 in [12].

5. On the Stieltjes quadruple of sequences of left orthogonal matrix polynomials
associated with a sequence (s;)52, € K7

Let (53‘)}?10 € IC; oo- Then we will recall the Stieltjes quadruple of sequences of left or-
thogonal matrix polynomials (or short SQSLOMP) associated with (s;)32,. This notion
originates in [4, Definition 4.1]. For this reason, first we introduce some notations. Let

Ogxjq O
To := Ogxgqs T; = ( qujq 0;::) , 7 €N (5.1)

From (5.1) it follows immediately that for z € C we have det([(;+1)q — 27;) = 1. Thus,
the function R;: C — CUTDIxG+1)a given by

Rj(2) == (I(j1yq — 2T5) " (5.2)
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is well-defined. Observe, that the matrix-valued function R; is given for z € C via

1, Ogxq Ogxg --- Ogxq
2zl 1, Ogxq -+ Ogxg
R;(z) = 21, zl I, ... Ogxq
21, 27, A7, .0 2]

Let (s;)52, be a sequence from C7*7. Using (4.8) we set

j=0
0
. — axq
Uy,0 -= 0q><q, Ui,; = < y
~Y[o,5-1]

and

Uz, = —Yo,j] JjeN

Definition 5.1. Let (s;)52, € K7 - Let z € C. Let

Py o(z) := 1, Q1,0(2) = 0gx g, Pao(z) := I,

For j € N, let

Oqu
Oqu
Oqu

I

jeN,

Q270(Z) = S0.

(2)
Q1,(z) == *(*Yf:ij,;—laIq)Rj(z)ulm
Py j(2) = (_Y2fjH27,]1—1qu)Rj(Z)”Jv
Q2,5(z) == _(_Y;:jHijl—l’Iq)Rj(Z)uzj

(5.6)

Then [(Pl,j)}?io’(Ql,j)?iOv(P2,j)}?107(Q2,j)?10] is called the Stieltjes quadruple of se-
quences of left orthogonal matriz polynomials (or short SQSLOMP) associated with

(Sj);‘”;o

The reasoning for the terminology chosen in Definition 5.1 was given in [4, Proposi-

tion 4.2]. From Definition 5.1 we immediately see the following observation.

Remark 5.2. Let (s;)%2, € K o and let [(P1.5)520, (Q1,5) 705 (P2,4)3205 (Q2,5)520] be the

associated SQSLOMP.

(a) For all j € Ny, the matrix polynomials P; ; and P, ; are monic of degree j.

(b) For all j € No, the matrix polynomials Q1 ;41 and Q2 ; are of degree j.
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Remark 5.3. Let (s;)52, € K7, and let [(P1;)520, (Q1,1)520, (P2,5)520, (Q2,5)7%0] be the
associated SQSLOMP. Then using part (a) of Remark 4.2 it is immediately seen that
for k € {1,2} and j € Ny the polynomials Py ; and Qy ; have real coefficients.

The role of the SQSLOMP associated with a sequence (s;)2, € K7 o, was detailed
studied in [4]. These polynomials have particular orthogonality properties (see [4, Propo-
sition 4.2]) and can be used to describe the Stieltjes transforms of the measures of the
solution sets MY [0, 00); (s7)72, <] for all m € N (see [4, Theorem 4.7]).

In the case (s;)7y € K, the set MZ[[0,00); (s;)7L, <] contains two distinguished
elements o, min and Oy, max (see [4, formulas (3.12) and (3.13)] for the Stieltjes trans-
forms of these measures). These Stieltjes transforms admit particular matrix continued
fraction expansions, which will be recalled now. The following result establishes the
bridge between [4] and the present paper.

