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� .����!�� !�����!� ����
��
�

9����� !� !���	��"	 �6� ���� �:����� �����	�	�� �� � � ��� ����� ����
�� 9����� !� !���	��"	 �6� ����� �����	�	��� ��	 �
�� 7����( �!�	��!�! �6�< � ��������	�� �

�
�
��
�

7����( ����	����� 3������( ���� ������ ��	��"	 �� �� ������ ��

� 
�� 7����( ����	����� �	
����� 3������( ���� ������ �����	� �� �� ������ �
� 
��� ���� ��� 7����( !����	�� � ���A��� ����� �����	��� �	 �� !����	�� ��	 ��� �������� ��� ���� ��
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�� ���� !�� �����	�� ������� �� ���!� ��	��!���� ���� �	� �6��	��"	 !� ��� �������� ��������
����������	�� �������,

�
 	 �
�	� ?���@

� 	 �
�

����	����B C#�D 
�� �� ������� �	 �	���!���� ���� ���� !� ����	�
������ ��
�
����� ?��	���!��
������	 ���� �������� ��	�����(�!��< �������� !�
���	������ � �����������< �������� ��	�������@<
� �����	��� �

� �
��� 	 �
��� �	����� ?���@

���� 	 �
���

!�	!� � � 
 � 
 < � � 
 � 
 � 	 � � �
 � � � 
 � � ��	 �����!���� ��	����� !� !���	���	��
�������!��� � ������ !� ���� �	���!����"	< ���)� ��	�� )� ������ �������� ���	��"	 � ���� �����
������ !� �������� ��	 ��	��� !� ����� !�
���	���,

�9 �	
�A�� 8��������� ?���� C�< ����	��	� ��5/D< C��< +��� ��5#D< C��< *�E�� ����D< C��< 7������
��5�D< C#�< .(���!���	 ��5/D< C#5< F�	� ���#D@<

��9 �	
�A�� �	 �� !���	�� !�� ������ ?���� C#�< G�� � ��	����� ��5�D@<

���9 3��	�
����!� !� *������ ?���� C�< %��	)��! ��5�D< C��< >������ � ��)����)�� ��5�D< C##<
9���)��� �� ��� ��5�D@<

�'9 3���=� !� >��	��B�� ?���� C�'< *������ ��5'D< C�/< *������ � *����� ���1D@<

'9 �	
�A�� ����	����� ?���� C�1< >����� � H�����B ��55D@<

'�9 ������� !�
���	���� ?���� C�#< -����� ��5�D@< �

'��9 3��	���� !� �	�����"	 !�
���	���� ?���� C�/< -��	B�E�B� ���1D@�

'



I� �"�� �� )�	 �������� ���)�� ��������� �	������	��� !� �	���������"	 ��	� ������	 )�	
�������!� ����	�� �������� ��&������ !� �� ����=� !� �������� � ������ !� ���� ����"	� �	 �
����<
�)��� �� ����	��� A�� ��� !���������	�� ����=����� ��	 ������� !� !�������� �����������	��� �&�
	�������� � �&� ����� A�� ���� �� ���� ��&���� ����������	�� ������ ?��� C##< 9���)��� �� ��� ��5�D<
C��< +������� ��5�D< C��< +��� ��5#D< C�< �������) ����D< C��< *�E�� ��5/D@� �� ���!�< ��� �������<
��	���	��,

� �������� ����������	�� ������� ?� 	 �@

� �������� A�� ���	�	 �����������	��� ��������	���� ?!���!� � !�����!����@

� �������� ��	�����!�� ��� ����� !� ��	���� ���������	�� � !���������

� �������� ��	 ����������	�� �	 �� �	���!�

� �������� ��	 ����������	�� ����������� ����� �� ����!�

� �������� ��	 ����������	�� ����� �� ��� !� ��	����< �����

�	 ���� ��	��6�� ��	�����(�!�< ������� �	������!�� ������������	�� �	 ��!���� ����=����� �	
��� ������ �� 	J���� !� ��������� �	���	�� �� �������� �� 	J���� !� �������	�� !� ����!�� �����
�������� ��
�
����� 	���������	�� ���	�	 �� ��������=����� ���������� A�� ���� �	� ��	!���"	 �	�����
� �	� ��� !� ��	���� !�!��< �� ������"	 �	 �����	�� !� ����������� !� ����!� 	� �� J	���< �� !����<
�����	 �	 ���!� !� �������! �	���	� ?�	 ����	�� ����!�� �	 �� �����	 �� �����������	�� 	� ��
�����@�
2� ���� ��	��� �� ���!�	 !�������� �������� �� ���	����	� ��	����� ?��� �������< !�	!� ��

�����������	�� !���	!� !� �� ������"	 !� ������� ��	����!����@� 7&� ���������	��< �� ���!�
!�������� �	� 
������ !� � �������� !�	!� ��� ������� ������	�	 !� �	� ������"	 !� ���������"	
���������� !�� ���� ��
 	 � ?� 	 �� ���� �@ �	 �����������"	 ��	 �	 ��	��	�� ��������� !� �������	��
!�	&����� !�� ���� � �
 	 �
 � 	�� ���� ����� !� �������� �� !������� �	 !������ �	 �� +��=����
� !�	!� �� ��	��!��� �� �������� !� ��	������ �	 ��	��	�� !� �������� ��	����� ��	 �� ��� !� �	
��!��� ����=���� �����	�����< ���������(�!� ��� �	� ������ ���������� ���J	�
���� 
������ !� �������� ���!� ��� !������� ��� �	 ��!��� ����=���� J	��� ��	���!� ��	 ��

	����� !� ������� ������< ��� ,
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� ?���@
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!�	!� � � 
 � 
 ��
< �� 	 
 �
 ��� � � � �
 �� � � � 
 � � ��	 �����!���� ��	�����< ��	


 �� 	
�
 �� ���� �������	����"	 ������ �� �������	�� �� A�� ���� ������� ��	!����	�� ?����
������������< ���	�������	�� �	 �� A�� �������� � �� ��� !� ��	����@ �� ������� ��	������ ���� 
������
!� �������� ��	 �� ���!� !� ����� !� ��	���� !� ���� ���������	�� � !���������< ���� ����	�� �	�
��������� J	��� �	 ��(� �����!� ��	 �������� �� ����� !� ��� ���&������ !� ��� �������	�� �����������
��
 	 � ?� 	 �� ���� �@�
+��� ������� ����������� �� ���!� ��	���	�� �	� ����� !� �������� ������������	�� �	����:

��	��� ��	���!�� ���� �������� ������	� ?!�������� �	 �� +������� �@ A�� !�������	 ��� ������� !�

/



������"	 !� ������ ��	����!����� K	� ��������"	 �����	�� !� ����� �������� �������� )� �������!�
!��������< � ������ !� �	 ��!��� ��	��� ��	 ��	����!���� ?��	 ���� �����	�	��� ��	�����@ �� �������
!� ��������	�� ������� !������� ��� �� 
�	��"	 ?	� ��	���@ ���=����� ?��� �����(�!� �	 ���� !���	��<
��� ��� ������� C��D@�
�	 �� A�� ����� �� �� �	
���(�� ����� �� ��A��(� !� ����� ��!���� ����=����� !� ����������

�������� � �� �����	����	 ����	�� ��	��������	�� A�� �������	 ���� �� ���!�	 ��	������ ���� ����
!� ���������

�@� �A���A �� 3�	�B	��

2�	� �� �������< �	 ��	��!L�� !�� !���������	� ���������� !������� ��� !�� ��!L��� !� ���� � �
��� 	
�
��� �	����� � 	 �
���� +�� !���������	� �����	� M��� ���� ����� �	� �6��	���	 !�� ����L���
������A���< ���������	� �������< ���� ���A���� � ��� �	���������
*�� !���������	� ���������� ��������	� !� !������ !�� ����������	�� �������� ���� 	������6

�� ���� ���)�� A�� !�	� �� ��� ������A�� ���������	� ������� .	 ���� ��� �6����� ��	���		��,
!�� ����L��� ���	� !�� ����������	�� ��������		��� ?���� ��� �6����� N !�� !��������	�@< !��
����L��� ��	��O��� ��� !�� ���� !� �����	!� ���������		����� �� !������� ?$:2@< !�� ����L���
���� !�� ��	����	��� �������A��� ��� �P����< !�� ����L��� ���� !�� ����������	� ��� ��� �����	!��<
��� � � �
2�	� �� ��	��6�� ��	�������< �	 �P�	������� ���� ���������L����	� N !�� ��!L��� ���������� ����

���A���� �� 	����� !�� ��������� �	���	�� ��� ��������� �� 	����� !P�A�����	� !P����� +�� ��������
��
������� �����������	�� �	� ���� !� ����������� A�� ���� �	� ��	!����	 �	������ !�		��< �� ����
�	� ��� !� �����	!� !�		��< �� �������	 �	 ������ !� ����������� !P���� 	P��� ��� �	�A��< �P��� N
!���< ��� ����L!�	� �	 !���� !� ������� �	���	��
���� ��� ��!L���< �	 ���� !������ !�� ����L��� N ��������� ��������� +P��� �� ��� 	������	�

���� �	� 
������ !� � ����L��� !�	� ��� �)�	����	�� ����	����� ������		�	� !P�	� �A�����	 !�
��	����	�� �������A�� �	 ������������	 ���� �	 �	������ ��	���	� !P�A�����	� !�	���A���� +����
������ !� ����L��� ��� !������ �	 !����� !�	� �� +)������ �< �Q �P�	 �P�	������� �� �����L�� !� ��
�����	!� !P�	 ��� �	������ !� ����L��� ��	������< �	 �������	� ����� �	�����!����� �� ��!L��
��������� �����	�������< ����������� ��� �� ��������� �����	��
+���� 
������ !� ����L��� ���� M��� !������ ��� �� ��!L�� ��������� �	�����	� �P�	������ !��

����������	� �������A���<
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�
����� ���� 	 �
���< �� !����	� ���

������� ������� +���� �������	�����	 ��� ��L� �������	�� ����A�� ���� ������	�� ��	!����	� ?����(
��� ������������< ���	��������	� !� ���� �����	!�������@< �� ��� �������� !� �����	!�� �����

������ !� ����L��� N �P��!� !� ���� !� �����	!� !� ���� $:2< !� ��	�L�� N ����	�� �	� ����	��
������� �	�A��< N �� !�	���A�� �������< A����� A�� ���� �� ������ !�� �����L���� ���� N �� ������
�������A�� !�� �A�����	� !�	� �P�	������ !�� ��!L��� ��������� ��	�� !�������
� ����� !P�6����� ����������
< �	� ������ ���������L����	� �	�������	�� !�	� �� 
������ !� ����

��!L��� ��� ����� !�� �������� �� �������	 ?!������� !�	� �� +)������ �@ A�� !����� ��� �)�	����	��
���� N �� �������	 !� ��������� ������������� K	� ����������	 ����	�� !� ��� ����L��� �	 ��������
� ������ !� !������ ��� �	 ��!L�� ��	����� N ����������	�< ?�	 �������	� ����� ����L��� ��	������@<
�� ��������� !� �������	�� �������� !����� ��� �� 
�	����	 ?	�	 ��	�����@ !��� 
�	����	 �������A�� ?��
������A�� !�	� �� !����	�@�

�



2�	� �� ������	 ��� 	��� !�		�	� �	 �6����� ����������
 ���� !������ ���� ���������	� 	����
��	��6�� !� �������� 2�	� ��� �6�����< �� ����L�� ���� ��� ��� ?�M���@ �A�����	� !�	���A��� ,
�
���� 	 
���� � 
����� �
���� 	 
���� � 
���� � ����� ���� 	 
����� ���� ��	����	� ��� �� �������	�
� � �

�

��� 	 � ���� ����� !�� ����������	�� ��L� !�R���	�� , ��� �6�����< ����� �	 !����

������
 	�	 ��	���	� ?���� N � �� N �@< �����!�� �� ��� !�� (���� S	��< ����� �	 ���	 �����A�� ������

�� 	�����
< �����	� ��� ������� !�� �����L���� ?� �� �@ ��� �	 �	������ S	�� 2P����!< �	 �����	�
�	� ����������	 ��������� ������� !� ����L�� ������� �� �	�����< �	 ������� �	� ��� !� �����	!�
$:2 A�� ��	! �	���������� ��� �� ������ �� �)�	����	� !� ��������� �����A�� ��� ��� ��������	� !��
�����L���� � �� �� *� ����L�� �	 ������ 
����� �� �������� ����� ����� �	 ����L�� !� �������
��!��< ���� ��	���	�� !� ����� S6��< A������ A�� ����	� ��� ������� !�� �����L���� � �� ��

*� ���� �	 T���� !� ������ ���� !� �����	!� $:2 ���������� A�� ��� ��������� �	���	�� ��
��� !������� ��	� !����	�����< �� A�� 	P��� ��	�������	� ��� �� ���< �� A�� ������ N ��� ���������
7��)���������	�< �� 	P�6������ ��� ���A�PN �� ����< !� ��������� ���� ��	������� !� ���� ������������
!� �� �������� �	���	� ���� �� ���� !� ����L��� N ��������� ���������

$��� ������� �� ��	A��< �	 ������� !P�������� ��� ��������� !�		�� !�	� �� +)������ � �Q �P�	
�	���!��� �	 !�������� !� ��������� �P������	� ��� �	 �������)�� �!������
 N ���� !� ���!��	�
	��������< �� !�	� �� S	����� ��� !� !������	�� A����� ��� �� ��������� �	���	� ������ ����� ������
A�� �	� ��� !������� !�	� �� ��!L��� ���L� ����� �)��� !� !�������	< �	 ���� !��������	� ��������
!�� ��)���� ������A��� !P����������	�

K	� !��6�L�� !�U����� ��	���	� �� ������L�� �������� !� �� ��� !� �����	!� ?!�� N �P�����	
!������@� $��� �����!�� �� �����L��< �� ��� 	��������� !� ������ ��� �	� �)��� !P�����6������	�
+��� 
��� �P����� !� +)������ #< A�� ��	���	� �	 ������ �����A�� !� �� ���� �	 ������ !� �����	:
������� ���������< N ������ !P�	� �	����� ������S�� !� ����L��� ����������< N ������< !�� �����6�:
�����	� ��� !�� ����L��� ������� N ���	! ���	� +�� ��������� ��	� ���������L����	� ���	 �!�����
!�	� �� ��	��6�� !� ����L��� ������A��� A��	! �	 ������� !�� ���� !� �����	!� ��	��������� ?$:2@�

*� +)������ ' !����� !�� ��������� ����	�� ��� �	� �����	����� A�� ��	����� N �)���)�� �	� ��� !�
�����	!� ���������		���� N ������ !P�	� �����6������	 !� �����L�� �����	��� +� !����������	�
��� ���������L����	� �!���� N �� �����	!� !�� ����L��� N ��������� ���������  � ��� �	�������	�
!� ������	�� �	 �	���!��	� !� �� �������	 A�� � ��� �������� , �	 !�		� �������	� �	� �	������:
�����	< �	 ������ !� �� �)����� !�� ����L���< !� �P�	��������	 ��� �������< 
������� �	 ������ !��
�)�	����	�� !� ����� ��	���������

2�	� �� �)������ /< �	 ������� �	� ��� !� �����	!� ����:�������� !� ����L�� ������< ����	��
����� �	� �����	����	 ��	����� !�� � ���� !� �����	!� �������� !� �)�A�� ����L�� ������������
*���A�� �� ����� ����L�� ��� ����
< �� ��������� ������ ��� ���!���	� ���	� ��� A�� �� �����	!�
�������� �������� V ���� ���� ������ �	 ������� ������ ���� ������ �� ������ ���� �����
����	�
?����� ��	��� �	 ���������	@� +� ��)L�� ��� �������	 A��	! �	 	� ���� ��� �6������	� A���
����L�� ��� ����
�
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$��� �������� ��	 �&� �������"	 	������ ��	��6�� !� �������< �� �� � ��	��!���� �	 ������� !�������
��� ��� �������	�� !�	&�����,�
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� � ��
� � ��

