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Abstract. In this paper, we propose a new recurrent fuzzy neural network, which has the
standard state space form, we call it state-space recurrent neural networks. Input-to-state sta-
bility is applied to access robust training algorithms for system identification. Stable learning
algorithms for the premise part and the consequence part of fuzzy rules are proved.
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1. Introduction

Neural networks can be classified as feedforward and recurrent ones. Feedforward
networks have been shown to obtain successful results in system identification [4].
But they use static mapping schemes, the’ weights’ updating do not utilize infor-
mation on the local data structure, so the function approximation is sensitive to
the training data [7]. Recurrent networks incorporate feedback, they have powerful
representation capability and can overcome disadvantages of feedforward networks
[4]. It is widely known, both neural networks and fuzzy logic are universal esti-
mators, they can approximate any nonlinear function to any prescribed accuracy,
provided that sufficient hidden neurons or fuzzy rules are available. Recent results
show that the fusion procedure of the two different technologies, called fuzzy neu-
ral network (FNN), seems to be very effective for system identification, when we
do not have complete plant information [2, 12]. A major drawback of FNN is
that its application domain is limited to static problems due to its feedforward net-
works structure. To deal with this problem, interest in using recurrent fuzzy neu-
ral networks (RFNNs) has been steadily growing in recent years. RFNNs can be
divided into several classes. For example, fuzzy neural networks with external feed-
back [24], or fuzzy models with internal recurrence [9, 15], the feedback loop can
be put in the premise part [9], in the consequence part [8, 15] or in the output of
the whole fuzzy system [24].

Gradient decent learning and backpropagation algorithm are always used to
adjust the parameters of the membership functions and the weights of defuzzifi-
cation. The slow rate of learning and local minimum are the main drawbacks of
these learning algorithms [13]. Some modifications were derived. Chen and Jain [1]
suggested a robust BP learning in order to resist the noise effect and reject errors
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drift during the approximation. Wang et al. [21] used B-spline membership func-
tions to minimize robust object function, and the convergence speed was improved.
RBF neural networks were applied in [18] to determine the structure and parame-
ters of fuzzy neural systems. Despite their successful applications, the above algo-
rithms exhibit a problem during training as they lack stability analysis.

For engineers it is very important to ensure stability in the theory before
they would like to apply fuzzy neural modeling technique in a real system. It is
well known that normal identification algorithms (e.g., gradient decent and lease
square) are stable for ideal conditions. In the presence of unmodeled dynamics,
these adaptive procedures can go to instability easily. The lack of robustness of
the parameter identification was demonstrated in [3] and became a hot issue in
1980s, when some robust modification techniques for adaptive identification was
suggested [5].

The membership functions’ updating of the neuro-fuzzy modeling can be
regarded as parameters identification. The normal gradient decent learning and
backpropagation algorithm are stable when the fuzzy neural model can match the
nonlinear plant exactly. Generally we have to apply some modifications to these
algorithms such that the learning processes are robust stable. The projection oper-
ator is very effective to insure the parameters bounded for fuzzy modeling {20] and
fuzzy-neural systems [11]. Another generalized method is to use robust modifica-
tion techniques [5] in fuzzy neural modeling. For example, Wang et al. [21] applied
switch o-modification, in order to prevent parameter drift. In [19], the authors
suggested a stable and optimal learning rate without robust modification, but this
optimal rate is difficult to be found.

In this paper we propose a new RFNNs, namely state-space recurrent fuzzy neu-
ral networks (SRFNNs), where the feedback is in the output of the whole fuzzy
system. In [24], the whole state feedback are in linear form, it is Takagi-Sugeno
type [16] recurrent fuzzy neural. This paper give a Mamdani-type [14] RFNNs,
the final form is a nonlinear state-space equation, so it is very suitable to model a
nonlinear process which is expressed in state space framework. When the member-
ship functions of the consequence part (THEN part) are unknown, gradient decent
learning is used. When then membership functions of the premise part (IF part)
are unknown, backpropagation-like algorithm is used. Time-varying learning rates
are obtained by input-to-state stability (ISS) approach to update the parameters of
the membership functions, these learning laws can assure stability in the training
process. Compared with [19], the algorithms proposed in this paper is more simple,
which can be calculated directly by input/output data.