Theorem 5.4. (Cf. [/, Theorems 3.4 and 4.8].) Let (s;)52, € K with DS-para-
metrization [(Ly)7Zq, (My)3Zo]. Denote by [(P1;)520, (Q1,)720s (P2.5)520, (Q2,5)5] the
SQSLOMP associated with (s;)32. Further let n € No. For z € C\ [0,00), then

[QQ n(z)]}k LI
Ga, n.min z = — 2 — =
' l2) = B BT I
—zMjy + 7
Lo+ g
+
M,_: + s
e L, 1 —21M;!
and
G (Z) — [Ql,n(z)]* _ Iq
N TR 7
—zMj + 7
Lo + 1
+
L, o+ Lo
"2 M, + L

A closer look at Theorem 5.4 shows now that a Stieltjes positive definite sequence
produces matrix continued fractions of the type occurring in the construction of matrix
Hurwitz type polynomials (see Definition 2.7). Furthermore, Theorem 5.4 indicates why
we have chosen in the definitions of matrix Hurwitz type polynomials (see Definition 2.7)
and of Markov parameters (see Definition 2.10) a version which slightly differs from the
classical version. This is caused by the structure of the Stieltjes transform of the extremal
solution o, min of the non-degenerate truncated matricial Stieltjes moment problem.



72 A.E. Choque Rivero / Linear Algebra and its Applications 476 (2015) 56-84

6. Construction of matrix Hurwitz type polynomials on the basis of Stieltjes positive
definite sequences

The direction of the investigations of this section is determined by Theorem 5.4 which
provides us a principle of constructing matrix Hurwitz type polynomials with the aid of
a Stieltjes positive definite sequence.

Theorem 6.1. Let (s;)72, € K7 o with DS-parametrization [(Lx)y, (Mg)72o]. Denote
by [(PLJ)j:O? (Ql,j)j:o, (Pgd)j:(), (QZ,j);‘io] the SQSLOMP associated with (sj)J‘?‘;O. Let
m € N.

(a) Let f3,,: C — C?*7 be defined by

form(2) := (—1)™ [Prm (2] + 2(=1)™ ! [Qum(~2)] .

(al) fo,, is a MHTP of degree 2m.
(a2) [(Mg)iy, (L)' is @ Hurwitz parametrization of fap,.
(a3) Denote by (SJ)J:0 the extended sequence of Markov parameters of fa,,. Then
sj =35 for all j € Zo2m—1-
(b) Let fo,,41: C — C2*? be defined by

fomt1(2) == (=)™ [Qom(=2H)]" + 2(=1)™ [Pom(=2%)] .

(b1) f3,41 is @ MHTP of degree 2m + 1.

(b2) [(Mp)y, (L)) is a Hurwitz parametrization of fam 1.

(b3) Denote by (sj) o the extended sequence of Markov parameters of fopi1. Then
s; =3 for all j € Zoom.

Proof. (a) From Remark 5.2 we can conclude that f,, is a monic ¢ X ¢ matrix poly-
nomial of degree 2m. Furthermore, in view of Remark 5.2 and part (a) of Remark 2.4,
the even and odd parts hg,, and ga,, of fo,, fulfill hy,,(2) = (=1)™[P1m(—2)]* and
gom(2) = (1) Q1 m(—2)]* for all z € C. Taking additionally into account Theo-
rem 5.4, we see that fa,, is a MHTP of degree 2m and that [(My)7', (L) ] is a
Hurwitz parametrization of fy,,. In view of Theorem 5.4 and Definitions 2.7 a‘nd 2.10,
we can conclude

o) = — (AL — B Zz U,

for all z € C\ [0,00) with |z| > 72, where 1, := max{|z|:z € Ny, }. Since 021 max
belongs to M2 [0, 00); (sj)?fo, <] and is concentrated on a finite set of points and hence
compactly supported, we can via Lemma 3.8 conclude s; = 5; for all j € Zg 2/—1.
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(b) From Remark 5.2 we can conclude that f5,, 11 is a monic ¢ X ¢ matrix polynomial
of degree 2m + 1. Furthermore, in view of Remark 5.2 and part (b) of Remark 2.4, the
even and odd part s hoy,q1 and gomt1 of fop,yq fulfill hoyi1(2) = (—1)™[Q2,m(—2)]*
and gom+1(2) = (—1)™[Pa,m (—2)]* for all z € C. Taking additionally into account Theo-
rem 5.4, we see that fo,,+1 is a MHTP of degree 2m+1 and that [(My)7™ , (L)' is a
Hurwitz parametrization of f5,, 1. In view of Theorem 5.4 and Definitions 2.7 and 2.10,
we can conclude

[Q2,m(Z)]* hop 1 (= -
Ga . = — - — = z (J+1)
)= =5 BF >gzm+1 Z
for all = € C\ [0,00) with [2] > pam+1, wWhere popmi1 == max{|z]:2 € N, }
2m+1

Since am min belongs to ML[0,00); (s7)57"", <] and is concentrated on a finite set
of points and hence compactly supported, we can via Lemma 3.8 conclude s; = 3; for
all JjE ZO72m. O

Theorem 6.1 leads us to the following notion.

