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Attractive ellipsoid (AE) method

Figure 1: Book on AEM published in 2014.
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Attractive ellipsoid (AE) method
Usefull lemma

Lemma
If some di¤erentiable function Vt satis�es the di¤erential inequality

V̇t � �αVt + β, α > 0, t � 0,

then the following relations hold:

Vt � V0e�αt + β
α (1� e�αt ) , lim sup

t!∞
Vt �

β

α

Proof.

Vt = Gt + c , c =
β

α
, Ġt � �α (Gt + c) + β = �αGt ,

Gt � G0e�αt ! Vt � c � (V0 � c) e�αt ,
Vt � (V0 � c) e�αt + c = V0e�αt + c (1� e�αt ) .
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Ellipsoid
De�nition of ellipsoid and its characteristics

De�nition

The set E(x̄ ,P) of points x from Rn is referred to as the ellipsoid with
the center in the point x̄ and with the corresponding ellipsoidal matrix
P = P| � 0 if for any x 2 E(x̄ ,P) the following inequality holds

(x � x̄)| P (x � x̄) � 1. (1)

If x̄ = 0, then the ellipsoid E(P) is called the central ellipsoid, any
point of which satis�es

x|Px � 1.
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Ellipsoid
Ellipsoidal Semi axis

The semi - axis ri (P) of the ellipsoid E(x̄ ,P) (or E(P)) are equal to

ri (P) =
1p

λi (P)
(i = 1, ..., n) . (2)

If all ri (P) < ∞, or equivalently, all λi (P) > 0 (i = 1, ..., n), then such
ellipsoid is named Bodily ellipsoid.
Obviously that an ellipsoid E(x̄ ,P1) is upload inside of an ellipsoid
E(x̄ ,P2), that is,

E(x̄ ,P1) � E(x̄ ,P2), (3)

if its semi - axis ri (P1) are less then the corresponding semi-axis ri (P2) of
another ellipsoid ri (P1) < ri (P2) (i = 1, ..., n) , that equivalently can be
expressed as λi (P1) > λi (P2) (i = 1, ..., n) ,or as

P1 > P2 (P1 � P2 > 0) ,
P�11 < P�12

�
P�11 � P�12 < 0

�
.

(4)
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De�nition of an attractive ellipsoid

De�nition
The ellipsoid

Ex̊ (Pattr ) := fx 2 Rn : (x � x̊)| Pattr (x � x̊) � 1g (5)

with the center in the point x̊ and the ellipsoidal matrix Pattr = P
|
attr > 0

is said to be attractive for some dynamic system if for any trajectories
fx (t)gt�0 of this system

lim sup
t!∞

(x (t)� x̊)| Pattr (x (t)� x̊) � 1. (6)

Notice that if the attractive ellipsoid Ex̊ (P) is located in the origine than
x̊ = 0, then (5) becomes

lim sup
t!∞

x (t)| Pattr x (t) � 1 (7)

and
Ex̊ (Pattr ) = E0(Pattr ).
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Figure 2: Two dimensional ellipsoid (ellipse).
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Figure 3: Three-dimensional ellipsoid.
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Error tracking dynamics
ODE for tracking error

De�nition
Tracking error ∆t is de�ned as

∆t := x̂t � xt

ODE for the tracking error is as follows

∆̇t = [Ax̂t + But + L [yt � Cx̂t ] + W0,tϕ (x̂t ) + W1,tψ (x̂t ) ut ]
�
�
Axt + But + ξ̃t

�
,

or, after simpli�cation,

∆̇t = (A� LC )∆t + Lηt +W0,tϕ (x̂t ) +W1,tψ (x̂t ) ut � ξ̃t (8)
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Storage (or energetic) function

De�nitions
The function Vt = V (∆t ,W0,t ,W1,t ) equal

Vt = ∆|t P∆t +
k0
2

tr (W0,t �W �
0 )
| Λ0 (W0,t �W �

0 )

+
k1
2

tr (W0,t �W �
1 )
| Λ1 (W0,t �W �

1 ) ,

(9)

with
P = P| > 0, Λ0 = Λ|

0 > 0, Λ1 = Λ|
1 > 0,

k0 > 0, k1 > 0, W �
0 2 Rn�kϕ , W �

1 2 Rn�kψ

is referred to as the Storage (or Energetic) function.

Notice that Vt is the Lyapunov-like function, but not an exact Lyapunov
function
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Lie derivative of Storage function

Calculating the time derivative of Vt on the trajectories of ODE (8) (or Lie
derivative) we get

V̇t=2∆|t P∆̇t+k0tr (W0,t -W �
0 )
| Λ0Ẇ0,t+k1tr (W1,t -W �

1 )
| Λ1Ẇ1,t

= 2∆|t P
�
(A� LC )∆t + Lηt +W0,tϕ (x̂t ) +W1,tψ (x̂t ) ut � ξ̃t

�
+ k0tr (W0,t �W �

0 )
| Λ0Ẇ0,t + k1tr (W1,t �W �

1 )
| Λ1Ẇ1,t

or equivalently (adding and substracting �αVt)

V̇t = �αVt + 2∆|t P
�α

2
In�n + A� LC

�
∆t + 2∆|t PLηt+

2∆|t P [(W0,t �W �
0 ) ϕ (x̂t ) + (W0,t �W �

1 )ψ (x̂t ) ut ] +
2∆|t P [W �

0 ϕ (x̂t ) +W �
1 ψ (x̂t ) ut ]� 2∆|t P ξ̃t

α
k0
2

tr (W0,t �W �
0 )
| Λ0 (W0,t �W �

0 )+k0tr (W0,t �W �
0 )
| Λ0Ẇ0,t

+
k1
2

tr (W0,t �W �
1 )
| Λ1 (W0,t �W �

1 )+k1tr (W1,t �W �
1 )
| Λ1Ẇ1,t
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Quadratic form representation

The last relation can be expressed as

V̇t = �αVt+0BBBB@
∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCA
|
26666664

P (Aα-LC )+
(Aα-LC )

| P
PL PW �

0 PW �
1 P

L|P 0 0 0 0
(W �

0 )
| P 0 0 0 0

(W �
1 )
| P 0 0 0 0

P 0 0 0 0

37777775
| {z }

S0

0BBBB@
∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCA

+ 2∆|t P [(W0,t �W �
0 ) ϕ (x̂t ) + (W0,t �W �

1 )ψ (x̂t ) ut ] +

α
k0
2

tr (W0,t �W �
0 )
| Λ0 (W0,t �W �

0 )+k0tr (W0,t �W �
0 )
| Λ0Ẇ0,t

+ α
k1
2

tr (W1,t �W �
1 )
| Λ1 (W1,t �W �

1 )+k1tr (W1,t �W �
1 )
| Λ1Ẇ1,t

where
Aα :=

α

2
In�n + A
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Representation as a trace

Let us use the identity

2∆|t P [(W0,t �W �
0 ) ϕ (x̂t ) + (W0,t �W �

1 )ψ (x̂t ) ut ] =

2 [(W0,t �W �
0 ) ϕ (x̂t ) + (W0,t �W �

1 )ψ (x̂t ) ut ]
| P∆t =

2 [ϕ| (x̂t ) (W0,t �W �
0 )
| + u|t ψ| (x̂t ) (W0,t �W �

1 )
|]P∆t =

tr f2 [ϕ| (x̂t ) (W0,t �W �
0 )
| + u|t ψ| (x̂t ) (W0,t �W �

1 )
|]P∆tg

= tr f(W0,t �W �
0 )
| [2P∆tϕ| (x̂t )]g

+ tr f(W1,t �W �
1 )
| [2P∆tu

|
t ψ| (x̂t )]g
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Representation as a trace

Combining the trace terms together we obtain

V̇t = �αVt+0BBBB@
∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCA
|

S0

0BBBB@
∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCA+ Learn0 + Learn1,

where

Learn0:=

tr
�
(W0,t -W �

0 )
|
�
2P∆tϕ| (x̂t )+α

k0
2

Λ0 (W0,t -W �
0 )+k0Λ0Ẇ0,t

��
,

Learn1:=

tr
�
(W1,t -W �

1 )
|
�
2P∆tu

|
t ψ| (x̂t )+α

k1
2

Λ1 (W1,t �W �
1 )+k1Λ1Ẇ1,t

��
.
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Negative quadratic form

Let us use the following representation0BBBBBBBBBBBB@

∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCCCCCCCCCA

|2664
S0,11 PL PW �

0 PW �
1

L|P 0 0 0
(W �

0 )
| P 0 0 0

(W �
1 )
| P 0 0 0

3775
| {z }

S0

0BBBBBBBBBBBB@

∆t
ηt

ϕ (x̂t )
ψ (x̂t ) ut

ξ̃t

1CCCCCCCCCCCCA
=

z|t

26664
S0,11 PL PW �

0 PW �
1

L|P �εIm�m 0 0
(W �

0 )
| P 0 �εIkϕ�kϕ

0
(W �

1 )
| P 0 0 �εIkψ�kψ

37775
| {z }

Sε

zt

+ε
�
kηtk

2 + kϕ (x̂t )k2 + kψ (x̂t ) utk2 +


ξ̃t


2� ,

where

S0,11= P (Aα�LC ) + (Aα�LC )| P, zt := (∆|t , η
|
t , ϕ| (x̂t ) , [ψ (x̂t ) ut ]

|)| .
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Negative quadratic form

Using the upper estimates

kϕ (x)k� ϕ+, kψ (x)k= λ1/2
max (ψ (x)

| ψ (x))� ψ+, kutk � k,

we get

kηtk
2 + kϕ (x̂t )k2 + kψ (x̂t ) utk2 +



ξ̃t


2 �

η2+ + ϕ2+ + ψ2+k
2 + c0 + c1 (d0 + d1k)

2| {z }
β

= β

and �nally

V̇t � �αVt + z
|
t Sεz

|
t + Learn0 + Learn1 + εβ,
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Main result on Attractive Ellipsoid

Now we are ready to formulate the main result.

Theorem
If under the accepted assumption (on the upper bounds) there exist
marices P > 0, A, L, W �

0 , W
�
1 , and constants α > 0, ε > 0, such the

matrix Sα,ε is strictly negative, that is,

Sα,ε :=266666664

P
�α

2
In�n+A�LC

�
+�α

2
In�n+A�LC

�|
P

PL PW �
0 PW �

1

L|P �εIm�m 0 0
(W �

0 )
| P 0 �εIkϕ�kϕ

0
(W �

1 )
| P 0 0 �εIkψ�kψ

377777775
< 0

(10)
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Main result on Attractive Ellipsoid (continuation)

Theorem (continuation)
and Learning Laws

Ẇ0,t = �
α

2
(W0,t �W �

0 )� 2
Λ�1
0

k0
P∆tϕ| (x̂t ) ,

Ẇ1,t =
α

2
(W1,t �W �

1 )� 2
Λ�1
1

k1
P∆tu

|
t ψ| (x̂t ) ,

(11)

hold, then the storage function Vt satis�es the following ODE

V̇t � �αVt + εβ, (12)

and

lim sup
t!∞

Vt � ε
β

α
(13)
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Ellipsoidal matrix

In view of the relation

∆|t P∆t � Vt = ∆|t P∆t +
1

∑
i=0

ki
2

tr (Wi ,t �Wi)| Λi (Wi ,t �Wi)

we may conclude that

lim sup
t!∞

∆|t P∆t � ε
β

α
,

or equivalently

lim sup
t!∞

∆|t

�
α

εβ
P
�

∆t � 1.

Fact
Attractive ellipsoid E0(Pattr ) is de�ned by the matrix

Pattr =
α

εβ
P
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