2. State-Space Recurrent Fuzzy Neural Networks

In order to identify following state-space nonlinear system

x(k+1)= flx(k), u(k)] (M
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where u(k) € W™ is the input vector, x(k) e W is a state vector, u(k) e ® is the

output vector, and f is a general nonlinear smooth function f e C*®, we use a

fuzzy model which is presented as a collection of fuzzy rules in the following form:
Rule i is

without control input IF x (k) is A); and x3(k) is Ay and ---x,(k) is Ay
THEN axj(k+1) is By; and --- is a¥p(k+1) is By;

or

with control input IF xj(k) is Dy; and x(k) is Dy; and ---x,(k) is Dy;
THEN axj(k+1) is u;Cy; and -+ is axp(k+1) iS upCui

or
recurrent  X(k+ 1) =aAX(k) 2)

where matrix A € %"*" is a stable matrix which will be specified later, « is positive
constant, the following theorem will show how to select it. X (k) is the state of the
fuzzy model, Aj;, Bj;, Cj; and Dj; are standard fuzzy sets [20]. We use ! fuzzy IF-
THEN rules (i=1,2,...,1) to perform a mapping from an input linguistic vector
[X\ k) Znk), uy - upm] € R to an output linguistic vector [Xj(k+ 1) - Tp(k+
1)]. For each input variable x; there are [; fuzzy sets. In the case of full connection,
=1l xlp---x1,. By using product inference, center-average and singleton fuzzifier
[20], the pth output of the fuzzy logic system can be expressed as

I n ) n
36\1,(k+1)=(1 Zw]pi HﬂAj,‘ )/ Z I—[“‘Aji )
i=1 j=1

i=1| j=1

)
=0‘Zw1pi¢li (3)
j=1
‘ n 1
:r\p(k+l)=a Zuiw2pi l_[ﬂDj,' / Z l—[ILDj,-
’ j=1

i=1 i=1 | j=1

l
=aZw2pi¢2iui
i=l
where pa;, and up; are the membership functions of the fuzzy sets Aj; and
Dji, wyp; is the point at which up, =1, wy,; is the point at which ne, =1 If we
define

n n
¢1i = H l“LAj,'/Zézl n MAj,

1) ]

i lf,, @
b2 =1 1, / sy

j=1 j=l
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(3) can be expressed in matrix form
Bx(k+ 1) = Ax(k) + Wio1[x (k)] + Wao2[x (K)]U (k) (5)
where 8= % the parameter

win wiy w211 w21y
WI = ‘. , s W2 =
wipt Wi w1 Wy
data vectors o|[x (k)] =[¢11 - - pu] T, o2fx KU (k) =[$2141 - - - om0, - - - 0]T. This is
series-parallel model (the input is from state of the plant) [12]. The structure of the

series-parallel SRFNNs is shown in Figure 1.
If the rules are changed as

IF Xy (k) is Aj; and (k) is Ay; and .. %, (k) is Ay
THEN axj(k+1) is By; and ---ax,(k+1) is B,;

L, | 1

B

X(k+1)

x(k)

u

n

Layer | II m 1\
Figure 1. Series-parallel SRFNNs.
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or
IF Xj(k) is Dy; and X(k) is Dy; and ---X,(k) is Dy,
THEN axj(k+1) is 4;Cy; and - -ax,(k+1) is uyCmi
or

T+ 1) =aAX(k) (6)
The RFNNSs is
Bx(k+ 1) = Ax(k) + W0 [X(k)] + Waaa[X(k)]U (k) (7N

(7) is parallel model (the input is from state of the model). The structure of the
parallel SRFNNs is shown in Figure 2. In this paper, we only discuss series-paral-
lel model, some similar results can be obtained for the parallel model.

The feedforward part is a four layers fuzzy neural networks which is discussed
in many papers [12, 19]. Layer I accepts input linguistic vector x(k). Each node

Y

Xk+1)

U

n

Figure 2. Parallel SRFNNs.
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of layer II represent the value of the membership function of the linguistic vari-
able. Nodes at layer III represent fuzzy rules. Layer 1V is the output layer, the links
between layers 111 and 1V are full connected by the weight matrix W. Layers I and
Il are the premise part. Layers 111 and IV are the consequent part.