Definition 6.2. Let (s;)52, € K7 o, let n € {2,3,...}, and let f,, be defined as in Theo-
rem 6.1. Then f,, is called the MHTP of degree n associated with (s;)7,.

Remark 6.3. Let (s;)32, € K7 o, let n € {2,3,...}, and let £, be the MHTP of degree n

associated with (s;)52. In view of (5.7)-(5.10), then f, only depends on (sj);‘:_ol.

Remark 6.3 leads us to the following notion.

Definition 6.4. Let n € {2, 3 ..} and let (5])”71 €K7, 1 Let (5;)32, € K7, be chosen
such that (sj)] 0 = (sJ)J "o - Then by the MHTP of degree n associated wzth (sJ)J o we
mean the MHTP of degree n associated with (5;)72,.

7. On associating a Stieltjes positive definite sequence (sJ) -0 ! with a matrix Hurwitz
type polynomial of degree n

Definition 6.4 leads us to the following inverse problem. Let n € {2,3,...} and let £,
be a matrix Hurwitz type polynomial of degree n. Then we want to show that there exists
a unique sequence (sj)"f1 € /C> _4 such that f coincides with the matrix Hurwitz type
polynomial of degree n assoc1ated with (s;)7- }. We will show that the sequence (s;) . -~

is given by the sequence of Markov parameters of f,.
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First we introduce some notations. Let x € No U {co} and let (s;)5_, and (Ax)j_, be

sequences of complex ¢ x ¢ matrices. For all j € Zg , let

So S1 e Sj—l
quq S0 cee Sj—2
Slog) =
Ogxg  Ogxq 50
Ogxg  Ogxg - Ogxq
Furthermore, let
Agj
Agj_o
Aljg) = I
Ao(kt1)
Aog,

for all j, k € Ny with £ < j and 25 < &, and let

Agja
Agjq

ALK . —

Agpts
Aopt1

Sj

Sj—1

S1
S0

for all j,k € Ng with £ < j and 2j + 1 < k. For all m € N let

T = diag (—1)™ My, (=)™ 2, ..., (—1)?

Observe that

J _( —Jm—1 O(HL—l)qxq) _ <(_1)m11q qu(m—l)q)
" 0

gx(m—1)q I

for all m € {2,3,...}.

O(m—1)gxq

Jm—l

(7.1)

(7.4)

Lemma 7.1. Let n € {2,3,...} and let £, be a monic q x ¢ matriz polynomial of degree
n given for all z € C by (2.1) with extended sequence of Markov parameters (s;)52,. Let
m € N be chosen such that n = 2m or n = 2m + 1 is satisfied. Then

A[m—l,O] — JmS[O,m—l] JmA[m—l,O] )

Yl,m = Hl,m—lJmA[m,l]
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if n=2m, and
A[m’o] = m+15[07m] Jm+1A[m,0], (78)

}/2,m = H2,m—1JmA[m,1] (79)
ifn=2m+1.

