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DNN model

Consider again the following DNN model of the mechanical system

— X1t = Xt

dt
E)Aq’t = fun (Xe, t) + Bun (Re, t) uy,
fNN ()?t, t) = A)?t + L [}/t — C)A(t] + Wo,tqo ()A(t) )
BNN,t = B+ Wl'tl'b ()A(t) .

and in variables A1 ; = X1+ — X;', A2t = X0t — X; we get

_ Arr =Dy }
Ny = fun ()AQ, t) — sz + Byy <)A<t, t) u;
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Desired dynamics and its properties

Auxilary sliding variable

Define the vector function s (t) €R”, which from now on and throughout
this lecture will be referred to as "sliding variable":

s(t) =2N0oe (1) + W + G (t), 7 = consteR”,
G (t) S f a(Ar; (1)) dT, 6> 0 (3)
Tttt T ’ '

a(M1t (1)) € 9F (A1 (7))
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Desired dynamics

Define the desired ASG dynamics as

s(t)=5(t)=0,t > to,

(4)

which corresponds exactly to the situation when the sliding variable s (t) is equal

to zero for all t > ty. Since

(t+9)s(t_‘) =
¢ (1)

(t+0) Do () +D1e (8) +171=((2),
= —a (A1t (t)), C(to) =0,

in the desired regime (4) when s (t) = 0 we have

(840) Doe () + A1 (8) 17 = (1),

tp is the moment when the desired dynamics may begin.

tztozo,}
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Problem formulation

Problem

We need to design a control strategy u (t) as a feedback in (2), which
provides the functional convergence of the cost function F(é (t)) to its
minimum value F* that is, to guarantee

F(ALe (D) —,  inf F(A1e) = F*, (6)

supposing that the current sub-gradient a(A; ; (t)) of the convex
function F (A1), to be optimized, is available on-line.
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Main theorem on the desired dynamics

For the variable Ay + (t), satisfying the ideal dynamics (2), with any 6 > 0
and 1, for all t > ty > 0 the following inequality is guaranteed:

F (A (t) — F* < tit‘;) =0, (7)

where

@ (1) = (A1 (1) 6, 1):=(00+6) F (Ave (t0))-F*+5 | A{1]° | (8)

and
Al € Arg inf  F (A
g|n AleIR" ( 1)
. 9)
F*: inf  F (A1), (AT may be not unique). (
inf A€R” (8), (85 may que)
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Some corollaries (1)

The parameter 17 will be chosen below in such a way that the desired
optimization regime starts from the beginning of the process, namely,
when, ty = 0.
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Some corollaries (2)

Corollary

In the partial case when

A =0, tp=0and F*=0

the formula (8) becomes

@ (1) = @ (A] (). 6.7) 1= 6F (8 (0)) + 5 l]]*

(10)
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Theorem on ASG-DNN robust controller

Under assumptions 1-5 the ISM robust controller

u(t) = By (X, t) Se (R, t) [—k:SIGN (s (t)) +Ucomp ()] (11)

where ky = p, > 0, and

Se (%2, 1) := [Buw (%, ) Bl (36, t) + €loxn] |
Ucomp (t) =(laxn+€Se (X, )) [8/( Se (%, t) SIGN (s (1)) _p{ealz] '

reali . $ o 1 Al -
pteal =fyN (Xt,t) & _/_m A2,t t:—GU G( )—/—a (Al,t))v

‘77 = —0020 — 010 ‘ (12)

guarantees the functional convergence (7) from ty = 0.

.
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Proof of Main Theorem (1)

By (2) we have

‘ A1 = Do }
Ap e = fun (Re, t) — X5 + Bun (Re, t) uy
For the Lyapunov function V (s) = %sTs we have

Vs =sT(0)3(n)= ‘
sT (1) (A2,t + % = (A:;i;)’? - H—GG (t) + t+9 (Al,t)) -

sT (t) (fNN ()A(t, t) Xt + Byn (Xt, t) ut) + (13)
sT(¢) m_w—th( )+ g (Alt)>:

sT (t) p;ea i+ST ( ) BNN (Xt, t) Ug.
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Proof of Main Theorem (2)

Selecting u (t) as in (11) for the second term in (13) we get

) real|+5'|' (t) BNN ( t) up= sT (t) p;eali_i_
wn (5, t) Se (%, t) [-keSIGN (s (t)) +ucomp (t)]
= sT(t) +5T( ) [=keSIGN (s (t)) +tcomp (t)] —

esT (t) Se (R, t) [—keSIGN (s (t)) +Ucomp (t)] =

_kt2|5 |+5T t) [Pl reali ek, S (X, t) SIGN (s (t )]

