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Separation principle

To realize the control of uncertain plants (when we do not know exactly the
model of the process or can not measure on-line all coordinated of the process to

be controlled) let us apply the, so-called, Separation Principle which is based on
the following inequality

e =l = (10 = %) + (% =) <

(1)

1% = el + 1% = {1l

where X; is the state vector of the controlled plant, X; is its estimate and x; is a
desired trajectory which we are intended to track.
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Separation principle

Corollary

If we are able to realize a good enough state estimations, namely, fulfilling

|% — x¢|| < &1 forall t > Ty,

and we can realize a good tracking of our model (generating X;) to the desired
trajectory x;, fulfilling

% — x7|| < & forall t > T

then we can guarantee a good enough control of our uncertain plant, that is,

|xe — x| < e1+¢, forallt > T :=max{Ty, Ta}.
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DNNO representation

DNNO (or DNN model of the original system) is

d
I)A(t = A% + Buy + L[y — CX]

+ Woep (%) + Wi (%) ue
which can be represented as

d

E)A(t = fNN ()A(t, t) + BNN ()A(t, t) Ug, (2)

with some initial conditions Xy, where

fNN ()AQ, t) = A)A(t + L [_yt — C)AQ] + W(),tQ) ()A(t) ,

By ()A(t, t) =B+ Wl,ti,b ()A(t) .

The system (2) is completely defined and does not contain any
uncertainties.
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Important remark

The functions fyy (X¢, t) and Byy (X, t) are available on-line only in time
t (or earlier T < t), but not in future. So, Optimal Control Methods are
not applicable in this situation. Only versions of a feedback control are

admitted.
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Cost function

To realize "a good" tracking on-line, using DNNO, we need to make smaller the

difference 6t := X — x{, minimizing the corresponding convex cost function
F (6¢) . For example, such functions may be as follows:

@ quadratic

F (8:)=||6¢]* or F(8:)=61Gé:, G = GT >0,

F(8e)=10¢l =4/ Y670
\ =

F(6:)=)_16i¢],
i=1

@ norm

@ sum of modules

@ dead-zone

n z—¢ if z>e
F(5t):Z|5t,i|:, |Z|Z_Z: —z—¢ if z< —¢
=1 0 if |z/<e
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Local optimization

Since for small enough T > 0

Xevr — % d N N
— ~ —X = ,t)+ B t

- tht vy (Re, t) + By (R, t) ur
we have

)A(t+1— ~ )A(t + T [fNN ()A(t, t) + B[\//\/ ()A(t, t) Ut],

F <5t+r> —F <5t) (5t+‘r - 51’) _
T T

~ BTF(5t)
T OTF (6¢) (Repr — S — (X4 o — X7)) =
T1OTF (6¢) (T [fun (S, t) + B (S, t) ue] — (Xir — XF)) =

aTF (51}) (fNN ()A(t, t) + BNN ()A(t, t) Uy — X;k)
and

F (5t+1’) ~ F (5t) + TOTF (51») [f[\/[\/ ()AQ», t) — XZ.’< + BNN ()AQ», t) Ut]
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Sub-gradient

Recall that a vector a(x) € R”, satisfying the inequality

Fix+y) = F(x)+a"(x)y

for all y € R", is called the sub-gradient of the function F(x) at the
point x € R” and is denoted by a(x) € dF(x) which is the set of all
sub-gradients of F at the point x.

o If F(x) is differentiable at a point x, then a(x) = VF(x).

o In the minimal point x* we have 0 € oF (x*).
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How realize the local optimization?