Proof. Denote by h,, and g,, the even and odd parts of f,,, respectively. Suppose n = 2m
and let 7, := max{|z|: 2 € My, }. In view of Definition 2.10 and part (a) of Lemma 2.9,
then ﬁ"—gzzg =Y 220(=1)27UtD5; for all z € C with |z| > 7,,. Multiplying both sides by
h,,(z) results in

S0 S1 S2m
gn(2) = (T = 3+ + iy — ) Ba(2)

for all z € C with |z| > 7,. By equating coefficients of equal powers of z on both sides
of this identity, we get

Ay = 5040,

Az = s50As — 51 Ao, (7.10)

Asp—1 = s0Aom—2 — s1A2m_a+ -+ (—1)™ 1,1 Ao,
and
quq = s Aoy — Sk+1A2m_2 + -+ (—l)msk+mA0, for all £ € Ny. (711)

By rewriting (7.10) and (7.11) in matrix form, where k runs from 0 to m — 1, yields

Aot so =81 ... (=1)m7ls, Ao
AQm—B : : A2m_4
= : . ’ . (7'12)
. quq T —S1 :
Ay Ogxg  Ogxg --- S0 Ao
and
SmAO S0 S1 e Sm—1 (_1)m—1A2m
smi1do | $1 S0 .- Sm—2 (—1)™ " Az (7.13)
sam—140 Sm—1 Sm  --- S29m—2 Ay

From (7.3), (7.12), (7.4), (7.1), and (7.2), we obtain (7.6). Taking into account Ay = I,
we can conclude (7.7) from (4.3), (7.13), (4.1), (7.4), and (7.2). In the case n = 2m + 1
one proves (7.8) and (7.9) in a similar way. O
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Remark 7.2. Let n € {2,3,...} and let (Ag)}'_, be a sequence of complex ¢ X ¢ matrices.
In view of (7.5), (7.2), and (7.3), then

—J, A (=1)™ Az
A _ mAm,1] _ m .14
Im+14[m,0) < Ao JmApm—-1,0) 1y

for all m € N with 2m < n, and

(=1)™Agm 11

:( Pt ) (7.15)

Jm+1A[m’O] _ <—JmA[m,1])

Ay

for all m € N with 2m +1 < n.
Remark 7.3. Let m € N. According to (7.5) and (5.1), then
T Jms1 = —Jmir T0, (7.16)
which, in view of (5.2), implies
Rop(2) Jnss = Ty Ry (—2) (7.17)
for all z € C.

Remark 7.4. Let m € N and let (s;)L, be a sequence of complex ¢ x g matrices. Using
(5.4), (5.5), (5.3), (4.7), (5.1), and (7.1), one can prove by direct calculations that

ul Ry, (2) = —vp, Ry (2)T5,S10,m) (7.18)
and

uy Ry (2) = —vp, Ry, (2)S[o,m) (7.19)
for all z € C.

Lemma 7.5. Let m € N, and let (s;)7", and (Ay)3™, be sequences of complex q¢ X ¢ ma-
trices. For all z € C, then

’U;knT;LR* (Z)Jm+15[07m]Jm+1A[m’0] = 'U:n71R:171(Z)Jms[o,m—l]JmA[m—l,O]- (7.20)

Proof. This is proved by using (4.8), the second equality of (7.5), (7.14) and Sy ) =
( 50 Yl1,m ) 0

Ogmxq S[o,m—1]
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Lemma 7.6. Let n € {2,3,...} and let £, be a monic q X ¢ matriz polynomial of degree
n given for all z € C by (2.1) with extended sequence of Markov parameters (s;)32,. Let
m € N be chosen such that n = 2m or n = 2m + 1 is satisfied. Then

—H; L Y,
Tim+14(m 0 = ( b 1’m> (7.21)
q
if n=2m, and
—H; Y Yo,
Jm+1A[m70] = ( 2’”} 142, > (722)
q

ifn=2m+1.

Proof. In view of Ay = I, Egs. (7.21) and (7.22) follow from (7.5), (7.2), (7.7) and (7.5),
(7.2), (7.9), respectively. O

Lemma 7.7. Let (Sj);io S K:> and let [(Pl,j);?iOa (QLJ)JQ.;O’ (Pg,j);io, (Qg)j);io} be the

q,00

associated SQSLOMP. For all j € Ny and all z € C, then

* = * % (= * 7H_1_ Yy
Q1,4(2) = vi R ()T} Spo g1 ( 1’} ! 14) (7.23)
q
and
* = * % (= —H_17 Yo
Q3,5(2) = vj Rj(2)S)0,) ( w 2J) : (7.24)
q

Proof. The identities (7.23) and (7.24) are proved by employing (5.8), (7.18) and (5.10),
(7.19), respectively. O

Proposition 7.8. Let n € {2,3,...} and let £, be a monic q X ¢ matriz polynomial of

degree n with sequence of Markov parameters (3;)}_, such that (§j)?;01 € ’C;nﬂ' Then
f,, is the MHTP of degree n associated with ((9']-)?:_01.

