Lecture 3: Workability and quality estimation of DNN

non-parametric modeling
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Figure 1: Book on AEM published in 2014.
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Attractive ellipsoid (AE) method

Usefull lemma

Lemma

If some differentiable function V; satisfies the differential inequality

Vi < —aVi+B,a>0,t>0,

then the following relations hold:

Vi < Voe ™ 4+ B (1— e 2t) | limsupV,; <

t—oo

R |

Proof.

Vt:Gt+C, (o , GtS—DC(Gt+C)+IB:—DéGt,
Gt < Goe™™ - Vi —c < (Vo—c)e ™,
Vi< (Vo—c)e ™ +c=We  +c(l—e ).

R
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Ellipsoid

Definition of ellipsoid and its characteristics

@ The set £(x, P) of points x from R" is referred to as the ellipsoid with
the center in the point X and with the corresponding ellipsoidal matrix
P = PT >0 if for any x € £(X, P) the following inequality holds

(x—x)TP(x—x)<1 (1)

e If x =0, then the ellipsoid £(P) is called the central ellipsoid, any
point of which satisfies

xTPx < 1.
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Ellipsoid

Ellipsoidal Semi axis

The semi - axis r;(P) of the ellipsoid £(x, P) (or £(P)) are equal to

ri(P) = — (i=1..n). (2)

If all rj(P) < o0, or equivalently, all A;(P) >0 (i =1, ..., n), then such
ellipsoid is named Bodily ellipsoid.

Obviously that an ellipsoid £ (x, P1) is upload inside of an ellipsoid
E(x, Py), that is,

E(x,P1) C E(x, Py), (3)
if its semi - axis r;(Py) are less then the corresponding semi-axis r;(P,) of
another ellipsoid rj(P1) < ri(P2) (i =1,...,n), that equivalently can be
expressed as A;(P1) > Aj(P2) (i=1,...,n),or as

1P1 > P% (Pl 1— P >10) , (4)
Pt < Py (Pt =Pyt <0).
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Definition of an attractive ellipsoid

The ellipsoid

Es(Patr) := {x € R": (x — X)T Py (x — %) < 1} (5)

with the center in the point X and the ellipsoidal matrix Py = Pl > 0
is said to be attractive for some dynamic system if for any trajectories
{x (t)},>q of this system

limsup (x (t) — %)7 Pacer (x (t) — %) < 1. (6)

t—oo

v

Notice that if the attractive ellipsoid & (P) is located in the origine than
x =0, then (5) becomes

limsupx ()7 Paserx (t) <1 (7)

t—o00

Alexander Poznyak (CINVESTAV-México)

Septiembre - December 2023



0.2
— System trajectory
— Attractive ellipsoid
0.1
) o)
£ Y
-0.1
032 0.1 0 0.1 0.2

Alexander Poznyak (CINVESTAV-México)



x*3-x3
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Figure 3: Three-dimensional ellipsoid.
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Error tracking dynamics
ODE for tracking error

Definition

Tracking error A; is defined as

At = )A(t — Xt

ODE for the tracking error is as follows

Ai’ = [A)A(t + BUt + L [}/t — C)A(t] + W0;t¢ ()A(t) + Wl,tll) ()?t) Ut]
- [AXt + But + gt] '

or, after simplification,

At = (A — LC) At + LT]t + Wo,t(P ()A(t) + Wl,tll) ()A(t) Ut - é’t (8)
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Storage (or energetic) function

The function Vi = V (A¢, Wy t, Wi ¢) equal

P
V. = ATPA, + Eotr (Wo.e — Wi)T Ag (Wo,e — W)

k
e T O~ ).

with

P=PT>0 Ap=Al >0 A=Al >0,
ko >0, ki >0, Wj € R™ks, Wy € Rk

is referred to as the Storage (or Energetic) function.

Notice that V; is the Lyapunov-like function, but not an exact Lyapunov
function
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Lie derivative of Storage function

Calculating the time derivative of V; on the trajectories of ODE (8) (or Lie
derivative) we get

Ve=2A] PA¢+kotr (Wo,e- W5 )T Ao Wo,e+katr (Wa - Wi )T Ay WA
= 2AIP [(A - LC) Ai’ + L?’]t+ W()’tgo ()?t-) + letll] ()?t) Ut'— gt]
+ kotr (WO,t — W0*>T AoWo ¢ + kqtr (Wl,t — Wl*)T AWy ¢

or equivalently (adding and substracting +a V)

Vi = —aV; +2ATP (%/,,X” + A= LC) Ac+20IPLY -+
20TP [(Wo,e — WG) @ (%) + (Wo,e — WE) (%) ue] +
} 20IP (W' (%) + Wi (%) ue] — 2A1 PG,
a2t (Wo,e — WE)T Ao (Wo,e — W) +kotr (Wo . — W) AW

—I—?ltl‘ (WO,t — Wl*)T A (WO,t — Wl*) +kqtr (Wl,t — Wl*)T A Wl,t
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Quadratic form representation

The last relation can be expressed as

Vt:_th+
T [ P(ADC'LC)+ * * 1

A, (ALC) P PL PW; PW: P A,

’<7)5<> LTp 0 0 0 0 ’(7;<>
“’zk )tu WH™ 0 0 0 0 qz)% )tu
4 gf t (WHTP 0 0 0 0 ¥ ét t

t I P 0 0 0 0 | t

So

. + 20IP [(Wo,e = WG) @ (%) + (Wo,e — WE) 9 (%) ue] +
a%’tr (Wo,e — Wi)T Ag (Wo,e — W) +hotr (Wo.e — WE)T AgWo ¢
k .

+ a%tr(WLt — W)T Ay (Wh e — W) Hhatr (W — W)T AgWg

where "
AtX = Elnxn + A
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Representation as a trace

Let us use the identity

2ATP [(Wo,r — WE) @ (%) + (Wo,e — W) 9 (%) ue] =
2[(Wo,e = W) @ (%) + (Wo,r — W) (%) ue]T PA, =
2[7 (%) (Wo,e = WG)T + ul 9T (%) (Wo,e — WY)T] PA; =
tr{2 [T (%) (Wo,e — Wo)T + ul 9T (%) (Wo,r — WY)T] PA}

= tr {(Wo,e — WG)T [2PA:qT (%))}

+ tr {(Wi,e — WE)T [2PAu{ 9T (%))}
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Representation as a trace

Combining the trace terms together we obtain

Vi = —aVi+
A T Ay
Tt ¢
¢ (%) So ¢ (%) + Learng + Learny,
P ()Aft) ut P (%t) ut
G Gt

where

Learng:=

ok . -
tr {(WO,L“' WO*)T |:2PAt(pT (Xt) —HX?OAQ (WO,t' WO ) +k0A0 WO,t:| } )

Learn;:=

k .
tr {(W]_’t—Wl*)T |:2PAtUiT1/JT ()A(t) +DC?1A1 (Wl,t - Wl*) +k1A]_ Wl,t:| } .
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Negative quadratic form

Let us use the following representation

A S, PL PW, PW} At
Tt [TP 0 0 0 Tt
¢ (%) (WH)TP 0 0 0 ¢ (%)
lP(Xt) ut (Wl*)TP 0 0 0 lP(Xt) ut
A A
Sons PL PW;  PW;
AP —elhmm 0 0
e (Wp)TP 0 —el 4, 0 Zt
(Wl*)T P 0 0 _Elkkatp
s,

e (Il + llp )P + 9 (5e) wel® + &)

where

Son=P(A—LC) + (A—LO)T P, ze:= (AL ], @7 (%), [ (%) ue] )T .
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Negative quadratic form

Using the upper estimates

lp GO < @ 19 GOl = Al (@ ()T () < 9y Jluel| < &,

we get
HmH + HG’)(Xt)H + 1 (%) uel|* + HCtH <
r]++q)++1’b+k +co+c1(do+d1k) =B
/5
and finally
Vi < —aV; + 2] Sz} + Learng + Learn; + &8,
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Main result on Attractive Ellipsoid

Now we are ready to formulate the main result.

Theorem

If under the accepted assumption (on the upper bounds) there exist
marices P > 0, A, L, Wy, W}, and constants &« > 0, ¢ > 0, such the
matrix Sy ¢ Is strictly negative, that is,

S“’g = _
p ( ,,X,,+A—LC> +
A PL PWy  PW
( s A Lc) p
2 <0
LTP —elpm 0O 0
(Wg)T P 0 el .. 0
| (Wl*)TP 0 0 _Elk(pxkq, |
(10)
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Main result on Attractive Ellipsoid (continuation)

Theorem (continuation)

and Learning Laws

« A’
WOt:_E(WOt WO)—27PA1—QOT( )
o A—l (]‘]‘)
W]_tZE(W _W].) 2—— k PAtU;rlPT (Xt)
hold, then the storage function V; satisfies the following ODE
Ve < —a Vi +¢B, (12)
and
limsupV; < sé (13)
t—o0 [
18 / 19
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Ellipsoidal matrix

In view of the relation

i=0

AIPAI— S Vt ATPAt+ Z tr(VV, t — WI)TA, (VV,"t -

Wi)

we may conclude that

limsupATPA; < eé

t—oo

or equivalently

_ «
lim supA] <8,BP> Ay < 1.

t—oo

Attractive ellipsoid Ey(Patt,) Is defined by the matrix
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