�

�

�
�
�

�
� ?��#@

� 	
�
� � �

�



������ � �� ���������"	,

�
� � �

�

 	 � ?��'@

���J	 ��� ������� !� ��� ���&������ � � �< ���� ������� ���!� ��	�� �����������	��� ���
!�
���	���,

� �� ��� �� 	 �������< ����< 
� 	 
� � 
�< �� ���	�,
�
�
�
�
�

�
	

�
�� �
� ��

� �

�

�

�
�

�
�
�

�
�� ?��/@

� 	
�
� �

� �

� 
�

��

��	 �� !��������"	 �	���!�:����!� ����� � ���� 	 �����

� �� ��� �� 	 ���� ��< ����< 
� 	 
�< �� ���	�,
�
�
�
�
�

�
	

�
�� �
� �

� �

�

�

�
�

�
�
�

�
�� ?���@

� 	
�
� �

� �

� 
�

��

��	 �� !��������"	 �	���!�:����!� ����� � ����� 	 �����

� �� ��� �� 	 �������< ����< 
� 	 
� � �
�< �� ���	�,
�
�
�
�
�

�
	

�
�� ��
� ��

� �

�

�

�
�

�
�
�

�
�� ?��5@

� 	
�
� �

� �

� 
�

��

��	 �� !��������"	 �	���!�:����!� �� � � �� � �� 	 � ��� ��

� -�	����	��< �� ��� �� 	 ��� ��< ����< 
� 	 ��
� � 
��< �� ���	�,
�
�
�
�
�

�
	

�
� �
� �

� �

�

�

�
�

�
�
�

�
�� ?���@

� 	
�
�� ��

� �

� 
�

��

��	 �� !��������"	 �	���!�:����!� �� � �� 	 ���

����� ������� �� ����� ��	 �&� !������ �	 �� +��=���� ��

�



K	� �����(���"	 ����=���� ������ !� ?��#@ � ?��'@ ���& !�!� ��� �� ������	�� �6�����"	,
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������	!� �� �����!����	�� ��������� �	 �� +��=���� �< �� �����	� �	� ��� !� ��	���� ���������	��
!��������� A�� )��� �	���������� ����� �� ����!� �� ������ !� ���������� �������!� ��� ��� �����:
���	�� !� ��� ���&������ ��� ��,  ��� 	

�
� � ��

�
�  ��� 	

�
�� � �

�
� �	�����!� �� ���!�	

������� ��� ����� !� �� !�	&���� �6���	� ����	!� �	� ����	!� ����������	����"	 ���������	��,
 ��� 	

�
� � ��� ��! ��

�
� 2� ���� ��	���< �� ��� !� ��	���� � 	  ��� �
 �

�
 ��� �  ���

�

 � "�! �

��	!��� �� ������� �	 ��(� �����!�,
�
� � �
� � �

�
�
 	

�
� � ��
� � ���! �

�

�

�
�
��! �

�
"

� 	
�
� � �

�



�� ���!� !� �������! �	���	� ?!���!� � ��� ������� �������� !� ��� ������� !� ��� ���&������@ �� )�
)��)� �	����������� �	 ����� �����	��< �� ��	������ ����	�� �� ���	����	� �� 	� ���& �����	�� �����
�� ����!�� �� ������� �	 ��(� �����!� �� �������� ���� �� ������� !� ������ ��!�	 ! � ���� 	 "� ��	
�������� �� ���������"	 ������ � 	

�
� � �

�

� ����< ��	 �������� ��� ������� !� ��� ���&������ �

� ��
*� �������	����"	 !� ����� ����� !� ��	���� ���������	�� !��������� �������	�	 A�� ��� ����:

����� �	���	�� 
 � �� !�����!� �
 ���&	 !����	�����< �� A�� 	� �� ��	������	�� �� ����< ��� �� A��
)�� A�� ����������� � �� 
��)� 	� �� )�	 !���������!� �������!���� !� �� �������� !���������� ����
���� ���� !� �������� ��	 ���������� ���������
$��� �������	�� ���� �������� �� ���!�	 �����(�� ��� �������!�� �����	��!�� �	 �� +������� �

!�	!� �� �����	�� �	 �������	 �� ���	����	� A�� �� ���� �	 �	 ��������� �!������� !� ���!��	��
	������(�!�< ���� S	���!�! �� !������	�� ���� �� �� ���������� ������ �	��� ��� A�� )�	 ��!�
!�������� �	 �� ��!����� 2������ �� ���!�	 �����(�� ��A����� ��&����� !� ���������"	�
K	� ����	!� !�S�����! ��	����	� �� ���&���� �������� !� �� ��� !� ��	���� ?����"	 !���������@�

$��� �������� ���� �������� �� 	�������� ����� ��� �	� 
��� !� ����6�����"	� ��� �� �� ����
!�� +��=���� # A�� ��	����	� � �	 ������� ��&����� ����� �� �������	����"	 !� �����	��!����
��������� !�!���!�� !� �	 �	&����� ������S��!� !� �������� ����=�����< � �����< ����6������	��
��� �������� ������� !� ���	 ��	�	���� ����� �������!�� ��	 ������������	�� ���	 �!����!�� �	 ��
��	��6�� !� �������� ��&����� ���	!� �� �����(�	 ����� !� ��	���� ��	�����(�!�� ?���������	���� �
!����������@�
�� +��=���� ' �����	�� ��� �������!�� �����	��� ����� �	� �����	����� ��	�����	�� �	 ������

�	� ��� !� ��	���� ���������	�� ����6���!� !�� �������� �����	��� ���� !��������� 	�� ������
������������	�� �!����!� �� ��	���� !� �������� !� ���������� ��������� 3�����	 �� �	
���(� �����
�	 �	���!��	�� !� �� ������"	 A�� 	�� ������ �	������	��, �	� ����	
	������� �� ��	���� �� ��������
!�� �����!����	�� �����&���� !� �����	����� 
�	 
�	��� 
������!� �	 �����	�� !� ������� !� ����
��	�����(�!�� ?��	��!���	!� !�����!�� !� ��� ���������@�

������ �� ������� �����!�	��< �������� �� �� �����������	�� �� !� ������ ��!�	< !� ����	!� ��!�	 � !� ����	!�
��!�	 ��	 �	 ���� !���	�	���

�1



�	 �� +��=���� / �� �����	� �	� ��� !� ��	���� �����
����< �< !�� ������� ������ ?���@< ���� �	�
�����	���"	 ��	��� !� ��� ��	������ "������< ��� ?� 	 �� ���� �@� !� ��!� �������< A�� ��< �������	��<
��	�� "�����< ���	!� �� ������� � ���& ������ A�� �� ��	���� "����� ������!�< ���� A�� ��	!��� �
�	 ���������� ������ �����
�������� ���� ��A���� �� ��	��	��	�� ���	!� 	� �� ���� ��	 ��S���	��
�������"	 A�� ������� ���& ������ ?���=���� �	 ������� !� ���������"	@�
*� �����	����"	 !� ���� ������� �����	� ��	 ����	�� ������������ A�� ��������	 � ��� �������!��

����	�!���

�@� ��(���	���� 1  
����
���

�������	�!� ��	 �� ������� ����=����?���@< ���&	 ��� ������	��� ����������� ?��� C#�< 9���)��� ��5�D<
C#�< .(���!���	 ��5/D � C�5< 7������ ��5�D@,

� �� ���������� ������� �����	� �	�����	�� ��	��	�!� �	 �� ���������� � � ���	� �	 ���
� �
� ��� � �� � ��� �� �� ������ !�� ���������,�

��� 	� 	 �
�� 
��� �
��

� 	� 	 � � �
�����


� 	� � ��� # � �� ?���1@

� �� ���������� ������� �����	� �	�����	�� ��	��	�!� �	 �� ���������� �� ��
�
�� 	�

� �� �����	�
!� ?���1@ � ��	������	�� �� �������	�� ��	 �� ?���� ������S��� �� 	�����"	@� �� !����,

�� 	 
 � �
�� 	 �� � �
�����
 � ��� # � �� ?����@

� �� ���������� ��
�
���������(� ?��	�� ��	 ���

�
� �@ �� ��	��	�� !� ��!�� ��� �������� ������:

������ A�� 	� ��	 �!�	������	�� ���� ���� ����A���� �	���!� �� ���� ���������� �� �� ������
!�� ���������,

��� 	 
 � �
��
�

	 ��� ���

�
� �� � ?����@

� �� ���������� ��� ���������(� ?��	�� ��	 ��
�
� @ �� ��	��	�� !� ��!�� ��� ������������ �6��	�	:

������ A�� 	� ��	 ����������� �	 �� ����!� �� ���� ���������� �� �� ������ !�� ���������,

��� 	 
 � �
��� 	 �� ��
����
� �

� �� ���������� ��
��
���������(� ?��	�� ��	 ���

��
@ ��� ������������ �6��	�	������ � ��

��
�����:

����(� ?��	�� ��	 ���
��
@ �� ��	��	�� !� ��!�� ��� ������������ !���!� � �����	�� !�
���	������

����� ?��� C#5< F�	� ���#D � C�< ����	��	� ��5/D@V 	��� A�� ��
��
� ��

���

� �� ���������� ������� �����	� !� ����	(�����!�! ��	��	�!� �	 �� ���������� � � ��

� 	� �� ��
�=���� !�� ���������,

��
� 	� 	 �

�

� 	� ��
� �
��
� 	� 	 �

�

� 	� � �
�����


� 	� � ��� ?����@

��� ������� ��� ��� �	 ����� !�� ������� ��������� !�� !���	�� ������ A�� �� ������� ��	 !���	��� !� !�S	���"	
!�
���	���� �� � � � �� �	��	��� ��� ��� � ����� � � ��� � ��

��



� �� ���������� ��

�
�� �����	� !� ?����@ ��	 � 	 
 � �� !����,

��
�

	 ��
�
� �
� ��

�
	 ��

�
����

�
� ������

�

�
� � � �� ?���#@

� �� ���������� ������� ����� !� ����:��	���������!�! ��	��	�!� �	 �� � ��� �	 �� 
� �
�� �� 	 �� ��

�������� ���������(� ?��	�� ��	 ����@ �� ��	��	�� !� ��!�� ��� ������������
!���!� � �����	�� !�
���	������ A�� 	� ���	�	 �	W��	��� �	 ��� ������������ �	���!�:����!��
���� ��	��	�� �� ��	��� ���� ��������� !����������� !�
���	������	�� ��!�	!�	���� ����
���������� �� �� �=���� !�� ���������,

��

�� 	 �� ��
� �
��
�� 	 �� � �

�����

��� ���� # � � ?���'@

� �� ���������� =	S�� �����	� �	�����	�� A�� ��	���	� � �� ��
� 	� �	 �� 
� � 
 �� 	

������� � �� � ���� �� �� ������ !�� ���������,

��
� 	� 	 �
� �
��

� 	� 	 ������� � �

� 	�� � ��� # � �� ?���/@

���  ����� �� ��	��	�� !� ��!�� ��� ����������	�����	�� ���������	�� � !���������< � ��  ��� ���
A�� ���	 ���

�

� � �� �	 ���
�

�� 2��)� � ��  �� �� ��	��� ���� �	 ��� ����� !� �
�

��

�)��� ������ �� ������	�� �������!� ?�������	�!� ��	 ��
� 	�@�

6��)� � �� ��	� �� ������� �� �� � ��		��� �� �� � 	 �� � � 	 �� 	� �� � 
�	� ����!���	 
�	

�� 	��	��������������� 
	�
�	������ � ��	�������" � ��  ��� ����
	� �� ���
�� !�� ���	� 	 ���	�� �
��������" �� ���	��� �� 
�	� 	�
	������	 ��� � ����
��� ��	� ����!���	 	��	������������� ��	�������"  �� �#���� ��� 	��	������������� 
	�
�	������"  ��
��� !�� ���	 �� ����	� � �� �	 �� ����	�� �� ����	" � �� �  

�

� � �  �$ �

��

*�� ������	��� ���������� ���&	 ������!�� ��	 �� ��	��� ! 	 �%� � �� ?��� ��� ������� C��<
7������D � ��� ��
���	���� ��	���	�!�� �	 !��)� ���=����@ ��	 ��� � � �� ,

�
����

����

���		 	 
��� �
��
�		 	 �����


�		 A�� ��	����� � ���		
���		 	 �� �
��

�		 	 �����

�		 A�� ��	����� � ���		

���		 	 �� �
��
�		 	 ��

���

�		 A�� ��	����� � ���		

���		 	 
��� �
��
�		 	 ��

���

�		 A�� ��	����� � ���		

?����@

��



#	��
�
� �

���
��	� ���
���
�� ���
	���
	���

*�� �������� ����=����� �����	������� �� ���!�	 �����(�� ���� ��!���� �	� ����� ��� ������ !�
�������� ��	�����< �	�����	!� �������� ��	 �	����������� �	���	��� �6����	 ��	!����	�� 	��������� �
��S���	��� ?�6�����!�� �	 �����	�� !� �	 ��!��� ����=���� ������@ ���� ��	��������� !� ��� ��	���
A�� �����	��	 �	 �����������	�� J	���< ��	 �������� ��� ��������	�� !� ���������� �	���	��
�	 ���� ���=���� �� ������� ���� ��	��!���� �� �������"	 !� ���������� �	���	�< �����	�� �	 ���

!���������	�� ����=����� �����	�������< !�	��� !� �	 ���������� �����	� �	�����	�� ��	��	�!� �	
�� B��	�� !�� ���� !� ����!�� 8������ � ����< �� )��� �	���������� �� �������"	 !� ���������� �	���	�<
����	��	!� !� ���� ��	��� �	 ������� ������ �	 ��(� �����!� ��	 �	� ���������� ���:���������!�
��	���������

�@� �A���A �� 3�	�B	��

*�� ����L��� ���������� �����	�������� �����	� M��� �������� ���� ��!������ �	� ������ ��L� �����
!� ����L��� ��	������< �� 	������	� !�� ����L��� ���� !�� �	����������� �	���	��� $��� !� ����
����L���< !�� ��	!����	� 	���������� �� ��U��	���< ?�6������� ��� �	 ����L�� ��������� ������@<
����	�����	� �P�6����	�� !P�	� �����	!� ������	� �	 ����������	� �	�A�� N �� ������< A������ A��
����	� ��� ��������	� !� ��������� �	���	��
2�	� �� �)������< �	 ��	��� �����	� ��	!�� �	���������� ��� �� ������< �� ��������	 !� ���������

�	���	�< �����	�� !�	� ��� !���������	� ���������� �����	��������� .	 �����	� !� ����� ��	�L�� �	
����L�� ������ �	 ������ 
����< ���� �	� ��������� ���:������� �����	!�����
2�	� �� ������	 ���< �	 ���!�� �� �����L�� ?$����L�� �@ A�� ��	����� N �����	!�� �	 �	������

!� ����L��� ��	������ ��� �	 ������ !P���� $:2< ���� �	 �����	�	� N �)���	 !P�	��� ��6 �� �M��
����������	� �6���	� �	 ������ 
������ 2�	� �� ������	 ���< �	 !�		� �	 ���
 !��������
 !�
������	� ������ �6����	�� ���� ��� ����L��� ���������� �� A�� ����	� �������� !�	� �� !����������	�
!� �� �������� +��� �	����� 	������	� !�� �)L��� ���� A�� ���������� �������������< ������	�������<
����� !� �� ��������� ��������< �� ������	������� !� ����L�� �	 ������ 
������ .	 ��	��� ��� �	
�6����� ?�6����� �@ �	� �����������	 !� ��� ���������� +�� �6����� ��� �� �M�� A�� ����� ��	���
!�	� �� ������	 ��� !� +)������ �< ���� ���� !��������
2�	� �� ������	 ��#< ��	� �	���!���� ��� �������� �� �������	< !�	� �� ����������	� �	���:

������ ���� ������ !����� �	 ����L�� !� ������� ��!�� ���A�PN �	 ����L�� !� ��
��� ��!�� ?�	

�	����	 !� �� �������	 !P�	����������� �	���	��@ V �� !���������	 ��������� �����	������� ������� ���
�	�A��� X��	! ������	� ��	!����	� ��	� �����
�����< �� ��� �������� !� �����	!�� �� ����L�� ������
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!� ����� 
�
�	 A�� ��	 ����������	� �6���	� ���� !����� ��� �	 ��!L�� S6� ��� ������� +����
�����	�����	 ��� ���	��������	� ������� ��� �� ��!��������	 !� �����!� !� �������	�� ��������
!�	� !�� ����L��� ����	���A����
.	 ��	��!L�� !�	� �� ����:������	 ��#�� �	 ����L�� ���� !� ����������	� ��� �	 �	������ !�

� ����L��� ��	������< �� ���� !����� ��� �	 ����L�� ��������� ������ V ����< !�	� ��� ����:������	�
��#��< ��#�� �� ��#�# !�� ��� ������������ ��	� ������� ?���� -������ ����< ����< ����@ ���� ���A����
?���� ������ ���< ��� �� ���@ ��� ��!�� �	����������� ��	� ���	 ��������

�@� ��
���������

+�	��!��� �� !��������"	 ����=���� ������	��� !�!� �	 ?���@� �	 C5< %�	���� � 7������ ����D
�� �����" A�� ���	!� ���
 � ���
 � �� ������� !�������� �������� ��	����� ��	 �	� ����������
�	���	� ��������� �	 �
����< ���	!� ���
 & ���
 � �� �� ������� ���	� ������"	 ?����< ����� ��
��	�� �	� ������"	@< ��� �������	�� ��	������	�� 	� ��	 J	����� �	 ���J	 ��	��!� �6���� �	 ���!�
!� �������! �	 ?���@ A�� �� ���!� ����< ��� �������< ���� ������� �	 ���	�� ���� �	� �������
��	������ �� ���	����	� !� �	� ��	��� ����=�����
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���� �������� 
�� ��	��!���!� !� ��	��� ��� ��	���� �	 C/< %�	���� �� ��� ���#D� �	 !��)�
���=����< �� �������� 
�� �����!� �����(�	!� �� ��	�����(���"	 !� �� 
���� ��	"	��� !� 7���� ?C#1<
7���� ����D@ ��	���!� ��	 �� 	����� !� .�	�� �������� 
�	� �������� ����	�
��	�� �	���!���!�
�	 C�#< *����� � *������ ���#D< �� ����< �	 ����	�� ������	��< 	� �� 
&��� !� ����	���
�	 ���� ���=���� �� ����!�� ���� �������� � �� ������� ���� �� �� ���������� �	���	� ���J	