Proof. For z € C let f,, be given by (2.1). Denote by h,, and g,, the even and odd part
of f,,, respectively. In view of Proposition 3.4, there exists a sequence (Sj)z?io € IC;OO
with

S5 = §j for all j € Z()’n,l. (725)

Denote by [(P1,;)520, (Q1,5)5%0s (P2,5)7%0s (Q2,5)520] the SQSLOMP associated with
(55)7%0- Let m € N be chosen such that n = 2m or n = 2m — 1 is satisfied. Then the
matrices Hi ,,—1 and Hs ,,—1 are both invertible, according to part (b) of Remark 4.2.
Let z € C.
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Suppose n = 2m. We show that

h,(z) = (=1)"P1,.(=2) and gn(2) = (=1)"1Q1 . (-2).
To this end,
A?m
m A2m72 * * (= * * (=
h,(z) = (Iq,214,...,2™1;) : = v, Ry (Z2) Apno) = U By (2) I 1 T 1 Apn0)
Ao

_ mAm _Hfl Y m
= Im+1 R, (—2) ( J AO[ 71]> = (=1)"™% R, (—2) < 1,n}71 1, >
q

= (=D)"Pn(=2),

where the 1st equality is due to (2.2), the 2nd equality is due to (4.7), (5.3) and (7.2), the
3rd equality is due to (7.4), the 4th equality is due to (7.17) and (7.14), the 5th equality
is due to (4.7), (7.5), (7.25), (7.7) and Ay = I, and the last equality is due to (5.7).
Analogously,

A2m—1
—1 A2m_3 * * - [ -1 0]
gn(’z> = (IQ7ZIQ7°'-7zm Iq) : :/Umfl‘anfl(Z)*Am ’
Ay

= v 1 Ry 1(2)TmS10,m—11ImApm—1,00 = Vi Do B (Z2) T +1510,m] Jm+1 A, 0]
= VT I 1 Ry (= 2) Sjo,m) Ims1 Apm,0) = =V I T By (= 2) Sjo,m) Jm+1 A, 0]
m, & ok % — 7H771nf Yl»m
= 7(71) UmeRm(i’z)S[O,m] < L I ! >
q
_Hl_,rln_lyl,m

= ()" R 2 TS (T
q

) = (=1)"Q1 (-2,

where the 1st equality is due to (2.3), the 2nd equality is due to (4.7), (5.3) and (7.3), the
3rd equality is due to (7.25) and (7.6), the 4th equality is due to (7.20), the 5th equality
is due to (7.17), the 6th equality is due to (7.16), the Tth equality is due to (4.7), (7.5),
(7.25) and (7.21), the 8th equality is due to (5.2), and the last equality is due to (7.23).
Hence,

fu(2) = (=1)" P}, (=2) + 2(=1)" Q7 . (- 27).

Since, in view of (5.7) and (5.8), the matrix polynomials P;,, and (., only de-

pend on the matrices sg,$1,-.-,S2m—1, which by (7.25) coincide with the matrices
n—1

50,81, .., 82m_1, this shows that f,, is the MHTP of degree n associated with (§j)j:0.
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Suppose n = 2m + 1. We show that

h,(2) = (=1)" Q3 (—2) and gn(2) = (=1)" Py, (—2).
To this end,
A2m+1
A2m—1 _ 0
h,(2) = (I, 21,, ..., 2™1,) _ = v}, R, () AlmOl
Ay

= v, 1, (2) Tt 18(0,m) It 1 A1m,0) = Uy St 1 R (= 2) S0, m) Im+1A[m,0)

m, ok * - _H_T)lfz— Y: m m o yk -
= (_1) UmRm(_Z)S[Ovm] ( * I 1 ) = (_1) Q27m(_z)7

q

where the 1st equality is due to (2.2), the 2nd equality is due to (4.7), (5.3) and (7.3), the
3rd equality is due to (7.25) and (7.8), the 4th equality is due to (7.17), the 5th equality is
due to (4.7), (7.5), (7.25) and (7.22), and the last equality is due to (7.24). Analogously,