V(s(t) =

(
ST (t
sT (t) Bnn ()A< )B
pa

+ sT (t) (/n><n +85€ ()A(t. t)) Ucomp (t) = _kt i |5i <t)

)
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Proof of Main Theorem (3)

Taking into account that Z |si (t)] > ||s (t)] and, in view of (14), we
i=1

V (s (£)) < =po lIs (1)l = =v2054/ V (s (1)),
implying 2 <\/V (s(t)— V(s ) < —V/2p,t and

0<4/V(s(t) < V(s ——2t

which leads to the conclusion that for all

derive

1 S
t > treach := — 2V(5t0) = H tOH-
Po Po
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Proof of Main Theorem (4)

To make the reaching time t,e;ch = 0 it is sufficient to gurantee that
Sty—0 = 0. But since

(t+0)s(t) = (t+6)3(t)+o(t) +n=2(t),
(to+0)s(to) = (to+0)0(to) +(to) +1 = (to)
A O +1
Sty :5t0+
to + 6

we need to fulfill the condition

dty=0 + 1 _

0 0,

Sto=0 — 5to:0 +

which is possible if take # as in (12), providing

treach = Pal HStOZOH =0.
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Guidance Control of Underwater Autonomous Vehicle
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Guidance Control of Underwater Autonomous Vehicle

UV and its coordinates

Inertial Reterence
System

Figure 1. UV and its coordinates
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Guidance Control of Underwater Autonomous Vehicle

UV and its coordinates

Main coordinates are (see Fig.1):
- 3= x y z]"isthe vector of the UV centre of mass
position;
- =1[60 v |7 defines the orientation angles;

(the position and orientation coordinates are given with
respect to the inertial framework attached to the origin).

-v= [ u v w ]T is the vector of translation velocity of the
UV centre of mass;

-w= [ q r ]T is the vector of the angular velocity with
respect to the body framework attached to the center of
mass.

The mathematical model of the UV contains both the kinematic and
dynamic parts.
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Kinematic model

It is as follows:

Sx=0(o+,0amt), (15)
q

dy=| I | +g,Gant), (16)
Cgt

where (. and C’i are the perturbations vector satisfying

[SESsA FISECMAN 4 By (17)

and © : R — R3*3 is the rotation matrix (given in the Euler angles):

C9C1p —Slp SgCll;
O(m) = | asy cp %Sy
—5Sp 0 Co
sp =sin(0), cg =cos(f), 6 € (—m/2,7/2).
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Dynamic model

It is given by the following system of ODE:

Ly =1 (v,w)+ BT+ {,(51, 1), (19)

%w =fy(v,w, )+ Byt + (50,1, t), (20)

where f, and f,, describe the drift and the rotation effects:

bw

_duy bv,
/1 I—"_ Il r dll q /3/7/1 UW-ﬁq- I‘nglh59
— _hu,  a@v _ m
fy (v, w) = LT~ h o (v, w, 1) = b dg
hu',  dsw b WV
I3 B

The control vector T = [ Ty Tq Tr ]T € R3, and

1
00
| n
Bo=1109 00| Bo=
0 0 0
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Actuator dynamics

The dynamic of the vector T is given by

T =Ze (802, t) +v), (21)

where g : R3xR?2x R — R3 corresponds to the contra-electromotive forces,
satisfying the constrains

‘ | SgCen t)]| <& < oo, (22)

Ze € R is the matrix of contra-electromotive gains which assumed to be
invertable and known, the vector vV corresponds to the voltages in the actuators,
realizing torques T,, Tq and T,:

v=[v1 v2 v3]" € Uyadm (23)

where the admissible set U, ,gm which may include discontinuos control actions
(voltages).
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Complete dynamics model

Taking into account the expression of the UV kinematics, translation and
orientation dynamics in equations (15),(16),(19) and (20) respectively , and
considering the actuators dynamic in expression (21), the complete dynamic
system can be described as the following system no ODE:

F#=0mo+.(ant), ‘
d q
al=| L | +&0Gamn 1),

Co

d (24
Lo ="1(v,w)+ BT+ (5,1, t),
%w = fy (v,w, ) + BuoT+ (501, t),

S1=Z (gl t) +v].
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Problem statement in descriptive form

The problem of the interest here is to design the control v (23), realizing the
behaviour of the dynamic system (24) fulfilling

lgpy ()], =, min, @y (£) := 5 (t) — 5" () (25)

where »¢* (t) € IR® is the vector of reference trajectory satisfying:

d d + d? d? +
< (£ — < (= = .
H dt% < < dt%> co?st, H dt2% < ( e %) Co?st (26)