3. System Identification via SRFNN

The identified nonlinear system is represented as in (1). We assume the plant is
BIBO stable, i.e., x(k) and u(k) are bounded. According to the Stone-Weierstrass
theorem [4], this general nonlinear smooth function can be written as

Bx(k+ 1) =Ax(k) + W{o1[x(k)]+ Wyoa[x ()]U (k) + p(k) ®)

where W' and W3 are constant weights which can minimize the modeling error
u(k). Since o and o, are bounded functions, u(k) is bounded as u?(k) <7z, where
T is a positive constant. The neuro identification error is defined as

e(k) =% (k) — x (k) ®
From (8) and (9) we get

Be(k+1) = Ae(k) + Wi (k)o [x (k)]

~ 10

+ Wi (k)oa[x (k)]U (k) + ¢ (k) 1o
where W; (k) = W, (k) — W, Wy (k) = Wy (k) — Wy, e (k) is the second-order approxi-
mation error. o’ is the derivative of nonlinear activation function o (.) at the point
of Wi(k). Since ¢ is a sigmoid activation function, e(k) is bounded as ler()))* <
£1,%| is an unknown positive constant, where ¢ (k) = e (k) + &2(k) — u(k). The fol-
lowing theorem gives a stable learning algorithm of discrete-time single-layer neu-
ral network.

THEOREM 1. If we use RENN (5) to identify nonlinear plant (1) and the ei-
genvalues of A are selected as —1 < L(A) <0, the following gradient updating law
without robust modification can make identification error e(k) bounded (stable in an
Lo sense)

Wi (k+ 1) =W (k) — nk)orek)T

11
Wak+ 1) = Wa(k) — n(u(k)ozeT () (b

where if Blletk + DIl = lle(Oll, n(k) = n/1 + ol + 1 + Juo % if Blletk + DI <
letOll, n(k)=00<n<1.

Proof. We select Lyapunov function as

Vi =|W® |+ #w| (12)




STATE-SPACE RECURRENT FUZZY NEURAL NETWORKS 397

where || W (k) ||2=ZI~'=1 ml(k)2=tr{VT/1T(k)VT’1 (k)}. From the updating law (11)
Wik +1) = Wi (k) - n(k)oretk)" (13)
So,

AV(E)=V(k+1)—V(k)
= |W1(k) = nk)oreT|* — | Wi (o) |
+]|Wa (k) — n(kyu®)ore™ (| > = | Wa k)|
=2 ®)le®) 2 llo1 I — 2n(k) | o1 Wy (k)eT (k) |
+02 () le(®) 12l (k)02 12 = 20 (k) |u(k)or Wa(k)eT () | (14)

Using (10) and n(k) >0, there exist a small 8> 0, such that ||SBe(k+ 1)| > lle(k)]

—2n(0) |l o WieT (k)| = 2n(k) |u(k)os WaeT (k)|
<=2n()leT @l Betk + 1) — Ae(k) — ¢ (k)|
==2n(k)le" (k)Be(k + 1) — e (k) Ae(k) — e" (k)¢ (K|
<-2n(k)lle" (k)Be(k + 1)
+2n(k)eT (k) Aek) + 2n(k) e (k)¢ (k)
< =2n(k) lle(k) 1> + 2n(k) Amax(A) lle(k) |2
+0(k) + lle() | +n () 1K) |12 (15)

Since 0 <n<l,

AV (k) <n*®)lle®)*llo"x (k)|
2 () lle @) [u (k) x ()| + 201 (k) Amax (A) e () )
—n(k) et 1> + n(k) 1z (k)12
= _n(k)[l - 2)\max(A)]
lo'x @2+ |utod'x®)|)
T+ o x®P+ @z O
+kg 2 (k) < —me (k) +ng (k) (16)

+n(k)

where

n k ' ’
= [1 - m] - ke=max (o @17 + |ut)g x®)]).

Since —1<A(A) <0, 7>0
n min(ﬁf) <V < nmax(ﬁiz) a7

where n x min(ﬁiz) and n x max(ﬁ?) are koo — functions, and mwe?(k) is an keo-
function, n¢2(k) is a «-function, so V; admits the smooth ISS-Lyapunov func-
tion as in Definition 2. From Theorem 1, the dynamic of the identification error is
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input-to-state stable. The “INPUT” is corresponded to the second term of the last
line in (16), i.e., the modeling error ¢ (k) =& (k) +&2(k) — uu(k), the “STATE” is cor-
responded to the first term of the last line in (16), i.e., the identification error e(k).
Because the “INPUT” ¢ (k) is bounded and the dynamic is ISS, the “STATE”e(k)
is bounded. When Blle(k+ )] < |le(k)||, AV (k)=0. Vi is constant, the constant of
Wi (k) means e(k) is bounded (see (10)). O

Remark 1. (11) is the gradient descent algorithm, which the normalizing learn-
ing rate n; is time-varying in order to assure the identification process is stable.
This learning law is simpler to use, because we do not need to care about how
to select a better learning rate to assure both fast convergence and stability. No
previous information is required.

Remark 2. The condition B|le(k+ 1)|| > |le(k)| is a dead-zone. If g is selected big
enough, the dead-zone becomes small.

When the identified plant is regarded as black-box, we cannot construct fuzzy
rules for the premise part ua; and pp; (see [17, 19, 21]). The object of the fuzzy
neural modeling is to find the center values W) of By;--- B,; and W, of Cy; --- Cys,
as well as the membership functions Ay; --- A,; and Dy; - - - Cp;, such that the fuzzy
neural networks (5) can follow the nonlinear plant (1). In order to simplify the
calculation, we only discuss the case of U =0, so D and C are not exist. In this
paper, Gaussian membership functions are exploited to identify fuzzy rules, which
are defined by

(xj —cji)?
s =exp (——’——r’—) (18)
P

The fuzzy neural model can be expressed as
BE(k+ 1) = AT (k) + W (k)o [x (k)] (19)

Let us define

!
aq:azwmm, bZZZ; (20)
i=1

So

T= @1
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The identified nonlinear process (1) can be represented as
i
S T exp (=05 —e5)/03?)
Xg=—
! 2
[ i=1 l_['}zl €xXp (—(xj —07;)2/»0;; )]

where wa,c’;, and p7; are unknown parameters which may minimize the unmod-

eled dynamic y,,.
In the case of three independent variables, a smooth function f has Taylor
formula as

— Uy (22)

-1

3 d d
fx1,x2,x3)= Z G a — +(x2— xS)—a—ng(xs—xg)a—x;]’évaRl (23)

where R; is the remainder of the Taylor formula. If we let x, xz and x3 correspond

w),;. ¢y and a7 ,x?,xz, and xJ correspond to w,;,cij and a“,
! ?
x,,+u,,_xq+2(wq, wq,)z,/b%—zz; 3c; ( ) (cji—cji)
i=1 j=
+ii—a—(—") (o} = pj) + R 24)
o dpji \ b Ji Ji 1q

Using the chain rule, we get

D () = () du

i?Cj,‘ b/ T adzi \ b I)Cj,'
_{19a Xj—Cji
- (77'0_2% +ag 01, ( 7)‘1!1) 21"47%)
= (% - 58) (22 it ) = 2g; M i (25)
J1 Jt
9 (4 _ 9 (9q\ g
o (F) =5 (F) 55
— o, Wgi=Fy k) (5 —eii)?
= ZZ] b p?
Ji
In matrix form,
% (k+ 1)+ pg =%y (k+1) = Wy Z(k) = Doy CE — Doy BLE (26)

Let us define the identification error as is defined as

eq = Ty(k+1)—x,(k+1)

= = — 27
eg = Z(k)W,+ DyyChE+ Doy BLE + 1y — R1y 27

where Ry, is the second-order approximation error of the Taylor series, g=1---m.
We define e(k)=[e; - - - en]T, so

Be(k) = Ae(k) + Wy Z(k) + D, (k)CiE + D (k) BYE + ¢ (k) (28)
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By the boundness of the Gaussian function ¢ we may assume that u in (22) is
bounded, also R; is bounded. So ¢(k) in (28) is bounded. The following theorem
gives a stable backpropagation algorithm for discrete-time FNNs.

THEOREM 2. If we use the fuzzy neural network (19) to identify nonlinear plant
(1), the eigenvalues of A are selected as —1 <A(A) <0, and the following backprop-
agation algorithm can make identification error e(k) bounded

Wir1 = We—me()Z(k)T
cjilk+ = cji(k) —2mezi 3“J%v_i‘plc”_(xq —Xq)

pjitk+1) = pji(k) —2nkz; lﬂﬂ,;—-‘z‘i(—x%&(fq —Xg)
Jji

(29)

where if Blle(k + DIl = lle(), n(6) = rrzrrsgpges I Bllet+ DIl < lletll, nk) =
0.0 <n<1. The average of the identification error satisfies

J =limsup = Ze k<17 (30)
T—o0 k 1 y

where n=$[] 1+k]>0 k=max(I1Z|*+21D;|). T = max(¢2(0)}

Proof. Let use define (k) =c;i(k) — c’;bji (k) =0,i (k) — o*(k), element of Cy is
expressed as Cj;(k)=[Cy]. So

Gt R =) (3D

Ji

[ ]=[Ce] - 2me2s =2
We selected a positive defined matrix L, as

Le = Wi * + 1 Ce|* + | Bel® (32)
Similar as the proof of Theorem 1, by using (28) we have

AL, = | Wi~ met) 20|

- 2
~ Wyi — Vg Xj —Cji
+ Ck—[2nk21 q'b 4] 3 - (xq_xq)]
Pji
~ 2
~ wgi — Yy (x5 —cji)?
+ Bk—[2f7k2i q’b 1] 2'" (xq—xq):|
ji

o7 12 ~ 112 =12
—IWel™ = 1Cel” = 3]
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=nfe* () (12012 + 2107 1)
~2mille) ||| We Z()T + DICLE+ D BLE|
=nze (121> + 211D I1%) — 2nelle(b)[e(k) — ¢ (k)]
< —me* ([ — m (I Z1>+ 21D, 1H]+nt > (k)
<—me* (k) +ngk) (33)

where 7 is defined as

n
_ 34
1+m’?x(||Zl|2+2HDz|I2) o

Because
n [min(zTJ,-z) + min(’c“%,-) + min('l;fi)] <Ly

<n [max(ﬁ'),-z) + maX(F%i) + max(’;?i)]

where n [min(mf)+min(?%i)+min(l712.‘.)] and n [max(@f)+max(?§i)+max(53i)]
are Koo-functions, and mwe?(k) is an Ks-function, n¢? is a K-function. From (28)
and (32), we know Vj is the function of e(k) and ¢(k), so L; admits a smooth
ISS-Lyapunov function as in Definition 2. From Theorem 1, the dynamic of the
identification error is input-to-state stable. Because the “INPUT” ¢ (k) is bounded
and the ISS is dynamic, the “STATE” e(k) is bounded.

(33) can be rewritten as

ALy <—ne(k)+Tng? (k) <me* (k) +nt (35)

Summarizing (35) from 1 up to T, and by using Lt >0 and L; is a constant, we
obtain
T T
Lr—Li<—-n) e(k)+Tniny k) <Li—Lr+Tn<Li+Tn  (36)
k=1 k=1

(30) is established. a

4. Simulation

In this section, one typical chaotic system, Lorenz model, is chosen to demonstrate
the abilities of the RFNNs. Lorenz model is used for the fluid conviction descrip-
tion especially for some feature of atmospheric dynamic. The uncontrolled model
is given by

Xp = —Bx1+x2x3
X2 = w(x3—Xx2) 37N
X3 = —Xx1X2+ pXx3 — X3
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with xo =[50, 10,20]T. We use following difference technique to get the discrete-
time states of the system (37). We define s; = Axy, so=A(xx +51), s3=A(xx + ﬂ%-’-).
If A==t ‘2*3‘““’\ <l or |U=2tn —2"_‘{‘+"'2| <1, then xpq) = x; + LF=23T802 +4‘(§‘+“ L k=0,1,2,---.
First we use FNN identification without premise membership functions learning

Bk + 1) = AT(k) + W) (K)o [x (k)] (38)

where 8 =4,0(:)=tanh (), ¥ =[], %2.%:]T, A =diag [.8, .8, .8], Wi (k) e ®B**3. The
elements of W)(0) are random number between [0, 1]. We use (I11) to update the
weight

Wik +1)=W k) — e(kyo " (39)

I+1lo |2
Figure 3 shows the on-line identification results.

Next, we use FNN with premise membership functions learning. The on-line
identification result is shown in Figure 4. Model complexity is important in the
context of system identification, which is corresponded to the number of rules. In
this simulation we try to test different rule number, we find that after rule number

60

40

20 fii

E = ] | ) 1 1
0 100 200 300 400 500 600

| 1 ! 1
0 100 200 300 400 500 600

Figure 3. FNN identification without premise membership learning.
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60 T T T T T

40z

20 ¥

1 | 1 | 1
0 100 200 300 400 500 600

Figure 4. IFNN identification with premise membership learning.

! is more than 20, the identification accuracy will not be improved a lot. The total
simulation time is 600 there is | time for B ||e(k+ 1) || <||e(k) ||. Theorem 1 gives a
necessary condition of n for stable learning, n<1. In this example, we found that
if n>2.5, the learning process becomes unstable. The total simulation time is 600,
there are 14 times for Blle(k+ 1) || <]l ek)|.

5.

Conclusion

In this paper we propose a new FNNs — SRFNNs. The main contribution is that
by using ISS approach stable updating laws for the membership functions of the
fuzzy neural networks are proposed.
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