A2m
A2m—2

gn(2) = Iy, 21g,...,2"1y) : =05 R (2) Apmo) = Ui R (2) Tt Tt A 0
Ao
) v —ImAm, e e [ —Hy LY
— i dr o (-2) (TR ) = oy a) ()
0 q
= (-1)"P;,.(-2),

where the 1st equality is due to (2.3), the 2nd equality is due to (4.7), (5.3) and (7.2), the
3rd equality is due to (7.4), the 4th equality is due to (7.17) and (7.14), the 5th equality
is due to (4.7), (7.5), (7.25), (7.9) and Ay = I, and the last equality is due to (5.9).
Hence,

fu(2) = (1) Q3 (=2°) + 2(=1)"P3,, (= 2%).

Since, in view of (5.10) and (5.9), the matrix polynomials Q2 ,,, and Ps ,,, only depend on

the matrices s, $1,- .., Sam, which by (7.25) coincide with the matrices Sg, 51, ..., Som,
this shows that f, is the MHTP of degree n associated with (§j);?;01. O

Now we state the main result of this section.

Theorem 7.9. Let n € {2,3,...} and let £, be a MHTP of degree n with sequence of
Markov parameters (5;)7_o. Let m € N be chosen such that n = 2m orn = 2m + 1 is
satisfied.
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(a) Suppose n = 2m and let [(c)i=y, (dr)i=y'] be a Hurwitz parametrization of £,.
Then (3;)’/Z o€ K, with DS-pammetmzatzon [(di)iyts (ex) i) and £, is the
MHTP of degree n associated with (3;)’}- -

(b) Suppose n = 2m + 1 and let [(ck)y, (i)' ] be a Hurwitz parametrization of f,.
Then (8;)’/- o€ K;,_1 with DS-parametrization ()=t (ep)iy] and £, is the
MHTP of degree n associated with (éj)?:_ol.

Proof. Denote by h,, and g, the even and odd parts of f,,, respectively.

(a) Let ¢ := Iy and dy, := I, for all k € {m,m +1,...}. Then (cx)32, and (dx)3,
are sequences from CZ*?. According to [12, Proposition 8.27] there exists a sequence
(8/)%20 € K with DS-parametrization [(dx)7Zy, (cx)iZ,]- Using Theorem 5.4 and
Definitions 2.7 and 2.10, we obtain

g2m Z —
G ne) = B 3
7=0
for all z € C\ [0,00) with |z| > 72, where 1, := max{|z|: 2 € Ny, }. Since 02/ max

belongs to M%[[0,00); (s7)32, <] and is concentrated on a finite set of points and hence
compactly supported we can via Lemma 3.8 conclude s; = §] for all j € Zo,2m—1. In par-
ticular, (§J)j o € K7 ,_1 with DS-parametrization [(dx);=, ', (ck)iy']- Proposition 7.8
yields then that f,, is the MHTP of degree n associated with (5; );L:Ol.

(b) Let ¢ := I forall k € {m+1,m+2,...} andlet dj := I, forall k € {m,m+1,...}.
Then ()5, and (dg)72, are sequences from CL*?. According to [12, Proposition 8.27]
there exists a sequence (s;)32, € K, with DS-parametrization [(dx)72, (cx)3Zo]- Us-

ing Theorem 5.4 and Definitions 2.7 and 2.10, we obtain

h2m+1 _ ~
GU’ . )= ——-" z (j+1)
i) = ot ) §j

for all z € C\ [0,00) with |z| > payy1, Where popq1 = max{|z|:z € N, }. Since
O9m.min belongs to MZ][0, c0); (sj)QmS'1 <] and is concentrated on a finite set of points
and hence compactly Sﬁpported we can via Lemma 3.8 conclude s; = §; for all j € Zg om.
In particular, (§j)?;01 € K, with DS-parametrization [(di)iy, (ex)iy]. Proposi-

tion 7.8 yields then that f,, is the MHTP of degree n associated with (§j)?;01. m|

Now we are able to state a useful characterization of th Hurwitz type property of
monic ¢ X ¢ matrix polynomials in terms of the sequence of Markov parameters.

Theorem 7.10. Let n € {2,3,...} and let £, be a monic q X ¢ matriz polynomial of
degree n with sequence of Markov parameters (§j)?:0. Then the following statements are
equivalent:

(i) £, is a MHTP of degree n.
(11) (SJ)] 0 Ean 1-
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Proof. “(i) = (ii)”: This follows from Theorem 7.9.
“(ii) = (i)”: This follows from Proposition 7.8. O

Now we show that the correspondence between matrix Hurwitz type polynomials and
finite Stieltjes positive definite sequences is bijective.

Theorem 7.11. Let n € {2,3,...} and let £, be a MHTP of degree n with sequence of
Markov parameters (3;)}_. Then there is a unique sequence (sj);-’;ol € K7,y such that
f,, is the MHTP of degree n associated with (sj);-‘:_ol namely (sj)?:_ol = (§]);’ -

Proof. From Theorem 7.9 we obtain (§;)}_ 0 € K7 ., and that f, is the MHTP of degree
n associated with (3;)’/Z o If (s5)% o is an arbltrary sequence from K, such that f,
is the MHTP of degree n associated with (s;)”—;, then Definition 6. 4 and Theorem 6.1

= \n—1

yield (Sj)j:O = (57)3 =0- O

JO’

Now we demonstrate that a matrix Hurwitz type polynomial admits a unique Hurwitz
parametrization.

Theorem 7.12. Let n € {2,3,...} and let £, be a MHTP of degree n with sequence of
Markov parameters (5;)7_o. Let m € N be chosen such that n = 2m orn = 2m + 1 is
satisfied.

(a) Suppose n = 2m and let [(Ly);, (Mg)},'] be the DS- pammetm’zation of (§j);’_01
Then there is a um’que Hurwitz pammetmzation [(er)iy (di) =] of £, namely

[(er)iZo »(dk) o) = (MR L)y )
(b) Suppose n = 2m + 1 and let [(Lg)i, (My){,] be the DS-parametrization of
(sj)] "o Then there is a unique Hurwitz parametrization [(cy)Tq, (dg)iy] of £a,

namely [(ck)ito, (dk)kzo ] = [(My)ilos (Lk)k:O ]

Proof. From Theorem 7.9 we obtain (8;)- o€ K, and that f, is the MHTP of
degree n associated with (éj)?;ol.

(a) In view of Definitions 6.4 and 4.6, we can conclude from part (a) of Theorem 6.1
that [(My)7" 5", (Li)7'] is a Hurwitz parametrization of f,. If [(cx)} ', (di)7o'] is
an arbltrary Hurwitz parametrization of f,, then part (a) of Theorem 7.9 shows that
[(dr)i, ,(ck)k o' is the DS-parametrization of (8;)7= o and hence [(cx) 1, (dr) 7] =
[(M)75g"s (L) iy -

(b) In view of D(,ﬁnit,ions 6.4 and 4.6, we can conclude from part (b) of Theorem 6.1
that [(Mg)Ty, (Ly)7o] is a Hurwitz parametrization of f,. If [(ck)Tly, (di)i '] is
an arbitrary Hurwitz parametrization of f,, then part (b) of Theorem 7.9 shows that
[(di)= (ex)y] is the DS-parametrization of (8;)7= o and hence [(c;)T, (dg)} 0] =

[(Mg)ig, (L)'l O
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8. On asymptotic stability of ODEs

As an application of the obtained results, we consider in this section the well-known
Lyapunov’s stability criterion [24] for ordinary differential equations with constant coef-
ficients in terms of orthogonal polynomials on [0, c0) and their second kind polynomials.

Let n € {2,3,...} and consider the differential equation

& = Az, (8.1)
where = is an n x 1 vector, and A is an n X n matrix whose entries are real constants.