!�� ��	��	�� !� �������� ��	����� !������� ��� �� ������� ������ ?���@ A�� �������� �� $�������
�� 2� ���� ��	��� �� ������� ����� ���� ��	��!���� �	 ��	��	�� !� �������� ��	����� �	 �	
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������� ����=���� !� �� 
���� ?���@ ��	 �� ������!�! !� ����	����	�� !�	&���� !� ����!�� ����
��� �������	�� �� �� �����!����	�� �����	��!� ?��� ������@ ���� ��	����(�� ����������	�����	��
���������	�� !���������� $��� ����< �� ����!��	 ��� ��	�����	���� ������������� !� ��� ��	!����	��
����������� �����	��!�� �	 C/< %�	���� �� ��� ���#D ���	!� �� ������	 ���� �������� �� $�������
�� 8������ � ����< �� �����	�� �	 �����!����	�� ���� ��	����(�� ����������	�����	�� ���������	��
!��������� A�� )���	 �	���������� �� �������"	 !� �� ���������� � ����	�	 �� !�	&���� !� ����!� �	
��(� �����!��
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6��)� � 4C�5 :���)	��D5 C�5  ����
	��D9 /� 
����� ! 	 �%���� �� 	�����	 �� � ���������
�� ��� 
�� 	 ��

�		 ��
�

�		�

��F������ � 4C�5 :���)	��D5 C�5  ����
	��D9 �� ������� � �
 	 �
� � �� ����	������� 
	��

�� �� � ��������� �� �� 
����� �%� � �� �� 	�����	 � �� ����� ��	�� ��-����� �� �	��� ����	 !��
��� &�� �#����� ��	�����	��'*

K	� !� ��� ��	������ �&� ����!��!�� �	 �� ����=� !� �������� �� �� �������	�!� ��	 �� ����	(���:
��!�!< !���!� � A�� ���������(�< !� ������ ��	���< ��!�� ��� �������� A�� ���!�	 ��� ��	�����!���
7&� ���������	��< �� ��	����� !� ����	(�����!�! ���& ��	������	�� ������!� ��	 �� ���%���� ��
�����	�� ��� ��
���� �� ������" �� ���� 
���� ��	 ����� ���� ����� �� �	���� �� �� ����
� -����"
��������� �	������	��� &���������� ��� �������' ����	���� 
�	 ��� ���	��� �#��	���
.(���!���	 C#�D �6��	!�" �� ���������(���"	 ���������� !� F�	)�� !� ��� ����������� !� ��:

��	(�����!�! ?C#�< F�	)�� ��5'D@ !� ��� �������� ��&����� ?���@ !�	!� �� ��	��� �%���� �� �������
� � 	 � ���� ����	�� �� ���������� ������� �����	� !� ����	(�����!�! ��

� 	��
.(���!���	 C#�D ������	 �����" A�� ���� ����A���� # � � �� ���	� A��,
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+��� ��	���	�� A�� ���	!� ��� �������� � � � 	� ��	 ���!��!��< �� ���!�	 ��	�� ��������
����	(�����< �J	 �	 �� ����	��� !� �	���!��V ���� �� ������� !���!� � �� �6����	��� !� ���������
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$��� ������ ����� �������=�� �� �	���!��� �	 C��< *�����D �	� ����	!� ��	!���"	 A�� ����	��(�

����	(�����!�! ��� ��!�� !� �	� �	���!� !� ��	���� �6���	��
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	 1 %	
	(�� �--�D9 3��� ��� ����	�
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����" � �*��� +�, � �
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�	� ���� �' ��
��� ����������� ������ ��������� �� ������� ��	�� ��	������ ����	�
��	�� � �� 
���� �������	 ���
����-��	 �� ���
�	�������� �#��	��" �*�*" �� ���%���� �� ����� ��� 
������� �	������	��� �� ���	����
������ ��� �� ��� ������� � �*��� +�, � � 
�	������� ������	���� &��	 425" 6������ 0789:'�
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� ���

�
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�����	���� �� 	���������) �� ��	����� ����	�
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��� $�� $�� $	� $�� ��� �#��	������� �!����������*
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	�
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3���� ���, $������� !���������	�� !�� ������� ?��#1@:?��#�@

*�� ���&������ %��� %�� � ��� ��	�	���� �� ?� 	 �� �� �@ ���	�	 ��� ������	��� �������,

�
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%�� 	 ����� � �� � � � %�� 	 ����� � �� � ��� ���� � �� 	 �
�� 	 $��$��$�� � ���� ��� 	 ���$��� ��$���

�� �� �	 � �	��	��� $�� 	 ����� !� ���� ��	��� $�� 	 � � �� 	 �� �� ��

�	 �� 3���� ��� �� �������	 ��� �����������	�� �	���	���
*�� !���������	�� ����=����� �����	������� �	�������� ���	�	 �� ������!�! !� ������������

�������� �� ������ � ��� �� ��	�� �� ���!�	 ��	������ ��� �	� ��� !� ��	���� �6���	��

#����
	��� � �� 
���� ����	 �� �� =���� 1*0 !�� 
�	� ���� ��� �� ��� 
��������� �� ��� ����	�
	�
��	�� &
	���	� �������'" ��� ����� �� ����	������ &��	��	� �������' ��� ��������* <� �����
������ �� ��� =����� 1*1 � 1*9*
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�	 ���� ���=���� �� �����	�� �	 !������� !� ���������� �!������� ���� �	 ������� ���� ����������
�	���	� ������ �	��� � �������� ��	����� !�
���	��� ?��� +��=���� �@� �� !������� !� ���������� ���&
����!� �	 �	 ��������� !� ���!��	�� 	������(�!� ��������!� � �� ����� !� �	� )����:��
��� !�!�<
���� ��	�����	��� �	 ������ S	��� �� �����!��

+��� �� ��	���	" �	 ��  	���!����"	< �� �=	����� !�� ����	�������� !� �� ��	����� ����	�
��	�
��A����� !�� ��	������	�� ����� ����� ���� ���������� �	���	� ���& ������< ����< �� �� ������� �� !�
������ ��!�	< ?��/@< !� ����	!� ��!�	 ?���@ � ?��5@< ��	 � ��	 ���� !���	�	��V ����< �� ���	� A��
��	����(�� �	 �������	 �� ���	����	� ����	���

�@� �A���A �� 3�	�B	��

2�	� �� �)������ �	 !�������� �!������
 !� ��������� ��� ������� ���� �	 ����L�� !�	� �� ���������
�	���	� �)�	�� �	��� � ����L��� ��	������ !�R���	�� ?���� +)������ �@� +� !�������� �P������ ���
�	 �������)�� !� ���!��	� 	��������< ������� N ������� �	� )���� :��)L�� �� �� ��	�����	�� �	
����� S	� ��� ������� ?�	 ������� ��� �	 ����� !� ��!�����	@�

.	 ��	��!L�� !�	� �� ������	 ��� !�� S����� !�������	�	�� A�� �����	� N ������� �� ���������
�	���	� ������� �� �� ����L�� � �� ����������	� !� ����� ��!��< �� ������ !� ����� S���� !�������:
	�	� ��� ����� N (���� K	� A������	 �������� N �� 	����� ��� !� ������ �� �� (��� !� S����< N �P�	���	�
�< ��� �	 �	�� (��� �� ���	 �	 ������ ������� ��� (���< �� �	���� �	 ���	�� ��L� ����� ���� ���
	��� $��� �����!�� �� �����L�� �� ��� 	��������� !� !������� !P�	 �����!� !�������	�	� 
����	� ��
!����	����	 �	��� ��� !�R���	��� ���	��������� +�� !������� ��	� ��	���� !�	� �� $����L�� � ��
��	� ��:������ !�	� �� $����L�� ��

*� $����L�� � ��� �	 �����L�� !P�����������	 ���� ����L�� A��!����A�� �� ��	����	��� �	���������
2�� ��	!����	� 	���������� ��	� ����	���< �	 �����A��	� �� 3)���L�� !� >�)	 �� 3��B���

.	 ������� !�	� �� ������	 ��� �	 !�������� !� ��������� �!������
 ���� ��� �	 �������)�� !�
���!��	� 	�������� ������ ��� �	 �	���������� !� ���� )��������� �� !�	� �� ��	 ����������	� ���
!���	��� !�	� ��� *����� �< # �� '�

.	 ��	��� !�	� �� ����:������	 ����� A�� �� !�������� !� ��������� �!������
 ��	����� �	 �	
����� S	� ?3)���L�� 5@� 2�	� �� ����:������	 �����< �	 !�		� �	 �6����� ����������
 ?���� S�����
��� �� ��#@� *� ������	 ��# ?�		�6�@ ��� ��	������ N �� !���	�������	 !�� ��������� �	�	��� ��
��	� !� �� �)�������
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K	� ��	��� ������ !� ������� A�� ���������� �	���	� ���& ������ �� ��	����(�	!� ��� ������	���
S�����,

�
�8�'� �� �� 	 ��'� �� � � �� � ���
�'� ����� 	 �8

�
����

?���@

�
�8�'� ��

�
�� 	 �' �'� �� � � �� � ���

�'� ����� 	 �8
�
����

?���@

�
�8�'� ��

�
�� 	 ��'� �� �'� �� � � ��'� �� �� � ���

�'� ����� 	 �8
�
����

?���@

!�	!� �� ) �� 8� ) �� ����� S����� �����
���	 �� ������	�� *����

,��	 � 4C05 :���

	 1 ,�*	��D9 ���� ���� � * ���� ���������� ��(

�8'� ��� * ��� 	 * ���� �����

�'� ������ 	 �8���* ����

����� * ���� �� ��� ��D�� �� ����
� �������* ��������(

*��
�	�

�* ���� * ����� 	 
��������

�	 �
����< �� �� ������� ���	� �	 �����������	�� !� �:����� ��!�	 ??��/@< ?���@ � ?��5@@< ��
����!� �� !�� �:����� S���� !�������	�	�� ??���@< ?���@ � ?���@@ �� �!�	������	�� ����� �	 ���� ��	��
�� ��!�=� ��	��� A�� �� ��S���	�� �������� �� �����������	�� !� ��� ����!�� �����!�� ��� ��	
� 	 �� �� �� ���� !���!�� A�� ���	����	� ���& ������� $��� �6���� �	 ��������, ������ �� ������ ��
��� �� ����� -��	�� ����	��������� �� ��	�" +���� ������� �� �� ��� ��D�� �	� ���� 
�	 ��	� �
�� ��	� 
�	�������E* ;�����" +���� 
������ ���������	 ��� ��D�� �� ����� ��%� �� �� ��	�E�
+������	�� �� 	������� �	 �����!����	�� !�������	�	�� ���� !����	���� �	��� ����� 
�	"��	��
!�
���	����
����� !������ ��	 
�������	�� ���������!�� �	 �� ������	�� ���������

"��(
��	 � ��� �� ��������� ���%���� �� .�������� ���������(

 	

�
�� � � ��� � � � � 	 �� ���� ��!+� � 
�� ���� ��
��� !�� �� " � ( ��
�� �	 � &���� �� ����� 
�	���'

������	�	 �� 
����� � 
�	� �� ���� ����� 	 �� ��� � � � � ��

I��� A�� �� �������� !��� ��� �������� �	 �=	��< ���A�� �� �������!� �� ��� �	 �� ���������� !�
��	���� ��	���	�!� �	��������	��� $��� �	��	���� �	� ������"	 �	��=����< �� 
������ �� ��������
�	������ !� �� ������	�� ��	���,
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5�� ����� ?��#@
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�������� ����:��;:

��%��� � �� 	���	������ <�5� � �� �����

< �5� 	 =� �
�$

���

5�� � ?��'@

�� �����	� ����� ���J� ���� �	 �����	� !� �	�������"	< ����� ��� ������� ��������� !� ��� ����!��
!� ��� -��	�� ����	���������< ��	 �	 
����� !� ����!� !�!� ��� �� �����	� �6��	�	����� $�� ����
�����< ������� � �� ���������"	 ?��'@ �� ��	��	�� !� �������	�� ��	 �A������ A�� �����
���	 5�
�� 	 � �
5� � =� � �"�� ��	���� A�� ������ �� ���&����� ����� � ����� �� ��!�� = !� �� )����:��
��� !�S	�!�
��� �� ���������"	�
���� �� �	 �������� !� ������(���"	 ��	 �	 �������� ���!�&���� � ����������	�� ��	 !�������:

!�!��< �	��	���< !�� 3������ !� >�)	:3��B�� ?��� C��< *��	������ ��/�D@ �� �����	�	 ��� ��	!�:
���	�� 	��������� !� ������ ��!�	,

#9�%5� � ## <�%5� 	 �� # � �� � #<�%5� 	 ��

����<

%5�
�
������ %#

�
�
	 �� � 	 �� ���� � � %#�

�
=� �

�$

���

%5
�
�

�
	 ��

��	 # 	 %#��
+��� ��	!����	�� 	��������� !� ����	!� ��!�	< ���� ������� ���������,

>�9�%5�

>5�>5�
�
>�<�%5�

>5�>5�
	 � ������� #�$ ��� 4� � ��

!�	!�,

$��� 	 � � $ � �	 �� 	 ��

����<

%#� � ��� 
������ � 	 �� ���� �� 	 ��

G ��=< �� ������	 ��� ������	��� ��	!����	�� 	���������,

%5������ 	 �� � 	 �� ��� �� ������ � <�%5� � �� ?��/@
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�)���< �	 ����� !� ?��/@< �� �����	� �� ������	�� �����"	 ��!�S��!� !�� �������	 �� ���	����	�
���
�����" ��������� �	 C'< %�	���� �� ��� �111D< A�� ���& ����!� �	 �� ������	�� ��������� !�
���!��	�� 	������(�!� ��	 �	� ��������"	 A�� �� ������ ��� �	 �	��������� !� )���������,�

! ������ � ����� 	 �������� � 	 �� ���� � ?���@

�

$5� ��� 	 �0�$5����
��� ���

�� � ��� ���
� ?�$5����0�


�
����������� � 	 �� ���� � ?��5@

���

� ��
�

� �

�
�
?�,�

� @� � �,�

-����� ���,  	��������� !� Y��������� ?���@�

?�
� 	

�
� ��, �<�
� � �� �

��
� & <�
� & @�

�
� ?�
� 	 �

�
�

� ��,
�
<�
� � @�

�
�
��
� & <�
� & @�

�
� ?�
� 	 �

�
�

?���@

!�	!� ��� ���&������ 0� � 0� ��	 ��� ��	�	���� ��������� !�� ��������� � �� ��������"	V � �� �	�
��	���	�� �������� ?�� ��("	 !� ������ !� �� )�������� �����	�����@V @ �� �� �	�)� !� �� ��	��	�
!� )��������� ?� & @ & =@V ?�6� �� �� ����!� !� �	 �	��������� !� )��������� A�� �� ������ �	 �� ��	��
@� � �� !�������� �	 �� ��	�� 1 ?��� �� -����� ���@�

*�� ��	!����	�� �	������� �� ������	 !� ��� ��	��� A��,

<�$5���� & � � $5���� ) �� ���� � 	 �� ���� ��

I��� A�� �� !�����!� !� <�$5���� �� ?��� ?��'@< ?���@ � ?��5@@,

�<�$5���� 	 �
�&

���

�
0�
$5
�

� ���
��� ���

�� � ��� ���
� ?�$5����0�


'
����������$5����

�
?���1@

#����
	��� � <�� ���������� ����� ����� 	����������� ��� ��� ����	����� &9*C'" &9*8' � &9*7'
&��	 �� G���	� 9*1'(�

2�	������ �� )����:��
��� ��	���!� �	 �� ��=��	 � !� ��!�� 0 ��	 �� �6�����"	 1��0� 	
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�*�� ������� �� �	���	���	 �	 �� ���	!��� !� ���� ���=����
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,��	 � $����� ��� 
�	����	�� ������������ $5����" � 	 �� � � � � �" ����� .��	� �� �� ?�
�	���.�	�
���=� &�� � 	 ��' ��� 	���� = � ����	��� �� �� �	����" �� 	���	������ <�$5���� �� ��������" � ��

����	���� .�	 � � $5���� � ���	�	 �� �� ?�
�	���.�	� ���
(
=� � @�� &�� � 	 ��'* ;�����" ��	���� ����


�	���� �� ����
� &�� � � � ��' �� ����	 
������� ��� 
�	����	� $5 ��� 
�	������ ��������� � ���
���������� &9*8' � &9*0@' ����� �� ��������� .�	��(

�
��

��

�

$5 ��� 	 � �
�$5�
� ��� 	 �0�$5����

!�
�
���

"��!�
�
���
� �

�<�$5���� 	 �0�
�$

���

$5
�

� ���
!�
�
���

"��!�
�
���

?����@

,��	 � <�� 
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 !� ������ ��� !�� �����6������	� ������� A�� 	� ��!�S�	� ��� ?����@
��� �������
� !� �����	!�< �P��� N !���< �	 ���� ����	�� �	 S���� ���������	� ������< !���	� �( <
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.	 ��� �	 ���!�	��< !�	� �� ������	 #�#< ��� ��	!����	� ��������A��� 	���������� �� ��U��	���
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�	���M� �����A�� ��� ����	�� ����� ��	��A��	�� !� 3)���L�� � ?+��������� �@�
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���!��� �		�6� !� ����� !�����)� �����	����� ��� �P�	�����������	< !� ���	� !� ��� !� �� �)����� !��
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*�� �������!�� !� �� ��������"	 ���� �� ���� ���������� ?�������� � � �@ ������!� �	 �� �����"	 /��
��	 �� 	 � �
< � ? 	 ��5��/ �� �������	 �	 ��� ������	��� -�������

�� *� -����� /�� �������< �	 �� �����	� !� �� �(A����!�< �� ��������� !�� ������� � � ���	!� ��
�� ������ �� ��	���� "����� ��� � �	 �� �����	� !� �� !����)� �� ��������� ���	!� �� ������ ��
��	���� ���:"����� �� *� -����� /�# �������< �	 �� �����	� !� �� �(A����!�< �� ��������� !��
������� � ���	!� �� �� ������ �� ��	���� "����� ��� � �	 �� �����	� !� �� !����)� �� ���������
���	!� �� ������ �� ��	���� ���:"����� ��

�� *� -����� /�' ������� �� �������"	 !�� ����� ���� ��� �������� � � �� *� -����� /�/ �������
�� �������"	 !�� ����� !�� ������� ������ � �� ���� ���������
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	��� 1 "������
�'	�

+��� �� ��	���	" �	 ��� ���=����� �	��������< ��� �������� ����=����� �����	������� !�������� ���
��!���� �����&����� !�� ����,

� �
��� 	 �
��� �	�����

� 	 �
���

�� ���!�	 �����(�� ���� ��!���� �	� ����� ��� ������ !� �������� ��	������ �� �����	����	 ���
��	!����	�� 	��������� � ��S���	��� ?�6�����!�� �	 �����	�� !� �	 ��!��� ����=���� ������@ ����
��	��������� !� ��� ��	��� A�� �����	��	 �	 �����������	�� J	���< ��	 �������� ��� ��������	��
!� ���������� �	���	��
*� �������	����"	 !� ����� !� ��	���� ���������	�� !��������� �������	�	 A�� ��� ���������

�	���	�� 
 � �� !�����!� �
 ���&	 !����	�����< �� A�� 	� �� ��	������	�� �� ����� $��� �������	��
���� �������� �� ���!� �����(�� �	 �������	 �� ���	����	� ���� S	���!�! �� !������	�� ���� ��
�� ���������� ������ �	��� ��� A�� )�	 ��!� !�������� �	 �� ��!���� K	� !� ��� ���������	�� !��
�����	�� ������� 
�� ������� ��� �������!�� ����	�!�� ��� C'< %�	���� �� ��� �111D � !�������� A��
�� ��!���� ��� �������	 �� ���	����	� ���
����� ��	����� �	 �	 ������ S	���� $��� ���� �� �����	�
�	� ���� ���� �� ������ !� ��	�����	��� !�� ��������� ?�������� �	 ������� !� ���������"	@�
.��� ��������"	 ��� �������	�� 
�� �� �����	����"	 !� �	 �����!����	�� ������&���� ��	�����

���� ����6���� !� ��	��� �6��	�	���� ����� !� ��	���� ?�< �&� ��	������	��< !� S�����@ ���������
��� �������� ������� ?��� C�1< %�	���� �� ��� �11�D@�
.��� ��	�������"	 �������	�� �� �� ����	��"	 !� ��� !� ��	���� ���������	�� ?!� ���� ��	�	:

���@� �� !���4� �� ������� �� �����!����	�� �����(�!� ���� ����	�� ����� !� ��	���� ���������	�� �
!���������� K	 ��	�� ��� �	������	�� �� �� ����	
	������� ���	��� �� �������� !�� ������� ��&����
!� �� �����	����� 
�	 
�	��� A�� �A������ � �	 ������ !� ���� ���������� ?C��< %�	���� �� ��� �11�D@�
� ������ !�� ������� ������ ?���@ �� )� ����	�!� �	� ��� !� ��	���� �����
���� �< ���� �	�

�����	���"	 ��	��� !� ��� ��	������ "������< ��
�
� !� ��!� �������< A�� ��< �������	��< ��	�� "�����

A�� ���	!� �� ������� ������� ������ �� �� ������ �� ��	���� "����� ������!�< ���� A�� ��	!��� � �	
���������� ������ �����
�������� ���� ��A���� �� ��	��	��	�� ���	!� 	� �� ���� ��	 �������"	 A��
������� ���& ������< �� !����< !���	�� �� ������� !� !������"	 !� ���������� ��!��	�� �� !�������
�!������� ��������� �	 �� +��=���� �� K	� ��( !������!� �� ������� ������� ������ �� �����!� �
��������� �� ��	���� "����� ������!� ?���=���� �	 ������� !� ���������"	@�
K	� ����������� !� ���� ������� �� ����!��� �� ������	�� ����� $������ ����	�� �	 ������:

�����	�� J	���< ��!��	�� ��� ���	���� ������!�� �	 �� +��=���� � � �����������	�� ������� ?��
������� ��	 �������"	 �	���	� ����	�!�@ ����!����=�� ��&����� !�� ������!�� "������

5'



�A���A �� 3�	�B	��

+���� �	 �P� !��N ��	���		�< ��� ����L���  ��������� �����	�������� !������ ��� !�� ��!L���
!� ���� � �
��� 	 �
��� � 	����� � 	 �
��� �����	� M��� �������� ���� ��!������ �	� ������ ��L�
����� !� ����L��� ��	������� .	 � !�		� !�� ��	!����	� 	���������� �� ��U��	���< ?�6������� ��� �	
����L�� ��������� ������@< A�� ����	�����	� �P�6����	�� !P�	� �����	!� ������	� �	 ����������	�
�	�A�� N �� ������< A������ A�� ����	� ��� ��������	� !� ��������� �	���	��

*� ���� �	 ������ !� ���� !� �����	!� $��������		���� �� 2������ ���������� A�� ��� ���������
�	���	�� �� ��� !������� ��	� !����	�����< �� A�� 	P��� ��	�������	� ��� �� ���< �� A�� ������ N ���
��������� $��� ��	����	�� ����� !�U����� �	 ������� �	 !�������� !� ���������< !�	� �� S	�����
��� !� !������	�� A����� ��� �� ��������� �	���	� ������ ����� ������ A�� �	� ��� !������� !�	� ��
��!L��� K	� ��	��������	 !� �� ������� � ��� ��������� �	 �����!�	� �������� !� %�	���� �� �� ?C'D@�
.	 � ��	�� ��	��� A�� �� !�������� !� ��������� �!������
 ��	����� �	 �	 ����� S	� �� �	 �����	�
�	� ���	� ���� �� ����� !� ��	�����	�� !� �P�������)�� ?�	 ������� ��� �	 ����� !� ��!�����	@�

K	� !��6�L�� ��	��������	 ��L� �������	� � ��� !�		�� �	� �����!��� ���������A�� ����
�����6���� !� ��	�L�� �6��	�	������ !�� ���� !� �����	!� ?��< ���� ��	�������	�< !� S�����@
��������� ��� !�� ����L��� ������� N ���	! ���	�

K	� ������L�� ��	��������	 � ��� �P����	���	 !P�	� ��� !� �����	!� ������	� ���������		����
?N ���	! ���	@� *� ��	�)L�� ��� !�R���	��< ���� ��L� ����)� !� ����� !� �����!� ������� ���� ����	��
�� ��� !� �����	!� $��������		���� �� 2������� K	 ���	� A�� 	��� ������	� ���������L����	�
�	�������	� ��� �P�	�����������	< !� ���	� !� ��� !� �� �)����� !�� ����L���< !� �����!� ������A��
!� �P�	��������	 ��� �������< �� A�� ��� ���!��� ��� �	 �)�	����	� !� ���� ?��	�������@ ������������

$��� �� ��� !P�	� 
������ !� � ����L��� ��	������ ���� ����������	� �	���	��< �	 � �������
�	� ��� !� �����	!� ����:�������� ����	�� ����� �	� �����	����	 ��	����� !�� �����	!��
��������� !� �)�A�� ����L��� +���� ��� !� �����	!� ��� ���	� ����� A��	! �� ����� ����L�� ���
����
 A�� ����A�� �P�	 �����A�� �� �����	!� �������� �������� V ���� ���� ��	!��� N �	 ���������
������ �����
����	�� +� ��)��� ��� ����� A��	! �	 	� ���� ��� ���������	� A��� ����L�� ��� ����
 ?�	
������� ��� �	 ����� !� ��!�����	 ��� �� ���	�@V ���� ��� �� ��� ����A�� �P�	 !������ �� ��������� �	���	�
�	 �������	� �P�������)�� !� !�������	 �!������
 ������� !�	� �� +)������ �� K	� 
��� !������ ��
����� ����L�� ����
< �	 �����A�� �� ��� !� �����	!� �������� ���������

K	� ����� 	�������� ���� �� ������� !� �)L�� ��� !P���!��� �� !� �������� �� !�����)� ��	�����	�
N ��	!�� ���� !P����! �� ����������	� �	�A�� ?�	 �������	� ��� ���)	�A��� !� +)������ �@ ���� N
�����A��� �	����� ?�� ������ ��	� ��������	 �	���	� ��	�� ����	��@ �� ���)�!������ ������A�� !�
���������� ��������

5/
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C�D  �
�'��) >@�@ 4�--�95 ��
����� <����	 �������< �!� ����	���:9�����< *������ I���� �	
+�	���� �	!  	
�������	 ����	���< 9��� �'��

C�D  ����
	�� +@  @ 4�-2.95 =?� ������ ������ ��� $���	�����������B���	�������� .�	 ����
�	��� �� �����	 �������( � ������	�� �

	���?< � �7 ^� +�	���� .���< 9����#< I�� #< ���
/�/:/�5�

C�D :���)	�� "@ 4�-2�95 B� �������	 ��
����� <����	 3�������� �������< � �7 ^� +�	����
�	! .�����(����	< 9.*� �1< I�� '< ��� /��:/��< ����

C#D :���

	 %@5 ?�����	 %@ 	�� %	
	(�� %@ 4�--�95 B� �?� ��
����������� �. ����
J�	����� ��	����	� ������� $���	�� <�I� &�?� ���� �. �I� 
����� ��	������ �������'< ��	!
 ���[+2+< �� 5�'[5�/�

C'D :���

	 %@5 ����� %@%@ 	�� %����A �@ 4����95 ;��
���� ��	����	� 3������	 .�	 <����	
��
����� �������< 3� �� $�����)�! �	 �)� $�����!�	�� �
 �)� �++P�111�

C/D :���

	 %@5 ,�(��
 �@ 	�� %	
	(�� %@ 4�--�95 B��
�� 3������� ;��������� .�	
��
����� 3���	�
�����< +�������< ������� �	! ���	�� $�������	�< �������  ���� �	 _ �������
������ �������_< 9�� �� I���:�< �� �#�[�'��

C�D :���

	 %@ 	�� ,�*	�� �@ 4�--295 ;��
���� �	�����
������	 .�	 ��%������ B��
�� 3���
��	������ �� A���F������ �?��� ���B ������< ���)  ���[+2+< �� ���/:#11��

C5D :���

	 %@ 	�� %	
	(�� %@ 4�--�95 J�	����� ��	����	� ������� ��� ��
����� 3���	�
�����<
��� �������	 +�	���� +�	
���	��< �:' ^���< 8��	���� -��	��< 9��� �< �� #1�:#15�

C�D :���

	 %@ 	�� %	
	(�� %@4�--�	9< A�� ����	����� ��� 	�������� �
���� .�	 ��
�����
����	�
�����<  	, �1�)  ���[+2+< ��� �#�'[�#�1�

C�1D :���

	 %@ 	�� %	
	(�� %@ 4�--�9< ������	�� F����� ����� ����	 �#��	��� �!���������
.�	 ��
����� 3���	�
�����< ����������< 9��� ��?/@< �� 5��:�1��

C��D %@ :���

	 	�� %@ %	
	(�� 4�--09< ��	����	�� F��	�# F����� ����� ;���	��?� .�	 ���

����� 3���	�
�����< ����������< 9�� ��?#@< ��� �1':��1�

C��D :���

	 %@ 	�� %	
	(�� %@ 4�---9< A������	� ��� ��K����� $��������� .�	 3����	�����
3����
���� I��? ��������� ����� ��3 $���	�� <�I�<  ���:3�+< 9�� ##< I� /< �� ����:���'�
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C��D :���

	 %@5 %	
	(�� %@ 4����9< F�	� ;���� A�� �!��	� ��
����� 3���	�
����� .�	 F���

������ ��� $���	��< ��:�)  ���:+2+< ����/#�:�/#�

C�#D :���

	 %@ 	�� %	
	(�� %@ 4����9< �	�
�	������ ��� 3�	������� ����� G������L 3�����


���� �. <����	 �������<  ���:3�+< 9�� #'< I� #< �� ��1:����

C�'D :���

	 %@ 	�� %	
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Abstract–In some control problems, it may be convenient,
at least from the analysis point of view, to use non proper
compensators. However, as far as their implementation is
concerned, proper approximations have to be designed. In
the present paper, we first show how exponential approxi-
mations can be rather easily designed (Lemma 1). Then, we
characterize, in geometric terms, the external properness of an
implicit description (Theorem 1 and Corollary 1). Finally, the
combination of those two results solves the problem of proper
exponential approximation and generalizes to the MIMO case
a previous result from Bonilla and Lozano (Theorem 2).

Notation

Script capitals V ,W, . . ., denote linear spaces with elements
v, w, . . .; the dimension of a space V is denoted dim(V); when
V ⊂ W, WV or W/V stands for the quotient space W modulo

V; the direct sum of independent spaces is written as ⊕. Given
a map X : V → W, Im X = XV denotes its image, and KX
or sometimes Ker X denotes its kernel. We write X−1T for

the inverse image of T by X. {x, y, z} stands for the subspace
spanded by x, y and z. ei stands for the vector with a 1 in its

i − th component and 0 in its other components. L−1 {·}
denotes the inverse Laplace Transform; s is the complex

Laplace variable; p is the derivative operator d/dt. χik denotes

a kx1 vector whose i-th component is 1 and the others are

zero. 1k denotes a kx1 vector whose all components are 1.

Ik denotes a kxk identity matrix, or simply I when the size

does not have to be explicitly indicated. U
©
vT
ª
denotes an

upper triangular Toeplitz matrix with first row vector vT .

L {v} denotes a lower triangular Toeplitz matrix with first
column vector v. D {X1, ...,Xk} denotes a block diagonal
matrix whose diagonal block are the matrices X1, ...,Xk. Ex-

amples: χ1
2
=
∙
1
0

¸
, 12 =

∙
1
1

¸
, U {£ a b

¤} = ∙ a b
0 a

¸
,

L
n∙

a
b

¸o
=

∙
a 0
b a

¸
, D {X1,X2} =

∙
X1 0
0 X2

¸
.

I. Introduction

In many control problems (e.g.decoupling, disturbance
decoupling,...), one often has to consider non proper com-
pensators. This is because, either proper exact solutions
do not exist, or obtaining them (often based on inversion
techniques) is much easier; see for example [5], [6] and
[7]. Then, for their effective implementation, proper
approximations must be designed which do not “much”
alter the control objective. We propose here a systematic

procedure for proper exponential approximation. More
precisely, we give a solution to the following problem:

Problem 1: Given the non-proper compensator, Σc :
U → Y , with realization:

N ω̇(t) = ω(t) + Γu(t) ; y∗(t) = ∆ω(t) (1)

where N :W →W , Γ : U →W and∆ :W → Y are linear
operators, N is a nilpotent operator and U , Y andW are
the input, the output and the descriptor variable spaces,
respectively. Find a strictly proper filter, Σf : Y → Y,
with realization:

ż(t) = A (ε) z(t) +B (ε) y∗(t) ; y(t) = Cz(t) (2)

such that:

1) lim
ε→0

ky(t)− y∗(t)k ≤ Ke−βt, with K,β > 0 and Σf
is internally stable for all ε > 0

2) The transfer function matrix of the overall system,
Σf ◦ Σc, is proper.

We are going to assume that the non proper compen-
sator (1) is completely observable, and then its Kronecker
canonical form has only row minimal indices blocks (see
[8], [10] and [9]). And thus, when system (1) is carried
to its Kronecker canonical form, we get

N = D {N1, . . . ,Nn} , ∆ = D
©
∆T1 , . . . ,∆

T
n

ª
Ni = L

n
χ2
(ki+1)

o
, ∆i = χ

(ki+1)
(ki+1)

, with i = 1, . . . , n

(3)
Note that ki ≥ 0, i = 1, . . . , n, denote the orders of the
poles at infinity of compensator (1).

In Section II we propose an internally stable strictly
proper realization, Σf , which external behavior exponen-
tially approaches that of the non proper compensator,
Σc (solution of part 1 of Problem 1). In Section III we
characterize the external properness, through some nice
geometric results (Theorem 1 and its Corollary 1). In
Section IV we show that our construction of Σf makes
the transfer function matrix,

¡
Σf ◦ Σc¢ (s), externally

proper (solution of part 2 of Problem 1). This leads to the
structural Theorem 2, which generalizes to the MIMO
case some previous SISO result from Bonilla and Lozano
[4]. In Section V we detail an illustrative example and
we conclude in Section VI.



II. Exponential Approximation

Lemma 1: Let us consider the system, Σf : Y → Y,
ẋ(t) = Aβ x̄(t)− εk+1y(t)
ε ˙̂x(t) = Aox̂(t) +Bo (x̄(t) + y

∗(t)) ; y(t) = Cox̂(t)
(4)

where x̂ ∈ bX ; x̄, y, y∗ ∈ Y , and ε > 0 such that:
1. Aβ and Ao are Hurwitz,

2. L−1
n¡
sI− 1

εAo
¢−1o

= Ao(t, ε)e−t/ε,

3. The elements of Ao(t, ε) are polynomials in the
variable t/ε, with degrees less than or equal to κ,
4.

R∞
0 CoAo(λ)e−λBodλ = I, Ao(λ) = Ao(ελ, ε),

5. det
¡
εκ−1Co(sI− 1

εAo)
−1Bo(sI−Aβ)−1

¢
= h̄(ε)f̄(s)

ḡ(s) ,

where h̄ ∈ R[ε] & f̄ , ḡ ∈ R[s], with ḡ Hurwitz.
Then:

lim
ε→0

(y(t)− y∗(t)) = eAβtx̄ (0) ; t > 0 (5)

det

∙
(sI−Aβ) εk+1Co
−1εBo

¡
sI− 1

εAo
¢ ¸ is Hurwitz (6)

Before proving this Lemma let us show that the following
choice of Ao, Bo and Co satisfies the requirements:

Ao = D {A1, . . . , An} , Bo = D {b1, . . . , bn}
Co = D

©
cT1 , . . . , c

T
n

ª (7)

Ai = −Iki + U{(χ2ki)
T }, bi = χki

ki
, ci = χ1

ki
,

with i = 1, ..., n. and κ = max{k1, . . . , kn} (8)

Indeed, L−1{(εsI − Ai)−1} = 1
εU
nh
1 t/ε

1! · · · (t/ε)ki−1(ki−1)!
io

e−t/ε, and then
R∞
0 cTi Ai(ελ, ε)e

−λbidλ = cTi U{1Tki}
bi = 1. Moreover the Markov’s parameters of each
subsystem

©
Ai, bi, c

T
i

ª
satisfy:

hi,j+1 = c
T
i A

j
i bi = 0, for j = 0, 1, . . . , ki − 2,

i = 1, . . . , n and hi,ki = 1, for i = 1, . . . , n
(9)

Furthemore: det
£
I + εκCo(sI− 1

εAo)
−1Bo(sI−Aβ)−1

¤
= Πni=1

³
1+ ε εκ−ki

(s+1/ε)ki(s+β)

´
.

Proof of Lemma 1

det

∙
(sI−Aβ) εk+1Co
−1εBo

¡
sI− 1

εAo
¢ ¸ =

= det[sI−Aβ] det[sI− 1
εAo] det[I + εκCo(sI− 1

εAo)
−1

Bo(sI−Aβ)−1]
= det[sI−Aβ] det[sI− 1

εAo]
³
1+ εf(s,ε)g(s)

´
where g(s) divides ḡ(s) and f(s, ε) divides h̄(ε)f̄(s, ε).
Then by Routh-Hurwitz there exists ε∗ such that the
right hand side is Hurwitz for all ε ∈ (0, ε∗].
The solution of (4) is:

x̄(t) = eAβtx̄ (0)− εk+1 R t
0
eAβ(t−σ)y(σ)dσ;

y(t) = CoAo(t, ε)e−t/εx̂ (0) + Co
R t
0
1
εAo (t− τ, ε)

e−(t−τ)/εBo (x̄(τ) + y∗(τ )) dτ

Doing the change of variable, τ = t − ελ, we get: y(t)

= CoAo(t, ε)e−t/εx̄(0) + Co
R t/ε
0

Ao(λ)e−λBoeAβ(t−ελ)

x̄(0)dλ − εk+1Co
R t/ε
0 Ao(λ)e−λBo

R t−ελ
0 eAβ(t−ελ−σ)

y(σ)dσdλ + Co
R t/ε
0

Ao(λ)e−λBoy∗(t − ελ)dλ. Then
limε→0 (y (t)− y∗ (t)) = eAβtx̄ (0).

III. External Properness

Definition 1: The implicit system

Eẋ(t) = Ax(t) +Bu(t) ; y(t) = Cx(t) (10)

where E : X → X , A : X → X , B : U → X and
C : X → Y are linear operators, is externally proper iff
its externally minimal part is internally proper.
It is shown in [3] that the system (E,A,B,C) is
externally equivalent to the externally minimal system
(Em, Am, Bm, Cm), shown in Fig. 1.

-

-
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X

Xm

X

Xm

Y U

(E,A)

(Em, Am)

Πm Pm

C

Cm

B

Bm

Xm =
V∗X

V∗o+V∗X∩R∗a0
; Xm =

EV∗X+Im B

EV∗o+A(V∗X∩R∗a0)

Fig. 1. External minimal realization of a given (E,A,B,C))
realization. Πm and Pm are canonical projections.

The subspace V∗X characterizes (together with EV∗X +
Im B) the set of all possible trajectories which are not
identically zero for any input u, which is the limit of:

VoX = X ; Vµ+1X = A−1 (EVµX + Im B) .

The subspace V∗o characterizes (together with EV∗o ) the
set of all exponential trajectories which are unobservable
at the output y. This subspace is the limit of:

Voo = X ; Vµ+1o = KC ∩ A−1EVµo .
The subspace R∗a0 characterizes (together with AR∗a0)
the set of all trajectories due to pure differential actions
with no influence on the input-output trajectories. This
subspace is the limit of:

Ro
ao = KC ∩KE ; Rµ+1

ao = KC ∩ E−1ARµ
ao. (11)

Theorem 1: If (10) is observable and has no trajecto-
ries identically null, no matter the input action, namely
V∗o = {0} and V∗X = X , (10) is externally proper iff

V∗Xo + S∗Xo = X ; V∗Xo ∩ S∗Xo ⊂ R∗a0 (12)

dim

Ã
V∗Xo +R∗a0 + T

2

1

V∗Xo +R∗a0 + T
1

1

!
= 0 (13)

where V∗Xo and S∗Xo are respectively the limits of:
VoXo = X , Vµ+1Xo = A−1EVµXo
SoXo = KE , Sµ+1Xo = E−1ASµXo

(14)



and T µ1 and T
µ

2 are extracted from the two algorithms:

T o1 = R∗a0 , T µ+11 = E−1A
³
T µ1 +R∗a0

´
T o2 = X , T µ+12 = A−1ET µ2 +R∗a0V∗Xo characterizes (together with EV∗Xo) the exponential

trajectories and S∗Xo characterizes (together with AS∗Xo)
the set of all trajectories due to pure differential actions
(see [11] and [1]); let us note that S∗Xo ⊃ R∗a0.
Proof of Theorem 1 The proof is done in 4 steps:
1. Let us first recall that a pencil [λF−G] is internally

proper iff (see [8], [1], [2]): it is regular, i.e. det [λF−G] 6=
0, and it has no infinite zeros of order greater than one,
i.e. there exist no derivators.
From [9] we have that the regularity is equivalent to:

X = A∗1 ⊕A∗2
Also, the absence of infinite zeros of order greater than
one is equivalent to:

dim

µA∗2 +A21
A∗2 +A11

¶
= 0

where A∗1 and A∗2 are respectively the limits of:
Ao1 = {0} , Aµ+11 = F−1GAµ1
Ao2 = X , Aµ+12 = G−1FAµ2

2. Let us next show that the system (Em, Am, Bm, Cm)
is internally proper iff:

X = T ∗1 + T ∗2 ; T ∗1 ∩ T ∗2 = Ker Πm

dim

µT ∗2 + T 21
T ∗2 + T 11

¶
= dim

Ã¡T ∗2 + T 21 ¢ ∩Ker Πm
(T ∗2 + T 11 ) ∩Ker Πm

!
where T o1 = Ker Πm, T µ+11 = E−1(AT µ1 +Ker Pm), and
T o2 = X , T µ+12 = A−1(ET µ2 +Ker Pm).
Indeed, from the first item (Em, Am, Bm, Cm) is regular
iff Xm = A∗1m ⊕ A∗2m, where A∗1m and A∗2m are respec-
tively the limits of:

Ao1,m = {0} , Aµ+11m = E−1m AmAµ1m
Ao2m = Xm , Aµ+12m = A−1m EmAµ2m

Now from the commutative diagram of Fig.
1 we get: Π−1m Aµ+11m = (EmΠm)

−1AmAµ1m =
E−1P−1m AmΠmΠ

−1
m Aµ1m = E−1P−1m PmAΠ

−1
m Aµ1m

= E−1(AΠ−1m Aµ1m + Ker Pm), namely: T µ1 = Π−1m Aµ1m.
In a similar way T µ2 = Π−1m Aµ2m. And thus,

Xm = A∗1m ⊕A∗2m iff X = T ∗1 + T ∗2
and T ∗1 ∩ T ∗2 = Ker Πm

On the other hand

dim
³A∗2m+A2

1m

A∗2m+A1
1m

´
= dim

µ
Πm(T ∗2 +T 2

1 )
Πm(T ∗2 +T 1

1 )

¶
= dim

³T ∗2 +T 2
1

T ∗2 +T 1
1

´
− dim

µ
(T ∗2 +T 2

1 )∩Ker Πm
(T ∗2 +T 1

1 )∩Ker Πm

¶

And thus

dim
³A∗2m+A2

1m

A∗2m+A1
1m

´
= 0 iff

dim
³T ∗2 +T 2

1

T ∗2 +T 1
1

´
= dim

µ
(T ∗2 +T 2

1 )∩Ker Πm
(T ∗2 +T 1

1 )∩Ker Πm

¶
3. Let us now show that: If V∗o = {0} and V∗X = X then
T µ1 = T µ1 and T µ2 = T µ2 ; moreover, T

∗
1 = S∗Xo and T

∗
2

= V∗Xo + R∗a0.
Indeed, from the commutative diagram of Fig. 1 we get
for this case Ker Πm = R∗a0 and Ker Pm = AR∗a0, and
thus T µ1 = T µ1 and T µ2 = T

µ

2 .

Note that T 11 = E−1AR∗a0 ⊃ KE = SoXo + R∗a0. Let
us then assume that T µ1 ⊃ Sµ−1Xo + R∗a0, which implies
T µ+11 ⊃ SµXo + E−1AR∗a0 ⊃ S

µ
Xo +R∗a0.

On the other hand, T o1 = R∗a0 ⊂ S∗Xo , assuming then
T µ1 ⊂ S∗Xo we get T

µ+1

1 ⊂ S∗Xo . Therefore:
S∗Xo = S∗Xo +R∗a0 ⊂ T

∗
1 ⊂ S∗Xo

Now in view that T o2 = X = VoXo = VoXo + R∗a0, let us
assume that T µ2 = VµXo +R∗a0. This assumption implies
(recall that ER∗a0 ⊂ AR∗a0):

T µ+12 = A−1
¡
EVµXo + ER∗a0

¢
+R∗a0

= A−1
¡
EVµXo + ER∗a0 +AR∗a0

¢
= A−1

¡
EVµXo +AR∗a0

¢
= A−1EVµXo +R∗a0 = V

µ+1
Xo +R∗a0

namely T µ2 = VµXo +R∗a0, which implies T
∗
2 = VµXo +R∗a0.

4. Finally, let us note that:

T ∗1 ∩ T
∗
2 = S∗Xo ∩

¡V∗Xo +R∗a0¢ = S∗Xo ∩ V∗Xo +R∗a0
which proves (12). Also:

dim

µ
(T ∗2+T 2

1)∩Ker Πm
(T ∗2+T 1

1)∩Ker Πm

¶
=

= dim

µ
(V∗Xo+R∗a0+T

2
1)∩R∗a0

(V∗Xo+R∗a0+T
1
1)∩R∗a0

¶
= dim

³R∗a0
R∗a0

´
= 0

which proves (13).
Now if the implicit description (10) has only exponen-

tial and derivative modes (neither minimal row indices
nor minimal column indices) then (see [8], [1] and [9]):

X = V∗Xo ⊕ S∗Xo
In this case, (12) is automatically satisfied. Since T µ1 ⊂
T ∗1 = S∗Xo , implies that V∗Xo∩T µ1 = V∗Xo∩S∗Xo∩T

µ

1 = {0}.
And since T µ+11 ⊃ SµXo +R∗a0 ⊃ R∗a0, we get:

dim

µ
V∗Xo+R∗a0+T

2
1

V∗Xo+R∗a0+T
1
1

¶
=

= dim

µ
V∗Xo+T

2
1

V∗Xo+T
1
1

¶
= dim

µ
V∗Xo⊕T

2
1

V∗Xo⊕T
1
1

¶
= dim

³T 2
1

T 1
1

´
Therefore dim

µ
V∗Xo+R∗a0+T

2
1

V∗Xo+R∗a0+T
1
1

¶
= 0 iff T 11 = T 22 = T ∗1,

namely: E−1AR∗a0 = S∗Xo .



We have proved in this way the following Corollary:
Corollary 1: If the implicit system (10) is exponen-

tially observable, has no trajectories identically null,
no matter the input action, and has only integral and
derivative actions, namely:

V∗o = {0} , V∗X = X , and X = V∗Xo ⊕ S∗Xo
then (10) is externally proper iff

E−1AR∗a0 = S∗Xo (15)

IV. Proper Exponential Approximation

Embedding the non proper compensator (1) and the
strictly proper filter (4) into an implicit description, we
get that the overall system,

¡
Σf ◦ Σc¢, is:

Eẋ(t) = Ax(t) +Bu(t) ; y(t) = Cx(t) (16)

where:

E =

∙
I 0
0 N

¸
, A =

∙
Ap Bp
0 I

¸
, B =

∙
0
Γ

¸
,

C =
£
Cp 0

¤
with: Ap =

∙
Aβ −εk+1Co
1
εBo

1
εAo

¸
, Bp =

∙
0

1
εBo∆

¸
,

Cp =
£
0 Co

¤
, and xT =

£
xT bxT ωT

¤
(17)

Taking into account the particular forms of Σc and Σf ,
we get from (3), (7) and (17):

Bp = [Bp1 |Bp2 | · · · |Bpn ] ; Bpi = [0| · · · |0|bpi ]
bTpi =

∙
0

¯̄̄̄
0

¯̄̄̄
· · ·
¯̄̄̄
0

¯̄̄̄
1
ε b
T
i

¯̄
0

¯̄̄̄
· · ·
¯̄̄̄
0

¸
, i = 1, ..., n.

(18)

Lemma 2: Let us define the two following changes of

basis: R =

∙
I Rp
0 I

¸
, L =

∙
I Lp
0 I

¸
, where

Rp =
£
Rp1 | Rp2 | · · · |Rpn

¤
Rpi =

h
Aki−1p bpi

¯̄̄
· · ·

¯̄̄
Apbpi

¯̄̄
bpi

¯̄̄
0
i

Lp = − (ApRp +Bp) .
(19)

Then
Rp + LpN = 0 (20)

CpA
j
pbpi = 0, for j = 0, 1, . . . , ki − 2, & i = 1, . . . , n

CpA
ki−1
p bpi =

1
εki

χi
n
, for i = 1, . . . , n

(21)
Proof of Lemma 2 From (19) and (3) we get:

−LpN = (ApRp +Bp)N

=

∙ h
Ak1p bp1

¯̄̄
· · ·

¯̄̄
Apbp1

¯̄̄
bp1

i
N1

¯̄̄̄
· · ·

¯̄̄̄ h
Aknp bpn

¯̄̄
· · ·

¯̄̄
Apbpn

¯̄̄
bpn

i
Nn

¸
=

∙ h
Ak1−1p bp1

¯̄̄
· · ·

¯̄̄
bp1

¯̄̄
0
i¯̄̄̄

· · ·
¯̄̄̄ h

Akn−1p bpn

¯̄̄
· · ·

¯̄̄
bpn

¯̄̄
0
i ¸

= Rp.

From (18), (17), (7) and (9) we get (21).
Now in view of Lemma 2, we have:

LER =

∙
I 0
0 N

¸
, LAR =

∙
Ap 0
0 I

¸
,

CR =
£
Cp Cn

¤ (22)

where:

Cn = D
©
νT1 , ..., ν

T
n

ª
; νi =

1

εki
χ1
(ki+1)

, i = 1, ..., n.

(23)
And thus, by simple computation we can check from (22)
and (23) that

E−1AR∗a0 = S∗Xo ,
that is to say, the overall system (16)-(17) is externally
proper and satisfies Lemma 1.
From (3), we can easily see that the integer n corre-

sponds to the number of chains of derivators in the non
proper compensator Σc in (1), each chain of length ki.
On the other hand, the zero Markov parameters which
appear in (21) express the fact that the orders of the zeros
at infinity of the strictly proper filter Σf are greater than
or equal to ki. This corresponds to the following:
Theorem 2: Let the proper filter Σf , be designed as

in Lemma 1 in order to approximate in an exponential
way the non proper compensator Σf . Then the overall
system

¡
Σf ◦ Σc¢ is externally proper iff the orders of

the zeros at infinity of Σf are respectively greater than
or equal to ki.
This result generalizes to the MIMO case the filter
introduced in [4] for SISO systems (see Fact 2.1).
Remark 1: As mentioned in the Introduction, one

important application of our results rests upon the
practical synthesis of non proper compensators, like P.D.
feedback (see for instance [5], [6] and [7]). Note that the
same procedure can be used identically to implement
other kinds of non proper systems, for instance state
derivative observers, i.e. systems which give an expo-
nential estimate of ẋ(t) and x(t) (see mainly (5) with

y∗(t) =
£
ẋT (t) xT (t)

¤T
and Theorem 2).

V. Illustrative Example

In order to clarify the principal ideas of this paper,
let us consider the following non proper system with one
pole at infinity of order two: 0 0 0

1 0 0
0 1 0

 ξ̇ =

 1 0 0
0 1 0
0 0 1

 ξ +
 −10

0

u
y∗ =

£
0 0 1

¤
ξ

(24)

In the following two Subsections we are going to consider
the approximation proposed in Lemma 1. In the first
approximation we take a zero at infinity of order one
and in the second one we take order two.



A. First approximation

Let us consider the system of Fig. 2, which descriptor

form is (x =
£
x z ξT

¤T
):

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

 ẋ =

−β −ε2 0 0 0
1
ε

−1
ε

0 0 1
ε

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

x
+
£
0 0 −1 0 0

¤
u

y =
£
0 1 0 0 0

¤
x

(25)
Comparing system (25) with (16)—(18), we get: Ap =∙ −β −ε2
1/ε −1/ε

¸
, bp1 =

∙
0
1/ε

¸
, and Bp = Bp1 =∙

0 0 0
0 0 1/ε

¸
. And then, Rp =

∙ −ε 0 0
−1/ε2 1/ε 0

¸
and

Lp =
∙ −εβ − 1 ε 0
1− 1/ε3 1/ε2 −1/ε

¸
, namely: R =

∙
I2 Rp
0 I3

¸
and L =

∙
I2 Lp
0 I3

¸
. Premultiplying (25) by L and doing

x = Rex, we get:
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

 ėx =

−β −ε2 0 0 0
1
ε −1

ε 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ex
+
£
(εβ + 1) (1/ε3 − 1) −1 0 0

¤
u

y =
£
0 1 − 1

ε2
1
ε 0

¤ ex
(26)

Doing the correspondence of (26) with (22), we can
easily identify matrices N, Ap, Cp and Cn. Applying
now algorithms (11) and (14) to (26), we get:

R∗a0 = {e5} ; E−1AR∗a0 = {e4, e5} ; S∗Xo = {e3, e4, e5}
We then realize that: S∗Xo 6= E−1AR∗a0. And thus,
Corollary 1 tells us that (25) is not externally proper.

B. Second approximation

Let us consider the system of Fig. 3, which descriptor

form is (x =
£
x z1 z2 ξT

¤T
):

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

 ẋ =


0
0
0
−1
0
0

u+

+


−β −ε2 0 0 0 0
0 0 1 0 0 0
1/ε2 −1/ε2 −2/ε 0 0 1/ε2

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

x
y =

£
0 1 0 0 0 0

¤
x

(27)

Comparing system (27) with (16)—(18), we get: Ap = −β −ε2 0
0 0 1

1/ε2 −1/ε2 −2/ε

, bp1 =
 0

0
1/ε2

, and Bp = Bp1 = 0 0 0
0 0 0
0 0 1/ε2

. And then, Rp =
 0 0 0

1/ε2 0 0
−2/ε3 1/ε2 0

 and

Lp =

 1 0 0
2/ε3 −1/ε2 0
−3/ε4 2/ε3 −1/ε2

, namely: R = ∙ I3 Rp
0 I3

¸
and L =

∙
I3 Lp
0 I3

¸
. Premultiplying (27) by L and doing

x = Rex, we get:
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

 ėx =

−1
−2/ε3
3/ε4

−1
0
0

u

+


−β −ε2 0 0 0 0
0 0 1 0 0 0
1/ε2 −1/ε2 −2/ε 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ex
y =

£
0 1 0 1/ε2 0 0

¤ ex

(28)

Doing the correspondence of (28) with (22), we can
easily identify matrices N , Ap, Cp and Cn. Applying
now algorithms (11) and (14) to (28), we get:

R∗a0 = {e5, e6} ; E−1AR∗a0 = {e4, e5,e6} ;
S∗Xo = {e4, e5, e6}

We then realize that: S∗Xo = E−1AR∗a0. And thus,
Corollary 1 tell us that system (27) is externally proper.
Indeed, it is externally equivalent to:

ḃx =

 −β −ε2 0
0 0 1
1/ε2 −1/ε2 −2/ε

 bx+
 −1
−2/ε3
3/ε4

u
y =

£
0 1 0

¤ bx+ (1/ε2)u (29)

VI. Conclusion

In this paper we have solved the problem of approxi-
mating non proper MIMO systems by stable externally
proper systems.
The main geometric result (Theorem 1 and Corollary

1) characterizes the external properness of an implicit
description.
This, combined with our proposed approximation

(Lemma 1) solves the problem and generalizes to the
MIMO case (Theorem 2) a previous result from Bonilla
and Lozano [4].
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Abstract–This paper deals with linear systems having
internal structural variations. Under some light assumptions,
the control of such systems is indeed possible, thanks to the
very nice setting of implicit models and Proportional and
Derivative (PD) feedbacks. However, the effective design of
such PD feedbacks usually requires suitable approximations
for the derivatives, hence Proportional approximations of
the PD feedback “exact” solution. The aim of the present
contribution is to directly takle an “almost” version of the
problem by pure (high gain) Proportional feedback. The
design is different, but very close to the one related to PD
feedbacks, mainly with respect to the associated geometric
splittings. As an interesting by-product, a system theoretical
interpretation of the classical process of “integration by parts”
is given and shown to be equivalent to some particular changes
of bases.

Notation

Script capitals V ,W, . . ., denote linear spaces with elements
v, w, . . .; the dimension of a space V is denoted dim(V); V ≈
W stands for dim(V) = dim(W); when V ⊂ W , WV or W/V
stands for the quotient space W modulo V; the direct sum of

independent spaces is written as ⊕. Given a map X : V →W ,
Im X = XV denotes its image, and KX or sometimes Ker X

denotes its kernel. For the special maps E : X → X and B :

U → X , their images are denoted by E and B, respectively.
We write X(−1) for the inverse map of X (when it exists) in

order to avoid confusions with X−1T , the inverse image of T
by X. {x, y, z} stands for the subspace spanded by x, y and
z. ei stands for the vector with a 1 in its i − th component
and 0 otherwise.

I. Introduction

Consider the implicit description, Σ (E,A,B,C):

Eẋ = Ax+Bu ; y = Cx (1)

where E : X → X , A : X → X , B : U → X and C :
X → Y are linear maps of appropriate dimensions, with
KB = {0} and Im C = Y . x, u and y are the descriptor
variable, the input and the output. When dim(X ) <
dim(X ), it is possible to describe linear systems with an
internal variable structure (see [4]). For example:∙

1 0 0
0 1 0

¸
ẋ =

∙
0 1 −1
1 0 −1

¸
x+

∙
0
1

¸
u

y =
£
0 0 1

¤
x

(2)

with the additional constraint: [α β 1]x = 0. If (α, β)
= (−1, −1), then ẏ + y = u. If (α, β) = (−1, 0), then

ÿ+ ẏ = u. If (α, β) = (−1, −5), then ÿ+6ẏ+5y = 5u̇+u.
Finally, if (α, β) = (1, 1), then ẏ − 3y = −u.

Problem 1: (Bonilla and Malabre [4] (Part I)) Let us
consider a set of strictly proper linear systems embedded
in a set of implicit global descriptions Σgi (E,A,B, C):

Eẋ = Ax+ Bu ; y = Cx (3)

with E =
£
ET 0

¤T
, Ai =

£
AT DT

i

¤T
, B =£

BT 0
¤T
(i = 1, . . . , n); E and Di are epic.

— Under which conditions can this set of linear systems
be controlled by a fixed P.D. state feedback, u = Fpx+
Fdẋ, assigning a fixed external closed-loop behaviour,
and which synthesis is based on the common internal
structure, described by Eẋ = Ax+Bu?
Bonilla and Malabre [4] have found what it is the
common internal structure of the set of linear systems
(3) which enables to solve Problem 1. They have given
a procedure to synthesize P.D. feedbacks for rendering
unobservable the variation of structure and assigning at
will the closed-loop output dynamics. Such a synthesis
procedure relied on the following Theorems (see Section
II for definition and related properties of V∗):
Theorem 2: (Bonilla and Malabre [4] (Part II)) If

Im A+ B ⊂ E and dim
¡V∗ ∩ E−1B¢ ≥ dim (KE) (4)

there then exists a P.D. feedback, u = F ∗p x+ F
∗
d ẋ, with

(F ∗p , F ∗d ) ∈ F(V∗) (see Section II), such that:
Im (E −BFd) = E and Ker (E −BFd) ⊂ V∗ (5)
Theorem 3: (Bonilla and Malabre [4] (Part II)) Let

(F ∗p , F ∗d ) ∈ F (V∗), as in Theorem 2. When (3) is fed back
with: u = F ∗p x+F ∗d ẋ+v, it is externally equivalent to: ˙̂x =
E
(−1)
∗ A∗x̂+E

(−1)
∗ B∗v and y = C∗x̂. The isomorphism E∗

and the maps A∗ and B∗ are induced from the closed loop
system by the cannonical projections Π : E → E/EF∗V∗
and Φ : X → X/V∗.
Theorem 4: (Bonilla and Malabre [4] (Part II)) Given

any pair (F ∗p , F
∗
d ), as in Theorem 3. If (1), related to

(3), is controllable1 then ˙̂x = E
(−1)
∗ A∗x̂+E

(−1)
∗ B∗v and

y = C∗x̂ is also controllable (in the classical sense).
1This controllability depends on the exogenous input, u, and

also on the degree of freedom, characterized by KDi , which acts as
endogenous inputs.



The solution found in [4] is based on the use of (P,D)
feedbacks which are friends of V∗. From the geometric
condition (4.b) of Theorem 2, we can realize that the
derivative part of the control law, Fd, is crucial for
solving Problem 1, namely a static feedback is generally
not sufficient. A natural question from a practical point
of view is -what can we do if we are restricted to
use Proportional feedbacks?; more precisely -how to
approximate the P.D. feedback obtained from Theorem
2 in order to be close to the nice structural properties
given in Theorems 3 and 4?. This question is stated in
the following Almost Rejection of the Internal Structural
Variations Problem (ARISV-Problem):
Problem 5 (ARISV-Problem): Given the implicit

global descriptions (3), let u∗ = F ∗p x + F ∗d ẋ + ū be a
control law solving Problem 1 and let y∗ be the output
obtained with this P.D. feedback. For a given δ ∈ R+
find a Proportional state feedback, u = Fpx + ū, such
that its closed loop output, y, satisfies (t∗(δ) is some
fixed time depending on the given δ):

|y − y∗| ≤ δ ∀ t ≥ t∗(δ)
In this paper we solve this ARISV-Problem. For this
we introduce in Section II some needed background
material. In Section III, we find some basic geometric
decompositions and in Section IV the problem is solved.

II. Background

A. Subspaces and Related Properties

Related with (1) are the well known subspaces:
The supremal (A,E,B) invariant subspace contained

in KC , V∗Σ := sup {V ⊂ KC | AV ⊂ EV + Im B}, limit of:
V0 = X & Vµ+1 = KC ∩ A−1 (EVµ + Im B), µ ≥ 0.
Let F(V∗Σ) denote the set of all (Fp, Fd) such that (A+
BFp)V∗Σ ⊂ (E−BFd)V∗Σ. Such (Fp, Fd) is called a friend
pair of V∗Σ. The following result is well known:
Fact 6: (i) For any (Fp, Fd), for the closed loop system,

ΣF (E−BFd, A+BFp, B, C) there holds: V∗Σ = V∗ΣF ; then,
we just write V∗ to identify V∗Σ or V∗ΣF (ii) For any Fd,
there exists F ∗p s.t. (F

∗
p , Fd) ∈ F(V∗Σ).

The supremal almost (A,E) controllability subspace
contained in KC , R∗a0 := inf{R ⊂ KC | R = KC ∩
E−1(AR)}, is the limit of the algorithm:
R0
a0 = KC ∩KE ; Rµ+1

a0 = KC ∩E−1(ARµ
a0) for µ ≥ 0

(6)
R∗a0 characterizes (together with AR∗a0) the set of all
trajectories due to differential actions with no influence
on the input-output trajectories. This set is called dif-
ferentially redundant descriptor variables.
Proposition 7: (Bonilla and Malabre [3]) Given an

implicit description, Σ(E,A,B,C), R∗a0 character-
izes the differentially redundant descriptor variables.bΣ( bE, bA, bB, bC): bE ˙̂x = bAx̂ + bBu and y = bCx̂ with bE :
X/R∗a0 → X/AR∗a0, bA : X/R∗a0 → X /AR∗a0, bB :

U → X/AR∗a0, and bC : X/R∗a0 → Y, has no differen-
tially redundant descriptor variables. Σ(E,A,B,C) andbΣ( bE, bA, bB, bC) are externally equivalent.
B. Properness

Definition 8: (Bernhard [2], Armentano [1]) The sys-
tem Fẋ = Gx+v is internally proper iff [λF−G] is regular
(square and det(λF−G) 6= 0) and it has no infinite zero
of order greater than one (no derivators).
Proposition 9: (Bonilla and Malabre [4] (Part I)) The

global descriptions (3) are internally proper iff:

Ker Di ⊕Ker E = X
Definition 10: An implicit description, Σ(E,A,B,C)

is called externally proper if it is externally equivalent
to some internally proper system.
Corollary 11: An implicit description, Σ(E,A,B,C) is

externally proper if its induced system, bΣ( bE, bA, bB, bC)
(defined in Proposition 7), is internally proper.

C. Integration by Parts

In this Subsection we find the equivalence, in the
framework of system theory, of one powerful tool of
functional analysis: the integration by parts. For this
let us consider the following proper system:

ẋ = [−1/ε]x+ [1/ε] f ; y = [−1/ε]x+ [1/ε] f (7)

where y is the output and f is an input at least twice
differentiable and such that f, ḟ , f̈ ∈ L∞, with x(0) = x0,
f(0) = f0 and ḟ(0) = ḟ0; ε is a positive parameter. Let
us analyze the external behaviour when ε tends to zero.
For this, let us obtain the solution of (7):

x(t) = e−t/εx0 + 1
ε

R t
0
e−(t−τ)/εf(τ )dτ , and

y(t) = −1εe−t/εx0 + 1
εf(t)− 1

ε2

R t
0
e−(t−τ)/εf(τ)dτ

Then |y(t)| ≤ 1
εe
−t/ε|x0| + 1

ε
|f(t)| + 1

ε
kfk∞. As we can

not conclude anything when ε → 0, let us integrate by
parts:

x(t)− f(t) = e−t/ε(x0 − f0)−
R t
0
e−(t−τ)/εḟ(τ )dτ ,

and y(t) = − 1εe−t/ε(x0 − f0) + 1
ε

R t
0
e−(t−τ)/εḟ(τ )dτ

Then |y(t)| ≤ 1
εe
− t
ε |x0 − f0| + kḟk∞, and we can only

conclude that y is bounded when ε → 0 and for t > 0.
Let us integrate by parts one more time:

x(t)− f(t) + εḟ(t) = e−t/ε(x0 − f0 + εḟ0)

+ε
R t
0
e−(t−τ)/εf̈(τ )dτ , and

y(t)− ḟ(t) = −1εe−t/ε(x0 − f0 + εḟ0)

− R t0 e−(t−τ)/εf̈(τ)dτ
Then: |y(t) − ḟ(t)| ≤ 1

εe
−t/ε|x0 − f0 + εḟ0| + εkf̈k∞.

Therefore, y(t)
ε→0−→ ḟ(t) ∀ t > 0.

From this simple analysis, we realize that it was neces-
sary to integrate by parts twice in order to get rigorous
arguments for (expected) conclusions. We would like now



to translate this process of “integration by parts” into a
system theoretical point of view. Indeed, we shall later
show, in Section III(B), that this interpretation in terms
of equivalent changes of bases is the guide which fully
enlights the choice of the particular proportional state
feedback law solving the Almost RISV problem.
1) Useful System Descriptions: Let us first note that

the first integration by parts is the time solution of
the Fliess state space description [5]: ẇ = [−1/ε]w +
[1/ε] (−εḟ) and y = [−1/ε]w. This description can be
obtained from (7) with the simple change of variable
w = x− f . Let us next note that the second integration
by parts corresponds to the time solution of the Fliess
state space description:

ż = [−1/ε] z + [1/ε] (ε2f̈) ; y = [−1/ε] z + [1] ḟ (8)

This description can be obtained from (7) with the
change of variable z = w − (−εḟ) = x− f + εḟ .
The implicit descriptions (7) and (8) are:
(i) Doing ξ1 = x and ξ2 = f in (7), we get:"

1 0

0 0

#
ξ̇ =

" −1/ε 0

0 1

#
ξ +

∙
1/ε
−1

¸
f

y =
£ −1/ε 1/ε

¤
ξ

(9)

(ii) Doing ζ1 = z, ζ2 = f , ζ3 = −εζ̇2 and ζ4 = ζ̇3 in
(8), we get:

1 0 0 0
0 −ε 0 0
0 0 1 0

0 0 0 0

 ζ̇ =


−1/ε 0 0 −1
0 0 1 0
0 0 0 1
0 1 0 0

 ζ
+
£
0 0 0 −1 ¤T f

y =
£ −1/ε 0 −1/ε 0

¤
ζ
(10)

2) Internal Properness: Let us first note that system
(9) is internally proper. Indeed, this follows from the
fact that (c.f. Proposition 9): X = Ker [ 1 0 ] ⊕
Ker [ 0 1 ]. Let us next note that system (10) is
not internally proper. Indeed, this follows from the

fact that (c.f. Proposition 9): Ker

 1 0 0 0
0 −ε 0 0
0 0 1 0

 ∩
Ker

£
0 1 0 0

¤ 6= {0}.

3) External Properness: Since system (9) is internally
proper, it is also externally proper. With respect to
system (10), we first need to obtain the system quotiented
by R∗a0 in the domain and by AR∗a0 in the co-domain
(c.f. Corollary 11):

6

?

X
AR∗a0

-¾
X/R∗a0


1 0
0 0

0 0
0 0

0 −²
0 0

0 0
1 0

 ˙̄ζ =


−1/ε 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

 ζ̄
+
h

1/ε −1 0 0
iT
f

y =
h
−1/ε 1/ε 0 0

i
ζ̄

Applying the algorithm (6) to this system, we realize that
R∗a0 = {e3, e4}. And thus, inside the solid line boxes we
find the induced system claimed in Corollary 11, which
is nothing else than system (9). Then, (10) is externally
proper and externally equivalent to (9).

From this discussion, we conclude that performing two
integrations by parts is equivalent to applying, in the
Fliess state space description, the change of variable:2

z = x − f + εḟ . The system obtained with this change
of variable only adds differential redundant descriptor
variables and remains externally proper and externally
equivalent to the original system. As we will see later on,
the added differential redundant subspace enables us to
bring the system into a nice structural form.

III. Basic Geometric Decompositions

Let us modify the geometric condition (4.b) as follows:

dim
¡V∗ ∩ E−1B¢ ≥ dim (KE) + dim ((KE + V∗)/V∗)

(11)
In order to simplify, we can also assume, without any loss
of generality, that a preliminary proportional feedback
has been applied such that:

AV∗ ∩ B = {0} and AV∗ ⊂ EV∗ (12)

In a similar way as in [4] (Part II), let us decompose KE ,
E−1B, V∗, and the space X as follows (X0, XV∗ , X3, and
XKE are any complementary subspaces):

KE = (V∗ ∩KE)⊕ XKE

E−1B = ((V∗ ∩ E−1B) +KE)⊕ X3
V∗ = XV∗ ⊕ (V∗ ∩ E−1B) ; X = (V∗ + E−1B)⊕ X0

(13)
In view of (11), there exist X1, X2 ⊂ E−1B, such that:

V∗ ∩E−1B = X1 ⊕ X2 ⊕ (V∗ ∩KE), with:
X2 ≈ XKE and dimX1 ≥ dimXKE

(14)

From (13) and (14) we get:
X = XV∗ ⊕ X1 ⊕ X2 ⊕ (V∗ ∩KE)⊕ XKE

⊕ X3 ⊕ X0
V∗ = XV∗ ⊕ X1 ⊕ X2 ⊕ (V∗ ∩KE)

E−1B = X1 ⊕ X2 ⊕ (V∗ ∩KE)⊕ XKE
⊕ X3

(15)
Thus, B, EV∗, and E are decomposed as (recall (4.a)):
B = EX1 ⊕ EX2 ⊕ EX3 ; EV∗ = EXV∗ ⊕ EX1 ⊕ EX2

E = EXV∗ ⊕ EX1 ⊕ EX2 ⊕ EX3 ⊕ EX0
(16)

Also U can be decomposed as (recall that KB = {0}):
U = B−1EX1 ⊕B−1EX2 ⊕B−1EX3 (17)

2In the case of n integration by parts the change of variable is:
zn = x+

Pn
i=1(−1)iεi−1f(i−1)



Based on the above decompositions, let us define the
following natural projections (i ∈ {V∗, 1, 2, KE}):3

QXi : X → Xi ; QV E : X → V∗ ∩KE
QE30 : X → XKE ⊕ X3 ⊕ X0 ; PXV∗ : E → EXV∗
P1 : E → EX1 ; P230 : E → EX2 ⊕ EX3 ⊕ EX0
R1 : U → B−1EX1 ; R2 : U → B−1EX2

R3 : U → B−1EX3
(18)

and the following insertion maps:
VXi : Xi → X ; VV E : V∗ ∩KE → X

VE30 : XKE
⊕ X3 ⊕ X0 → X ; W1 :→ B−1EX1 → U

W2 :→ B−1EX2 → U ; W3 :→ B−1EX3 → U
(19)

Thanks to the projections (18) and the insertions (19)
so defined, we get a more precise implicit description of
(1) in the following Lemma, proved in the Appendix:
Lemma 12: If (11) and (12) hold, then system (1) can

be expressed as:

TVQXV∗ ẋ = PXV∗Ax
T1QX1 ẋ = L1R1u
(K1QX2 +N1QE30)ẋ = A1QE30x+ (L2R2 + L3R3)u
y = CQE30x

(20)
where TV : XV∗ ↔ EXV∗ (TV = PXV∗EVXV∗ ), T1 : X1 ↔
EX1 (T1 = P1EVX1) and L1 : B

−1EX1 ↔ EX1 (L1 =
P1BW1) are isomorphisms. L2 = P230BW2 and L3 =
P230BW3 are monic and such that Im L2 = EX2 and
Im L3 = EX3. K1 and N1 are defined as follows:

K1 = PE30EVX2 ; Im K1 = EX2, KK1 = {0} (21)

N1 = PE30EV230; Im N1 = E(X3 ⊕ X0), KN1 = XKE
(22)

A1 and C are: A1 = PE30AV230 and C = CVE30.
We need the following Lemma, proved in the Appendix:
Lemma 13: Let us define the natural projection:

QXKE : XKE
⊕ X3 ⊕ X0 → XKE along X3 ⊕ X0 (23)

Then the map T230 = (N1 + K1T
X2
XKEQXKE ) is an

isomorphism. Moreover QXKE = QXKEQE30.

IV. Solution to the ARISV-Problem

We propose in this Section the main contribution of
the paper. Namely, we give in Theorem 14 the conditions
under which the causal approximation of a PD state
feedback solves, in an approximated sense, the RISV
problem. To avoid unnecessary heavy technicalities, in
this Section we are going to assume that (c.f. (14)):4

X2 ≈ XKE
≈ X1 (24)

3The natural projections are projected along the complementary
subspaces defined in (15.a), (16.c) and (17).
4If dimX1 > dimXKE we just have to work with an adequate

projection on a subspace X 0
1 of X1 such that X

0
1 ≈ XKE .

A. Derivative Feedback

The derivative feedback proposed in [4] (Part II) for
proving Theorem 2 was (recall that K1 = PE20EVX2):

L2R2u
∗ = −K1

³
−QX2 + TX2XKEQXKE

´
ẋ+ L2R2ū (25)

where TX2XKE : XKE ↔ X2 is an isomorphism (re-

call (13.a) and (14)). Applying (25) and the feedback
L1R1u

∗ = −(1/ε)T1QX1x to (20), we get (recall that
QXKE = QXKEQE30 and that the map T230 = (N1 +

K1T
X2
XKEQXKE ) is an isomorphism; c.f Lemma 13):

I(QXV∗ ẋ) = T
(−1)
V PXV∗Ax

I (QX1 ẋ) = −(1/ε)I(QX1x)
I (QE30ẋ) = Ā (QE30x) + B̄ ū2

y∗ = C̄ (QE30x)

(26)

where: Ā = T
(−1)
230 A1, B̄ = T

(−1)
230 L2, and ū2 = R2ū,

and x = (QXV∗x) + (QX1x) + (QX2x) + (QV Ex) +
(QE30x). We write y

∗ instead of y in order to distinguish
it from the proportional feedback case. The subsystem
Σs(I, Ā, B̄, C̄) enclosed by the solid line boxes is the
state space quotient system mentioned in Theorem 3.
Assuming controllability of the common dynamic part
(1), of the implicit global descriptions (3), it follows
from Theorem 4 that the pair (Ā, B̄) is controllable;
thus, we are going to assume that the map Ā has been
made Hurwitz by a previous proportional state feedback.
Let us note that these structural properties and results
are independent on the active internal structure of each
particular KDi .

B. Proportional Feedback

Based on the derivative feedback (25), let us propose
the proportional feedback (recall that T1 = P1EVX1):

L1R1u = −(1/ε)T1(QX1 − TX1X2QX2 + TX1XKEQXKE )x (27)
L2R2u = K1g + L2R2ū (28)

g = −(1/ε)(TX2X1QX1 −QX2 + TX2XKEQXKE )x (29)

where: TX1XKE : XKE ↔ X1, TX1X2 : X2 ↔ X1, TX2X1 : X1
↔ X2, and TX2XKE : XKE

↔ X2 are isomorphisms (recall
(24)). Applying the feedback (27)—(29) to (20), we get:

TVQXV∗ ẋ = PXV∗Ax

T1QX1 ẋ = −1
εT1QX1x+

1
εT1

³
TX1X2 QX2 − TX1XKEQXKE

´
x

(K1QX2 +N1QE30) ẋ = A1QE30x+K1g + L2R2ū

0 = 1
ε
TX2X1 QX1x−

³
QX2 − TX2XKE

QXKE

´
x+ g

(30)
Based on the Integration by Parts Section, let us do the
following change of variable:

Qiz = Qix , ∀ i 6= X1 and

QX1z = QX1x− 1
ε (T

X1
X2QX2 − TX1XKEQXKE )x

+(TX1XKEQXKE )ẋ
(31)



Then, system (30) takes the following form (recall that
TX2X1 T

X1
X2 = I and T

X2
X1 T

X1
XKE = T

X2
XKE ):

TVQXV∗ ż = PXV∗Az
T1QX1 ż = −(1/ε)T1QX1z + T1(T

X1
X2 QX2 − TX1XKE

QXKE )z̈

(N1 +K1T
X2
XKE

QXKE
)QE30ż = A1QE30z −K1T

X2
X1 QX1z
+L2R2ū

0 = TX2X1 QX1z − (QX2 − T
X2
XKE

QXKE )ż + g
(32)

Let us define h := (TX1X2QX2 − TX1XKEQXKEQE30)ż and

let us build the space Z = X ⊕ {g} ⊕ {h}. Then (32)
takes the following form:

I(QXV∗ ż) = T
(−1)
V PXV∗Az

I (QX1 ż)− I (ḣ) = − (1/ε)I (QX1z)

I (QE30ż) = −X6 (QX1z) + Ā (QE30z) + B̄ (ū2)
0 = X7(QX1z) + I(g)−X7(h)

X
(−1)
7 (QX2 ż)− Y1(QE30ż) = I(h)

y = C̄ z

(33)

where: X6 = T
(−1)
230 K1T

X2
X1 , X7 = T

X2
X1 , Y1 = T

X1
XKEQXKE ,

ū2 = R2ū, and z = (QXV∗x) + (QX1x) + (QX2x) +
(QV Ex) + (QE30x) + (g) + (h). Let us note that the
subsystem Σs(I, Ā, B̄, C̄) enclosed by the solid line
boxes is the same as the one obtained in (26); but now
it is perturbed by the fast exponentially stable subsystem
of steady state gain ε, Σf (I, −(1/ε)I, −I, −X6), enclosed
by the dash line boxes. Although the steady state gain
can be very small (but never zero), it is necessary
that the internal structure variation which is rendered
almost unobservable be exponentially stable. So we can
only accept internal structure variations, namely KDi ,
belonging to the following set (recall that Ā is Hurwitz
and ε > 0):

ΓF (Di) =

½
KDi

¯̄̄̄
det

∙
E − (A+BF )

−Di

¸
is Hurwitz

¾
(34)

Theorem 14: Under the same conditions as in Theo-
rems 2, 3 and 4, but with (11) in place of the second
in (4), there exists a proportional feedback solving the
ARISV-Problem for all KDi

∈ ΓF (Di).
Proof:

From (26) and (33) we get (QE30z0, QX1z0 and QE30x0
are initial conditions):

y − y∗ = C̄eĀtQE30(z0 − x0)− C̄
R t
0
eĀ(t−τ)X6·

·(e−τ/εQX1z0 +
R τ
0 e
−(τ−σ)/εḣ(σ)dσ)dτ

Assuming KDi
∈ ΓF (Di), the closed loop systems (26)

and (33) are exponentially stable, which implies: ḣ ∈ L∞
and the existence of c, a ∈ R+ such that

¯̄̄
eĀt
¯̄̄
≤ ce−at.

There then exist k1, k2, k3 ∈ R+ such that:
|y − y∗| ≤ k1e−at + k2kḣk∞ε + k3εe−t/ε

Therefore, given a δ ∈ R+ there exist t∗, ε∗ ∈ R+ s.t.

|y − y∗| ≤ δ ∀ t ≥ t∗ & ε ∈ (0, ε∗)

Let us come back to the example (2). For this system, we
have: V∗ = {e1, e2}, KE = {e3} and E−1B = {e2, e3};
and thus: XV∗ = {e1}, X2 = {e2}, XKE = {e3}, X1 =
V∗ ∩ KE = X3 = X0 = {0}. And thus the geometric
condition (11) is not satisfied. In order to get closer to
such a condition, let us add an external integrator to
system (2), namely:5

 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 ẋ =
 0 0 1 −1
0 0 0 0
0 0 0 −1
α 0 β 1

x+
 0 0
1 0
0 1
0 0

u
y =

£
0 0 0 1

¤
x

(35)

For this system, we have: V∗ = {e1, e2, e3}, KE =
{e4} and E−1B = {e2, e3, e4}; and thus: XV∗ =
{e1}, X1 = {e2}, X2 = {e3}, XKE = {e4}, X1 =
V∗ ∩ KE = X3 = X0 = {0}. And now the geomet-
ric condition (11) is satisfied. Also from (35) we get:
L1 = L2 = TV = T1 = K1 = TX2XKE = TX1X2 =

TX1XKE
= TX2X1 = Q̄XKE = 1, N1 = 0, A1 = −1

R1 = [ 1 0 ], R2 = [ 0 1 ], QXV∗ = [ 1 0 0 0 ],
QX1 = [ 0 1 0 0 ], QX2 = [ 0 0 1 0 ], QXKE =
QE30 = [ 0 0 0 1 ], PXV∗ = [ 1 0 0 ].

P.D. Feedback: From (25) we get the deriv-
ative feedback: L2R2u

∗ = −[ 0 0 −1 1 ]ẋ +
[ 0 1 ]ū; the proportional feedback is: L1R1u

∗ =
−(1/ε)[ 0 1 0 0 ]x. The closed loop system is:


1 0 0 0
0 1 0 0

0 0 0 1
0 0 0 0

 ẋ =

0 0 1 −1
0 −1

ε
0 0

0 0 0 -1
α 0 β 1

x+


0
0

1
0

 ū2
y∗ =

h
0 0 0 1

i
x

(36)
The characteristic polynomial of the closed loop system
(36) is: det[λ((E − BFd) − (Ai + BFp)] = (λ + 1)(λ +
1/ε)(βλ+ α). And then (D =

£
α 0 β 1

¤
):

Γ(Fp,Fd)(D) = {(α, β) | α · β > 0 or (β = 0 & α 6= 0)}
(37)

P. Feedback: From (27), (28) and (29) we get: L2R2u
= g + [0 1]ū, g = −1ε [0 1 − 1 1]x, and L1R1u =

5(i) The second row and second column correspond to the added
external integrator, (ii) we have applied a previous proportional
feedback to get (12) and (iii) in the bottom we have added the
algebraic equation 0 = Dix (c.f. (3)).



− 1ε [0 1 − 1 1]x. The closed loop system is (c.f. (33)):

1 0 0 0 0 0

0 1 0 0 0 −1
0 0 0 1 0 0
0 0 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 0 0

 ż =

=



0 0 1 −1 0 0

0
−(1/ε)

0 0 0 0

0 −1 0 −1 0 0

0 1 0 0 1 −1
0 0 0 0 0 1
α 0 β 1 0 0


z +


0
0

1
0
0
0

 ū2

y =
h
0 0 0 1 0 0

i
z

(38)
The characteristic polynomial of the closed loop system
(38) is: det[λ(E− (Ai+BFp)] = (λ+1)(λ+ 1/ε)(βλ+α)
− (β + 1)λ3. And then ( eD =

£
α 0 β 1 0 0

¤
):

ΓF ( eD) = n(α,β) ¯̄̄α < minn− ¡ 1ε + 1¢β,−³ β
1+ε

´
, 0
oo
(39)

The region of the possible variations preserving the
internal stability is reduced when the P.D. feedback is
approximated. For the P.D. case this region is the first
and third orthant; for the P. case the region is the third
orthant; the case (α,β) = (1, 1) cannot be kept.

Appendix

A. Proof of Lemma 12

This proof is done in 8 steps: 1) From (15) and
(17), any x ∈ X and any u ∈ U can be expressed as:
x = (VXV∗QXV∗ + VX1QX1 + VX2QX2 + VV EQV E +
VE30QE30)x and u = (W1R1 + W2R2 + W3R3)u. 2)
From (16.c) and (13.a) we get: PXV∗EVi = 0, for i ∈ {
X1, X2, V E, E30 }; P1EVi = 0, for i ∈ { XV∗ , X2, V E, E30 };
P230EVi = 0, for i ∈ { XV∗ , X1, V E }. 3) From (16.c), (12)
and (16.b) we get: P1A = 0 and P230AVi = 0 for i ∈ {
XV∗ , X1,X2, V E }. 4) From (16.c), (16.a) and (17.c) we get:
PXV∗B = 0; P1BWi = 0, for i ∈ { 2, 3 }; P230BW1 = 0.
5) From (15.a) and (15.b) we get: CVi = 0, for i ∈ {
XV∗ , X1, X2, V E } . 6) From (18), (16.c), (16.a), (17),
(13.a) and (15.a), we get: Im K1 = P230EX2 = EX2
and KK1 = X2 ∩ E−1KP230 = X2 ∩ E−1E(XV∗ ⊕ X1) =
X2∩ (KE⊕XV∗⊕X1) = {0}. 7) From (19), (18), (16.c),
(13.a) and (15.a), we get: Im N1 = P230E(XKE ⊕ X3 ⊕
X0) = E(X3⊕X0) and KN1 = (XKE⊕X3⊕X0)∩E−1KP230
= (XKE ⊕ X3 ⊕ X0) ∩ E−1E(XV∗ ⊕ X1) = (XKE ⊕ X3 ⊕
X0)∩ (KE ⊕XV∗ ⊕X1) = XKE . 8) From (19), (17) and
(18), we get: Im L1 = P1BB

−1EX1 = P1EX1 = EX1
and KL1 = B−1EX1 ∩ B−1KP1 = B−1(EX1 ∩ KP1) =
KB = {0}. And for i ∈ {2, 3}: Im Li = P230BB

−1EXi
= P230EXi = EXi and KLi = B−1EXi ∩ B−1KP230 =
B−1(EXi ∩KP230) = KB = {0}.

B. Proof of Lemma 13

This proof is done in 4 steps: 1) From (23), (21), (22)

and (18), we get:
³
N1 +K1T

X2
XKEQXKE

´
: XKE

⊕X3⊕X0
→ E(X2 ⊕ X3 ⊕ X0). 2) The domain, XKE ⊕ X3 ⊕ X0,
and the co-domain, E(X2 ⊕ X3 ⊕ X0), are isomorphic.
Indeed, from (24), (13.a) and (15.a), we get: XKE

⊕X3⊕
X0 ≈ X2 ⊕ X3 ⊕ X0 ≈ E(X2 ⊕ X3 ⊕ X0). 3) The map³
N1 +K1T

X2
XKEQXKE

´
is monic. This item is proved in 3

steps: (i) Let us first note that (21), (22) and (23) imply

that: Im N1 = E(X3 ⊕ X0) and Im
³
K1T

X2
XKEQXKE

´
=

K1T
X2
XKE XKE = K1X2 = Im K1 = EX2, and then:

E(X2 ⊕X3 ⊕X0) = Im N1 ⊕ Im
³
K1T

X2
XKEQXKE

´
(40)

(ii) Let us next note that (22), (21) and (23) im-

ply that: KN1 = XKE and Ker
³
K1T

X2
XKEQXKE

´
=

Q
−1
XKET

XKE
X2 KK1 = Ker QXKE = X3 ⊕ X0, and then:

XKE ⊕ X3 ⊕ X0 = KN1
⊕Ker (K1T

X2
XKEQXKE ) (41)

(iii) Let us now take a x ∈ Ker (N1 +K1T
X2
XKEQXKE ),

i.e. (N1 + K1T
X2
XKEQXKE )x = 0. In view of (41) there

exist unique x1 ∈ KN1 and x2 ∈ Ker
³
K1T

X2
XKEQXKE

´
such that x = x1+x2. Then: N1x2 = −K1T

X2
XKEQXKEx1.

From this last equality and from (40) we have: N1x2 ∈
Im N1 ∩ Im (K1T

X2
XKEQXKE ) = {0}, which together with

(41) imply x2 ∈ KN1
∩Ker

³
K1T

X2
XKEQXKE

´
= {0}. As x2

= {0}, we get from (41): x1 ∈ Ker (K1T
X2
XKEQXKE )∩KN1

= {0}. Therefore: Ker
³
N1 +K1T

X2
XKEQXKE

´
= {0}. 4)

T230 is an isomorphism because it is a square monic map.
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Abstract

In some control and observations problems, it may be convenient, at least from the analysis

point of view, to use non proper systems. However, as far as their implementation is concerned,

proper approximations have to be designed. In the present paper, we first show how exponential

approximations can be rather easily designed (Lemma 1). Then, we characterize, in geometric

terms, the external properness of an implicit description (Theorem 3 and Corollary 1). Finally,

the combination of those two results solves the problem of proper exponential approximation

and generalizes to the MIMO case (Theorem 4) a previous result from Bonilla and Lozano.

Index Terms

PD feedbacks, proper approximations, implicit systems, linear systems

Notation

Script capitals V , W , . . ., denote linear spaces with elements v, w, . . .; the dimension of a space V is

denoted dim(V); when V ⊂ W , WV or W/V stands for the quotient space W modulo V ; the direct sum of

independent spaces is written as ⊕. Given a linear map X : V → W , Im X = XV denotes its image, and
KX or sometimes Ker X denotes its kernel; we write X−1T for the inverse image of the subspace T by the

linear map X, and we write X(−1) to stand its inverse map (in the case of having a bijection); we write

Mat X for its matrix in some particular bases (in the domain and in the co-domain). Mat X ≈ Mat Y ,

means that there exist a pair of elementary operations matrices T1 and T2 such that Mat X = T1(Mat Y )T2.

{x, y, z} stands for the subspace spanned by the vectors x, y and z. ei stands for the vector with a 1 in its
i − th component and 0 in its other components. L−1 {·} denotes the inverse Laplace Transform; s is the
complex Laplace variable; p is the derivative operator d/dt; R[x] stands for the set of monic polynomials in

the indeterminate x and with coefficients in R, the real numbers set. R+ is the set of positive real numbers.

M[x] stands for the polynomial matrix set in the indeterminate x and with elements in R. k · k stands for
the Euclidean norm (in case of vectors) and also the induced Euclidean norm (in case of linear maps).

χik denotes a k × 1 vector whose i-th component is 1 and the others are zero. Ik denotes a k × k identity
matrix, or simply I when the size does not have to be explicitly indicated. Ei,jn,m denotes a n ×m matrix

whose (i, j)-th component is 1 and the others are zero, or simply Ei,jn when n = m. 0 denotes a zero matrix

(of appropriate dimensions). U
©
vT
ª
denotes an upper triangular Toeplitz matrix with first row vector vT .

L {v} denotes a lower triangular Toeplitz matrix with first column vector v. Nn denotes the nilpotent matrix
(n ≥ 2) L

n
χ2
n

o
. D {X1, ..., Xk} denotes a block diagonal matrix whose diagonal blocks are the matrices

X1, ..., Xk. Examples: χ
1
2
=

 1
0

, E1,22,3 =
 0 1 0

0 0 0

, U nh a b
io
=

 a b

0 a

, L
( a

b


)
=

 a 0

b a

.
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I. Introduction

The use of derivative actions was very familiar to practical control pioneers (see for example Coinsidine

[10]) who proposed useful approximations of such derivative actions (see for example Jackson [13]). With

the introduction of the so called generalized systems (also named descriptor, singular and implicit systems)

by Rosenbrock [17], it was possible to study derivative actions from a more structural point of view. Also

some control problems (e.g.decoupling, disturbance decoupling,...) were considered in the framework of the

implicit systems using non proper compensators. This is because, either proper exact solutions do not exist,

or obtaining them (often based on inversion techniques) is much easier; see for example [18], [7], [8] and [9].

Then, for their effective implementation, proper approximations must be designed which do not “much”

alter the control objective.

In [5] was studied a generalization of the approximation of Jackson [13] and was also described a procedure

to perturb the whole system (the proper system plus the non proper compensator) by a static feedback

(a sufficient geometric condition was given); in both cases the approximation depends upon a positive

real number ε (the quality of the approximation is inversely proportional to ε). For the generalization of

Jackson’s procedure proposed in [5], it was shown that it does not always function correctly because of

stability problems. On the contrary, for the feedback perturbation, stability is not a problem. For both cases,

there are transitories function of the parameter ε, namely terms of the type ke−εt. These terms can trouble
the digital simulations, or the practical synthesis, when the positive parameter ε is too small. In order to

overcome this inconvenience in [6] was proposed an approximation for SISO systems which nicely separates

the quality of the approximation (given by the inverse of the positive parameter ε) from the convergence

ratio (given by a positive parameter β in terms of the type ke−βt). The extension of the approximation
proposed in [6] to the MIMO case is not quite direct since it is necessary to realize a structural study, which

is the aim of this paper. We propose here a systematic procedure for proper exponential approximation

which gives a solution to the following problem:

Problem 1: Given the non-proper compensator, Σc : U → Y, with realization:

N ω̇(t) = ω(t) + Γu(t) ; y∗(t) = ∆ω(t) (1)

where N : W →W , Γ : U →W and ∆ :W → Y are linear operators, N is a nilpotent operator, Γ is a map

such that the matrix [N Γ] is epic, and U , Y and W are the input, the output and the descriptor variable

spaces, respectively. Find a strictly proper filter, Σf : Y → Y , with realization:

ζ̇(t) = A (ε) ζ(t) +B (ε) y∗(t) ; y(t) = Cζ(t) (2)

such that:

1) lim
ε→0

ky(t)− y∗(t)k ≤ Ke−βt, with K,β > 0 and Σf is internally stable for all ε > 0
2) The transfer function matrix of the overall system, Σf ◦ Σc, is proper.
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In other words, we are looking for a proper filter, Σf , which makes proper the overall system, Σf ◦ Σc,
and which output, y(t), exponentially tends to the non proper behaviour of Σc. The interest is to finally

synthesize the overall proper system Σf ◦ Σc as a proper approximation of Σc.
We are going to assume that the non proper compensator (1) is completely observable, and then its

Kronecker canonical form has only row minimal indices blocks (see [12], [16] and [15]). And thus, when

system (1) is carried to its Kronecker canonical form, we get

N = D {N1, . . . , Nn} , ∆ = D
©
∆T1 , . . . ,∆

T
n

ª
; where: Ni = L

n
χ2
(ki+1)

o
, ∆i = χ

(ki+1)
(ki+1)

(3)

Note that ki > 0, i = 1, . . . , n, denote the orders of the poles at infinity of compensator (1).

In Section II we propose an internally stable strictly proper realization, Σf , which external behavior

exponentially approaches that of the non proper compensator, Σc (solution of part 1 of Problem 1). In

Section III we characterize the external properness, through some nice geometric results presented in

Theorem 3 and in its Corollary 1; necessary and sufficient conditions are given. In Section IV we show

that our construction of Σf makes the transfer function matrix,
¡
Σf ◦ Σc¢ (s), externally proper (solution

of part 2 of Problem 1). This leads to the structural Theorem 4, which generalizes to the MIMO case some

previous SISO result from Bonilla and Lozano [6]. In Section V we detail an illustrative example and we

conclude in Section VI. All the proofs are in the Appendix.

II. Exponential Approximation

In the next Lemma we propose an approximation which solves Problem 1.

Lemma 1: Let us consider the filter, Σf : Y → Y,

˙̄x(t) = Aβ x̄(t)− εκ+1y(t) ; ε ˙̂x(t) = Aox̂(t) +Bo (x̄(t) + y
∗(t)) ; y(t) = Cox̂(t) (4)

where x̂ ∈ bX ; x̄, y, y∗ ∈ Y , and ε > 0 such that:
H1. Aβ and Ao are Hurwitz,

H2. L−1
n
(sI− (1/ε)Ao)−1

o
= Ao(t, ε)e−t/ε,

H3. Ao(t, ε) ∈ M [t/ε], with degrees less than or equal to a positive integer κ,
H4.

R∞
0
CoAo(λ)e−λBodλ = I, Ao(λ) = Ao(ελ, ε),

H5. det
£
I + εκCo(sI− (1/ε)Ao)−1Bo(sI−Aβ)−1

¤
= Πni=1

³
1 + εhi(ε)fi(s)gi(s,ε)

´
, where (ε is a given positive

real number) fi(s), gi(s, ε) ∈ R[s], the gi(s, ε) are Hurwitz polynomials and hi(ε) ∈ R[ε].
H6. y∗(t) is bounded and Lipchitz continuous.

Then det

 ¡
sI−Aβ

¢
εk+1Co

−(1/ε)Bo (sI− (1/ε)Ao)

 is Hurwitz and lim
ε→0

(y(t)− y∗(t)) = eAβtx̄ (0) ; t > 0.
Let us show that the following choice of Ao, Bo and Co satisfies the requirements:

Ao = D {A1, . . . , An} , Bo = D {b1, . . . , bn} , Co = D
©
cT1 , . . . , c

T
n

ª
, Aβ = −βIn (5)

Ai = −Iki + U{(χ2ki)
T }, bi = χki

ki
, ci = χ1

ki
, with i = 1, ..., n & κ = max{k1, . . . , kn} (6)
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Indeed, L−1{(sI − (1/ε)Ai)−1} = U
nh
1 t/ε

1! · · · (t/ε)ki−1(ki−1)!
i o
e−t/ε, and then R∞

0
cTi Ai(ελ, ε)e−λbidλ =

cTi U{1Tki} bi = 1. Moreover the Markov’s parameters of each subsystem
©
Ai, bi, c

T
i

ª
satisfy for the ki > 1

(for the ki = 1, we simply have hi,ki = c
T
i bi = 1):

hi,j+1 = c
T
i A

j
i bi = 0 for j = 0, 1, . . . , ki − 2; i = 1, . . . , n & hi,ki = 1 for i = 1, . . . , n (7)

Furthemore: det
£
I + εκCo(sI− 1

εAo)
−1Bo(sI−Aβ)−1

¤
= Πni=1

³
1 + ε εκ−ki

(s+1/ε)ki (s+β)

´
.

III. External Properness

We are interested in this Section in finding geometric conditions which guarantee the properness of the

external behaviour, given by the set of input-output trajectories, of the concatenation of the nonproper

compensator (1) with the strictly proper filter (4). In order to tackle this problem we have to define the

meaning of external properness. For this, we use the three well known notions of external equivalence,

external minimality, and internal properness (recalled hereafter):

Definition 1: (Willems [19]) