
���������
	��
�������� ����� ��������� � ��� ��	����
����������� � � 	 ��� �
���!�������
	"�#� ��� ��$ � � 	%��� ��� � � � $ � � �&�'� �(�
� � ��	 � �������

)�$ � ��� ���
	 � � � ���+*���	��
� ���� � �	%,%���
	.-

/1032541/761879�:+;';=<!;=< >�2@?�:10!>1ACB@/ <D9E<

F3G!H�GJILKNMOKQPRGJS�H�T�UWV�XYVZH�[5GJ\NPRXY\R]ZHWT�M!^UWV�HW_`MOT�M UWVZHCI
aQbdc







dy

dτ

= Ay + bw1, x(0) = 0

w1(·) ∈ U = {u ∈ KC : |u(t)| ≤ ν} ,_`UWVZ_`G
A
G!K�XYVZH�S�HDPR\RM e�T�UWVZKQPfHCVgPRG�_`G�PfHCS�H5hVYU

2 × 2 i b
G!K�XYVkjWG!TlPRUW\�T�UWVZKQPfHCVgPRG�_`G

PfHCS�H5hVYU
2× 1 mCn H�VYUCPfHWT�M!^UWV KC

_`GJVYUCPfH�GJI@T�UWVDoQXYVgPRU�_`GpIOHWKrqsXYVZT�M UWVYG!Kr\RG!HCI G!K T�UWVgPRM V3XZHWK
PR\RUWeJUgK mF3GtKNXY[5UWVYGtugXYG=IOHvS�HDPR\RM e

U = (b, Ab)
HWKNU`T�MOHW_YHwGJIYKNMOKQPRGJS�H aQbdc T�XYS�[YI GtIOHp[Y\RUW[YM G!_YHW_+x

rangU = 2 mLy HCS
]YM�^GJVzKNG�KNXY[5UWVYG�ugXYG�IOH"S�HDPR\RM e A
[5UgKNGJG�jDHCI UW\RG!K�[Y\RUW[YM UgK�T�UWS�[YI GQoQUgK

T�UWVDoQXY{gHW_`UgKwPfHCI G!K�ugXYG
Re λi(A) < 0 | i = 1, 2 m@} M \RG!TlPfHCS�GJVgPRG�KNG�T�UWS�[Y\RXYGJ]ZH%ugXYG�G!KQPfHT�UWVZ_`MOT�M!^UWV"KNG�KRHDPRMOKQq~HWT�G�KNM�KNG�T�XYS�[YI GJV'IOHWKw_`G!KNM {WXZHCIO_YHW_`G!K

a��Wc
tr A < 0,

(

1
2 tr A

)2
< det A.F3G!H

St1

GJI=�f�D�J�l�`�Z�����W���W�f�f�l�l�~����� �~�W�W�'���z���+���Y�l���D�Z���
t1
_`GJILKNMOKQPRGJS�H aQbdc | G!Kw_`G!T�M \ | GJIT�UWVDoQXYVgPRU�_`G�PRU`_`UgK=I UgKt[YXYVgPRUgK

x
GJV
R

2 H
I UgKwT�XZHCI G!K=IOH�KNUWI XZT�M!^UWV�_`G aQbdc [YXYG!_`G�HWTJT�G!_`GJ\]ZHDoQU%IOH�M V`�ZXYGJVZT�MOH�_`G�HCI {WXYVZH%[5GJ\NPRXY\R]ZHWT�M!^UWV
w(·) ∈ U

GJV�GJIEM VZKQPfHCVgPRG
t1 m+� K�T�UWVYU`T�MO_`UugXYG�KNM

rangU = 2 | GJVgPRUWVZT�G!K St1

G!KtXYVZH�\RGJ{WM!^UWV�T�UWV3jWG��YH i dim St1 = 2 m
� I �f�D�J�l�`�Z���%�W���W�f�f�l�l�~����� �~�W�W� S

_`GJILKNMOKQPRGJS�H aQbdc KNG�_`G��ZVYG�GJVgPRUWVZT�G!KwT�UWS�U
S =

⋃

t1>0

St1 .

� Iw[Y\RUW]YI GJS�HkKNUW]Y\RG�IOH�G!KQPRM S�HWT�M!^UWV�_`GJIpT�UWVDoQXYVgPRU�_`G'HWTJT�G!KNM ]YM I MO_YHW_�_`G'KNMOKQPRGJS�HWK�_`GUW\f_`GJV
n
HCVp^HCI UW{WUgK+H aQbdc | HW_`S�M PRG GJI3KNM {WXYM GJVgPRG \RG!KNXYI PfHW_`UpGJI3T�XZHCIgKNG=_`GJS
XYG!KQPR\fHwGJS�[YI G!HCVZ_`US�^G�PRU`_`UgKE_`G%�R_`G!KNM {WXZHCIO_YHW_`G!K7S�HDPR\RMOT�MOHCI G!KR��]ZHWKRHW_`UgKrKNUW]Y\RGwGJIZS�^G�PRU`_`U�T�UWVYU`T�MO_`U�T�UWS�U

S �[Y\RU`T�G!_`M S�M GJVgPRU | a j ^G!HWKNG | [5UW\pGQoQGJS�[YI U |�� b | � |Z�`|Y�C� c m�=�3 Z¡D�3¢¤£¦¥5-%§ �
A
�l�%�`�@�.¨��D��©l� ª.�W��«��`©l¬E���sª%­

U = (b, Ab, . . . , An−1b) ® �d�J�f�"� �
® ©R� ® �~�f�W�W� rangU = n ¯ ���Z���D�@�f�l�v���@�f�D�J�l�`�Z���
�W���W�f�f�l�l�~����� �~�W�W� S ® ��©l�����@�f�f���D�@��� � ® �J�D�~�W����Z°D�D©l�~�D�Z���

E+∞ =
{

x ∈ Rn : x>P−1x ≤ 1
} �W�D�@�W�

P = P (α)
�l�'�J�D� �Z���Y±�D�²�W��� �

�f���Z�W���Y±�D�z�W��³7­W� ® �`�@�D°a � c AP + PA> + αP + α−1BB> = 0­%�R´W�O�l���
α0

���D�1µ��Z�
S ® ��©l�����@�f�f���D��¨����@�D©
��� � ® �J�D�~�W� P (α0) ¯ �W�D�@�W�a � c P (α0) = mı́n

0<α<+∞
tr P (α).

¶ UW\�UCPR\fHk[ZHC\NPRG | G!K�T�UWVYU`T�MO_`U�ugXYG'IOH�PR\fHCVZKQqsUW\RS�HWT�M!^UWV�VYU¤_`GJ{WGJVYGJ\fHW_YH x = UV y |_`UWVZ_`G
V =

(

− trA 1
1 0

)

·
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[5GJ\RS�M PRG�G!KRT�\RM ]YM \tGJILKNMOKQPRGJS�H aQbdc GJV�IOH�qsUW\RS�H

a�ÇWc










ẋ1 = x2 x1(0) = 0

ẋ2 = −x1 − 2εx2 + bw1 x2(0) = 0

w1(·) ∈ U = {u ∈ KC : |u(t)| ≤ 1} ,_`UWVZ_`G
ε = − 1

2 tr A · det A−1, b = ν det A−1,

i ( ˙ )
_`GJVYUCPfH
_`M qsGJ\RGJVZT�MOHWT�M!^UWV%\RG!KN[5G!TlPRU�HCI5PRM GJS�[5U�_`G�G!KRTJHCIOH

t = (det A)τ mYn H�T�UWVZ_`MOT�M!^UWVa��Wc [ZHC\fH�GJI�KNMOKQPRGJS�H a�ÇWc PRUWS�H�IOH�qsUW\RS�H
0 < ε < 1.

� IYjDHCI UW\ α0 = α0(ε)
_YHW_`U�GJV�GJI y GJUW\RGJS�H b [ZHC\fHvGJI5KNMOKQPRGJS�H a�ÇWc KRHDPRMOKQq~HWT�GtIOH�\RGJIOHWT�M!^UWVS�UgKQPR\fHW_YH
GJV�IOH�È1M {WXY\fH b m
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È1M {WXY\fH b m
É UWVZKNMO_`GJ\RGJS�UgK�UCPR\RU�GJV`qsU`ugXYG%[ZHC\fH�HC[Y\RUd�`M S�HC\�GJItT�UWVDoQXYVgPRUz_`G�HWTJT�G!KNM ]YM I MO_YHW_

S
_`GJI

KNMOKQPRGJS�H a�ÇWc mg� KQPRGpKNGp]ZHWKRH�GJV�GJIZÊYG!TfÊYU�_`GvugXYGpKNMZGJI5T�UWVDoQXYVgPRU
_`GpHWTJT�G!KNM ]YM I MO_YHW_�G!K HWT�UCPfH �_`U | GJVgPRUWVZT�G!Kt[ZHC\fH�TJHW_YH�[YXYVgPRU x0
_`G�KNX�qs\RUWVgPRGJ\fH�G��`MOKQPRG�XYVZH�[5GJ\NPRXY\R]ZHWT�M!^UWV

w1(·) ∈ U_`G"S�HCVYGJ\fH'PfHCIpugXYG"IOHzKNUWI XZT�M!^UWV
xw(t,0)

_`GJIpKNMOKQPRGJS�H a�ÇWc [YXYG!_`G'HWTJT�G!_`GJ\�H
x0

]ZHDoQU
IOH%M V`�ZXYGJVZT�MOH�_`G

w1(·) m�� V�G!KQPRG�TJHWKNU | IOH%PR\fH i G!TlPRUW\RMOH�_`G!KRT�\RM PfH%[5UW\ xw(t,0)
[5GJ\NPRGJVYG!T�G

T�UWS�[YI G�PfHCS�GJVgPRG"HCIwT�UWVDoQXYVgPRUz_`G'HWTJT�G!KNM ]YM I MO_YHW_ m ¶ UW\
UCPR\fH�[ZHC\NPRG | KNMtGJVËGJIwKNMOKQPRGJS�H a�ÇWcKNG%[YIOHCVgPRG!H.GJI=[Y\RUW]YI GJS�H�_`G�_`G!KNj3MOHWT�M!^UWV¤S�^HD�`M S�H.\RG!KN[5G!TlPRUkH.IOH�T�U3UW\f_`GJVZHW_YH
x1(·)

PfHCI
T�UWS�U�KNG�[Y\RG!KNGJVgPfH�GJV � Ç |5ÌY|@Í!�Î| GJVgPRUWVZT�G!KpTJHW_YH�[YXYVgPRU%_`GJI1T�MOT�I U�IÎ^Ï S�M PRG�_`GJ]5G�[5GJ\NPRGJVYG!T�GJ\HCI5T�UWVDoQXYVgPRU�_`GvHWTJT�G!KNM ]YM I MO_YHW_�_`G�_`MOTfÊYU
KNMOKQPRGJS�H m3Ð _`GJS�^HWK | G!K T�IOHC\RU�ugXYGvGJI@T�MOT�I U�IÎ^Ï S�M PRG iIOH
qs\RUWVgPRGJ\fH
_`GJILT�UWVDoQXYVgPRU�_`G�HWTJT�G!KNM ]YM I MO_YHW_%T�UWM VZT�MO_`GJV"KNUW]Y\RG�GJI�GQoQG

x1
_YHW_`U�ugXYG�GJI�T�MOT�I U

IÎ^Ï S�M PRGv[5UgKNGJG�_`G!KNj3MOHWT�M!^UWV�S�^HD�`M S�H
KNUW]Y\RGv_`MOTfÊYU
GQoQG m3Ñ ^HWK=H=^XYV | _`GJ]YMO_`U�H�IOHWK [Y\RUW[YM G!_YHW_`G!K_`GJILTJHCS�[5U%_`G�jWGJI U`T�MO_YHW_`G!K=q~HWKNG�_`GJI1KNMOKQPRGJS�H a�ÇWc ]ZHDoQU�IOH�M V`�ZXYGJVZT�MOH�_`G�IOH�[5GJUW\p[5GJ\NPRXY\ �]ZHWT�M!^UWV�ugXYGt\RG!KNXYGJI jWG=GJI`[Y\RUW]YI GJS�H�_`Gw_`G!KNj3MOHWT�M!^UWV
S�^HD�`M S�H�\RG!KN[5G!TlPRU�H
x1(·) | KNGwKNM {WXYGwugXYGTJHW_YH
[YXYVgPRU�_`GJILT�MOT�I U�IÎ^Ï S�M PRG�[5GJ\NPRGJVYG!T�G�H�IOH
qs\RUWVgPRGJ\fH�_`GJILT�UWVDoQXYVgPRU�_`G�HWTJT�G!KNM ]YM I MO_YHW_ m

� KQPRU%S
XYG!KQPR\fH�ugXYG�GJIET�MOT�I U%IÎ^Ï S�M PRG�UW]`PRGJVYMO_`U"HCI1\RG!KNUWI jWGJ\vGJI7[Y\RUW]YI GJS�H%_`G�_`G!KNj3MOHWT�M!^UWVS�^HD�`M S�HvT�UWM VZT�MO_`GtT�UWV
IOHwqs\RUWVgPRGJ\fHv_`GJI`T�UWVDoQXYVgPRU�_`GwHWTJT�G!KNM ]YM I MO_YHW_ mdÒ V�\RG!KNXYI PfHW_`U�HCVp^HCI UW{WUKNGpS
XYG!KQPR\fH�GJV � ÓD� GJS�[YI G!HCVZ_`U�GJI ® ©l���@��� ® �~�%�W��¨¦±�J´W��¨����f�D�Z��©R�D� �W����� �~�W�W��[ZHC\fH�T�UWVDoQXYVgPRUgK
ν � HCIOTJHCVYe!HC]YI G!K mF3M {WXYM GJVZ_`U�I UgK�\RG!KNXYI PfHW_`UgK%_`G � Ìd�Î| KNGk_`G!_`XZT�GkugXYG�GJI�KNMOKQPRGJS�H a�ÇWc [5UgKNGJG.XYVÔ^XYVYMOT�U
T�MOT�I U¤IÎ^Ï S�M PRG�UW\R]YM PfHCI S�GJVgPRG�G!KQPfHC]YI G.GJI�T�XZHCIv[5UgKNGJGk_`G!KNj3MOHWT�M!^UWVÕS�^HD�`M S�H¤\RG!KN[5G!TlPRU�H¤IOHT�U3UW\f_`GJVZHW_YH

x1(·) | IOH�T�XZHCI+G!Kw_YHW_YH�[5UW\

β∗ =
b (1 + exp(−πε/ω))

1 − exp(−πε/ω)
, ω =

√

1 − ε2.
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� IwT�MOT�I UzIÎ^Ï S�M PRG�G!K�_`G�PRGJ\RS�M VZHW_`Uk[5UW\�IOHk[5GJUW\�[5GJ\NPRXY]ZHWT�M!^UWV | IOHkT�XZHCIpKNG�G��`[Y\RG!KRH�GJVËIOHqsUW\RS�H
wo

1(t) = signx2(t,0),

i IOH%G!KQPR\RXZTlPRXY\fH%_`GJIET�MOT�I U%IÎ^Ï S�M PRG�HCVgPRG!_`MOTfÊYU�KNG
G��`[Y\RG!KRH%_`G
qsUW\RS�H�[ZHC\fHCS�^G�PR\RMOTJH�[5UW\�IOHWKG!T�XZHWT�M UWVYG!K
a Ì c

{

x1(t) = ±
(

b − (b + β∗)e
−εt

(

cosωt + ε
ω

sin ωt
))

,

x2(t) = ± (b+β∗)
ω

e−εt sin ωt,
0 ≤ t ≤ π

ω
.

n UgK�GQoQGJS�[YI UgKLKNM {WXYM GJVgPRG!K�S
XYG!KQPR\fHtIOHpT�UWS�[ZHC\fHWT�M!^UWV�GJVgPR\RGrIOHpHC[Y\RUd�`M S�HWT�M!^UWV�_`G IOHwGJI M [ZKNG_YHW_`U�GJV�GJI y GJUW\RGJS�H b i GJI�T�MOT�I U�IÎ^Ï S�M PRG a Ì c m�7Ý!�3¢�Þ7ß~ ¤¥5- F3G!HCV�I UgKtjDHCI UW\RG!K
ε = 1

10 , b = 1.

n H%G��`[Y\RG!KNM!^UWV�ugXYG�_YH%GJIEjDHCI UW\k^UW[`PRM S�U α0(ε)
[ZHC\fH�IOH�S�GQoQUW\�HC[Y\RUd�`M S�HWT�M!^UWV'GJIÎ^Ï [`PRMOTJH�KNG_`G!KRT�\RM ]5G�[5UW\wIOH�G��`[Y\RG!KNM!^UWV

α5 − 3
5α4 + 203

25 α3 − 451
125α2 + 408

25 α − 8
5 = 0,T�X i HWK=\fHZ^Ï T�G!K=KNUWV"HC[Y\RUd�`M S�HW_YHWK [5UW\

α1 = 0,09974811,

α2,3 = −0,09192664± 2,22644677i,

α4,5 = 0,34205259± 1,76447162i.¶ UW\vPfHCVgPRU | IOH%PR\fHCe!H p(α)
[5UgKNGJG�jDHCI UW\�S'^Ï VYM S�U�GJV α0(ε) ≈ 0,09974811 mZ� K�T�IOHC\RU"ugXYGPfHCI+jDHCI UW\w[5GJ\NPRGJVYG!T�G�HCI+M VgPRGJ\RjDHCI U

(0, 2ε)
a j ^G!HWKNG�IOH�È1M {WXY\fH �Wc m
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0

100
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400

α

p(
α)

È1M {WXY\fH � m

n H�S�HDPR\RM e P−1(α0(ε))
G!Kp_YHW_YH�[5UW\wIOH�G��`[Y\RG!KNM!^UWV

P−1(α0(ε)) ≈

(

0,01989987 0,00099747
0,00099747 0,01999987

)

.

� VzT�UWVZKNG!T�XYGJVZT�MOH | IOH�GJI M [ZKNG�_`G!KRT�\RM PfH�GJVkGJI y GJUW\RGJS�H b PRM GJVYG�[5UW\�qs\RUWVgPRGJ\fH"H�IOH%qsUW\RS�HT�XZHW_`\5^HDPRMOTJH
0,01989987x2

1 + 0,00199494x1x2 + 0,01999987x2
2 = 1.

n Hv{W\5^HD�5TJHp_`GtIOH�T�UW\R\RG!KN[5UWVZ_`M GJVgPRGrGJI M [ZKNGwKNG=S
XYG!KQPR\fHpGJV�IOH�È1M {WXY\fH � T�UWV�IÎ^Ï VYG!HvugXYGJ]Y\fHW_YH m
� S�[YI G!HCVZ_`U�I UgKw\RG!KNXYI PfHW_`UgKw_`GJIL[Y\RUW]YI GJS�H�_`G�_`G!KNj3MOHWT�M!^UWV"S�^HD�`M S�H�GJV'GJILKNMOKQPRGJS�H a�ÇWcT�UWV�I UgK jDHCI UW\RG!K _`GvI UgKr[ZHC\5^HCS�G�PR\RUgK HCVgPRG!_`MOTfÊYUgK | KNGvÊZHCI IOH
ugXYGvIOH
_`G!KNj3MOHWT�M!^UWV�S�^HD�`M S�H�_`GJI
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T�MOT�I U�IÎ^Ï S�M PRGvKRHDPRMOKQq~HWT�G β∗ ≈ 6,38682318 md� V�IOH�È1M {WXY\fH � KNGpS
XYG!KQPR\fH�GJI5T�UW\R\RG!KN[5UWVZ_`M GJVgPRGT�MOT�I U�IÎ^Ï S�M PRG�T�UWV�I M VYG!H�KZ^UWI MO_YH m
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Estimación elíptica
Ciclo límite

È1M {WXY\fH �Ym

�7Ý!�3¢�Þ7ß~ zá+- É UWVZKNMO_`GJ\RGJS�UgK=I UgKtjDHCI UW\RG!K
ε = 8

10 , b = 1.É UWVËPfHCI G!K�jDHCI UW\RG!K | IOHzG��`[Y\RG!KNM!^UWV α0(ε)
ugXYG._YHzIOH�HC[Y\RUd�`M S�HWT�M!^UWV�GJI M [ZKNUWMO_YHCIwPRUWS�HzIOH

qsUW\RS�H
α5 − 24

5 α4 + 392
25 α3 − 4112

125 α2 + 912
25 α − 64

5 = 0,T�X i HWK=\fHZ^Ï T�G!K=KNUWV"HC[Y\RUd�`M S�HW_YHWK [5UW\
α1 = 0,59165718,

α2,3 = 0,49692697± 2,56496741i,

α4,5 = 1,60724444± 0,76559937i.¶ UW\rPfHCVgPRU
p(α)

HCIOTJHCVYe!H�KNX%jDHCI UW\ S'^Ï VYM S�U
GJV α0 ≈ 0,59165718 | GJI@T�XZHCI@GJj3MO_`GJVgPRGJS�GJVgPRG[5GJ\NPRGJVYG!T�G�HCI+M VgPRGJ\RjDHCI U
(0, 2ε)

a j ^G!HWKNG�IOH�È1M {WXY\fH � c m

0 0.5 1 1.5
0

5

10

15

20

α

p(
α)

È1M {WXY\fH �Zm

n H�S�HDPR\RM e P−1(α0(ε))
KRHDPRMOKQq~HWT�G�IOH�\RGJIOHWT�M!^UWV

P−1(α0(ε)) ≈

(

0,83726301 0,35297869
0,35297869 1,19318654

)

.
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¶ UW\rPfHCVgPRU | GJI+GJI M [ZKNUWMO_`G�ugXYG�S�GQoQUW\wHC[Y\RUd�`M S�H�GJI�T�UWVDoQXYVgPRU�_`G�HWTJT�G!KNM ]YM I MO_YHW_�_`GJI�KNMOKQPRGJS�Ha�ÇWc T�UWV�I UgKEjDHCI UW\RG!Kr_`GwI UgKE[ZHC\5^HCS�G�PR\RUgK7GJI GJ{WMO_`UgK1PRM GJVYGp[5UW\Eqs\RUWVgPRGJ\fH�IOH�qsUW\RS�H�T�XZHW_`\5^HDPRMOTJH

0,83726301x2
1 + 0,70595738x1x2 + 1,19318654x2

2 = 1.

� V�IOH�È1M {WXY\fH Ç KNGwS
XYG!KQPR\fH�IOH�{W\5^HD�5TJH�_`GwIOH�GJI M [ZKNGpT�UW\R\RG!KN[5UWVZ_`M GJVgPRGtS�G!_`MOHCVgPRGwXYVZH�IÎ^Ï VYG!HugXYGJ]Y\fHW_YH m¶ UW\�UCPR\fH.[ZHC\NPRG | GJS�[YI G!HCVZ_`UkI UgK�\RG!KNXYI PfHW_`UgK�_`GJIt[Y\RUW]YI GJS�H�_`G'_`G!KNj3MOHWT�M!^UWV¤S�^HD�`M S�HGJVãGJI�KNMOKQPRGJS�H a�ÇWc T�UWVãI UgK%jDHCI UW\RG!K�_`GkI UgK�[ZHC\5^HCS�G�PR\RUgK%HCVgPRG!_`MOTfÊYUgK | KNGkÊZHCI IOHËugXYGkIOH_`G!KNj3MOHWT�M!^UWV�S�^HD�`M S�H�_`GJItT�MOT�I U�IÎ^Ï S�M PRG"KRHDPRMOKQq~HWT�G β∗ ≈ 1,03079625 m�� V¤IOH�È1M {WXY\fH Ç KNGS
XYG!KQPR\fH
GJILT�UW\R\RG!KN[5UWVZ_`M GJVgPRG�T�MOT�I U�IÎ^Ï S�M PRG�T�UWV�I M VYG!H�KZ^UWI MO_YH m
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Estimación elíptica
Ciclo límite

È1M {WXY\fH Ç m
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