Remark 8.1. Let R4:C — C defined by Ra(z) := det(zI, — A) be the characteristic
polynomial of the matrix A, which is a monic polynomial of degree n. Recall that the
system (8.1) is asymptotically stable in the sense of Lyapunov if and only if all the zeros
of the characteristic polynomial R4 have a negative real part, i.e., if and only if R4 is a
Hurwitz polynomial.

Theorem 8.2. Let n € {2,3,...} and let A be a real n x n matriz with characteristic
polynomial R 4. Denote by (§j)}’:0 the sequence of Markov parameters of Ra. Then, the
system (8.1) is asymptotically stable if and only if (%);:& is Stieltjes positive definite.
In this case, the set Mlz[[(), 00); (§j)?:_01, <] is non-empty and R4 is the matriz Hurwitz

type polynomial of degree n associated with (3;)7=y

j=0"
Proof. This follows, in view of Remark 8.1, from Theorem 7.10, Remark 3.6, and Propo-
sition 7.8. O

Suppose the system (8.1) is asymptotically stable. Then, (§j);-’;01 is Stieltjes positive
definite by Theorem 8.2. In view of Proposition 3.4, there exists a sequence (s;)72, €
IC1>,oo such that (gj)?:_ol = (SJ);L:_Ol Denote by [(pl,j)(;io, (L]Lj)?io, (pz,j)(;io, (QQ,j)?io] the
SQSLOMP associated with (s;)72, (see Definition 5.1) and let m € N be chosen such
that n = 2m or n = 2m + 1 is satisfied. From Theorem 8.2 and Definition 6.4 we then
can conclude that

RA(Z) _ { (_l)mpl,m(—22) — Z(_l)mQLm(—ZQ), if n=92m (82)

B+ 2(—=1)mpam(—2%), ifn=2m+1

—
|
—_
S—
3
=)
}\3
3
—
|
I

holds for all z € C. Observe that the SQSLOMP [(p1,;)5%0, (q1,5)5%0, (P2,7)320, (¢2.5)720]
associated with (s;)32, can be interpreted in terms of orthogonal polynomials with re-
spect to (s;)32, and other related polynomials (see [4, Proposition 4.2]). Note that these
polynomials then also have the corresponding orthogonality properties with respect to
each o € ML[[0,00); (57)52, =]. We refer to [4, Section 4, Appendices D and EJ for a
detailed treatment of this topic.
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9. An example

In this section we consider the scalar case ¢ = 1. For j € Ny let s; := j!l. Then
(sj);?‘;o is the sequence of power moments of the exponential distribution with pa-
rameter 1. This is the measure on By ) which is given via the density h:[0,00) —
[0,00) defined by h(u) := exp{—u}. Thus, we have (s;)52, € K{ .. Denote by
[(P1,)5205 (Q1,5)520, (P2,5) 5205 (Q2,5)320] the SQSLOMP associated with (s;)52,. (Ob-
serve that (Pl,j)}?io is the sequence of classical Laguerre polynomials.) Then the first

polynomials of the sequence are given by

Pio(z) =1, Pro(z) =1,

Pii(z) = z—1, Pyi(z) = 2 -2,

Pia(2) = 22 — 42+ 2, Pyo(2) = 22 — 62+ 6,

Pi3(z) = 23— 922 + 182 — 6, Py3(z) = 23 — 1222 + 362 — 24,
Q10(z) =0, Q20(2) = 1,

Qi1(2) =1, Q2.1(2) = 2 — 1,

Q12(2) = 2z — 3, Q22(2) = 22 =52 +2,

Q13(2) = 22 — 822 + 11, Q23(2) = 23 — 1122 + 262 — 6.

For n € {2,3,...} we denote by f,, the Hurwitz type polynomial of degree n associated
with (s;)520. Then the first seven polynomials are given by

fi(z) = z+1,
f2(2) = 22+ 2+ 1, f5(2) = 2% + 2 +62° + 522 + 62 + 2,
f£3(2) = 22+ 224+ 2241, fo(z) = 26+ 2% + 92 + 823 4+ 1822 + 112 + 6,
fi(2) = 22+ 22 + 422 + 32+ 2, £(2) = 27+ 20 + 1225 + 112* + 3623 + 2622
+ 24z + 6.
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