An alternative formulation of this tracking trajectory statement as an
optimization, realized by an uncertain controlable dynamic plant, looks as follows:

min

3
J(p;) = 1
(91) /; |1,] =00 y(-) € Upgm (27)
subjected to (24)-
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Backstepping concept

First stage: translation tracking

At the first stage let us consider the translation kinematic (15) only where
the vector v will be treated as an auxilary intermediate " pseudo-control",
defining it as u; = v, which implies

SGrx=0 () u+,.6an,t), (28)

The corresponding optimization problem realized by the dynamic plant
(28) can be formulated as

min

3
J =J(p,) = '
1((P1) (?1) l:zl ’qol”| tjoo Ul(‘) € Ui adm (29)
subjected to (28),

where Ui 2dm is a set of differentiable functions.
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Backstepping concept

First stage: translation tracking

Theorem

Under the accepted assumptions the intermediate pseudo-control uy, realizing the
soltion of the problem (29), satisfies the following ODE's
d * * * >+
dat (@“1) + & = —kiSign(s1), v (0) =ujy k>0, (30)
Sign (s1) := [ sign(s1,1), sign(si2), sign(si3), |
o2 *_/_%% jt% oz it 1 I BJ( ) (31)
=—
81-="gp t+6 (t+0)2 t+6 ' t+9 191

v
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Backstepping concept

First stage: translation tracking

Theorem (continuation)

where the integral sliding variable sy is defined as

t
+
51:%(1)1 aF ¢}+§‘1 + Ty, rl:ti—e /aJl((pl)dT, t >0,

=0

dh(p,) = | sign (991,1) , sign (4’1,2) , sign (4’1,3) ]T

a1 = —05¢, (0) —¢; (0), 6>0,

It guarantees that

Silgy (1) =

@, B .
t+0 oo 0 D1 =601 (¢, (0)) + 5 las]|=.  (33)

v
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Backstepping concept

First stage: translation tracking: Proof (1)

Proof |

For V(s) = > ||s||? with s :=s1, we get

y . +
V/(s1)=s]$=s] [(p1+t+9 EPtlJre";é t+9F1+t+98J1(q01)}
— s‘ll' |:% — Se—s* n—x" 4

t+6 (t+6)2 - t+9r1 + t+GaJ1 ((Pl)]
d
— o] | 5 (@u)+ L+

(34)

Select v = uj satisfying (30). Then from (34) we get

3

V(s1) = s] [—kusign (s1) + ] < (-kl Y Isuil + [|sa]] CZ) <
i=1

Issll (—ki+%) = -
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Backstepping concept

First stage: translation tracking: Proof (2)

which leads to the following relations

dV(Sl)
V(Sl)

< —pv2dt = 2 (VVlsr) = VVE0))) < V2t
0< Vi) < V() - Lt

V2
implying that V/(s1 (t)) = 0 for all
t > treach 1= ;) 2V(s1(0)) = ||51i§0)||_ (35)

But by (32), s1 (0) = 0, and hence from the begginning of the proces

S1 (t) =35 (t) =0. (36)
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Backstepping concept

First stage: translation tracking: Proof (3)

b) Defining u(t) := t + «, let represent (36) as

or, equivalently,

which gives

d |1 . .
& 311 =77 = =3 (0) 109y + g+ ]

= —9T (@), — 0T h(ey) (nip, + 1)
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Backstepping concept

First stage: translation tracking: Proof (4)

By the relations

. _d
TN (p1) 91> J1(py) — J1(91) = J1(9y), Ji(91) =0, 9Ty (@)1 =—h1(¢;)
dt

d[1 d
— & |3 10] < —ate) -~ n 500 ~ T a (e

Then, integrating this inequality on interval [0, t], we get

2 2
[y O = [lvl
N——

N

ACIE
B 0

t t T
| 1(@) & h(py (1) )dr— ( I aJ1<<o1>df) "
=0 T=0
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Backstepping concept

First stage: translation tracking: Proof (5)

Since ji. = 1, using of the integration by parts we get

t

IR S h(ey (7))dt =
(%) g, (NJZS = [ () Ay (5) )
1y (9y) — 0J3(g, (0 f (g, (1))dT = s (901 (9, (0) )y
which leads to
T o (2)de < <3 I =)+

0.1(¢y (0))+ f (g, (7))dT — 7T,
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Backstepping concept

First stage: translation tracking: Proof (6)

or equivalently,

Hh(gy) < Bl (0)) — 5 17— 77as =
0, ) — 5 (1712 + 2771 ) =
0y (0) 5 (I + 207 + s]?) + 2 fla
= 0i(gy (0)) = 5 17 + a2+ 5 o
< 0h(gy (0)) + 5 flaa

that gives (33). Theorem is proven. O
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