To make the cost function F (d;4+) in a nearest future less then F (J;) in
a current time we need to select control u; which guarantees

oTF ((5t) [fNN ()A(t, t) — X: + BNN ()A(t, t) Ut] <0

This may be done by selection u; satisfying
°

fNN ()A(t, t) — X: + BNN ()A(t, t) uy = —kaF (51’) , k > 0
providing —k ||9F (8:)]|* < 0, or, equivalently,

BNN ()?t, t) Uy = —f[\[[\[ ()A(t, t) — kaF (51}) —|—X{;k

fun (X, t) — X + Bun (%, t) uy = —kSIGN (9F (1)), k >0

providing —k Y _ |[9F (6:)];] < 0, or, equivalently,
i=1

BNN ()?t, t) Ut - —f[\[[\[ ()A(t, t) - kSIGN (aF (51')) +X:, k > O
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On SIGN function

Sign (s¢) := (sign (si,¢), ..., sign (sn,¢))7,

=+1 if Sit >0
sign (si¢) = —1l if si:<0
€ [—1, +1] if Sit = 0
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How to find the control vector?

So, if we select u; satifying

BNN ()A(t, t) ugy = —fNN ()A(t, t) — kaF (51-) —|-X£Lk = rpmp, k > 0,
we guarantee
d
2 F (60 = —K[aF (31)| <0,
selecting uy satifying
By ()A(t, t) ur = —kSIGN (aF (51:)) — fun ()A(t, t) +X;( 1= It sign» k>0,

we guarantee

d n
" 0 ==k L |PF (@l <0
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How to find the control vector?

In any case we need to resolve the linear algebraic equation

By <)A<t' t) U = ry, re = (rt,prop or rt,sign)

or equivalently, in more extended format,

| Buw (%, t) ur — r||* — min
t
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On Pseudo-inversion

For any real (n X m)-matrix H the limit

HY o= fim (HTH + 8 ln) " HT = lim HT (HHT +8hn) ™ | (3)

always exists. Matrix H™ is referred to as the pseudo-inverse matrix to the matrix
H. For any vector z € R" the vector

K=H"z

is the vector of the minimal norm among those which minimize ||z — Hx||",
namely,

X

Htz = argmin ||z — Hx]?
X

and has the minimal norm ||X|| among any other possible minimizing points.
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Some properties of Pseudo-inversion operator

Corollary

For any real n X m matrix H

o
H* = (HTH)" HT (4)

(2]
(HT)" = (H)" ()

o
Ht = HT (HHT)" (6)

(%)
™)

if H is square and nonsingular.

In MATLAB H™ calculate using the operator
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Some properties of Pseudo-inversion operator

(Omxn)+ = On><m

@ Forany x € R" (x #0)

Q In general,

(AB)* # BTA*+

The identity takes place if

ATA=1,or BBT=1,or B=AT,or B=A" or
both A and B are of full rank, or rankA = rankB
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Analytical representation of locally adaptive control

Corollary

ug — BI—\iI_N ()A(t, t) ry

where 0y = X — x;, k > 0 and

BNN ()A(t, t) = B*+W1,tlIJ ()A(t) ,

rr= rt,p,op: — [A*)A(t - L* [Yt — C)A(t] + Wo’tqﬂ ()A(t)] —kaF (51—) +X;(,
or

rr= rtls,'g,,— [A* —/—L* [ C)A(t] ‘/’WO,tq) ()?t)] -kSIGN (aF ((St)) 7LX£.k

Weight Matrices Wy + and W1+ move according to Learning Laws (ODE'’s)
containing Wo = Wy, Wi = W;'.
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Control under addional constraints

Theorem (LS problem with constrants)

Suppose the set

J ={x:Gx=v}

is not empty. Then the vector xy minimizes ||z — Hx||*> over J if and only
if

x0=G'v+H"z4+(I-G"G)(I—H"H)w (8)
H:=H(l—G"G)

where w € R" is any vector and among all solutions

‘X0=G+v—|—l:l+z‘ (9)

has the minimal Euclidian norm.

Alexander Poznyak (CINVESTAV-México)

Septiembre - December 2023 17 / 19



DNN Control under addional constraints

Corollary (DNN Control under addional constraints)
Under the additional constraints

Gu=v

the DNN local adaptive control is

u=Grv+ By (5. t)re
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Block scheme of Local Adaptive control

PLANT ¥

Y

47 DNNO

P LEARNING LAWS <4

v

Local Adaptive Control 4

Figure 1: Local Adaptive Control
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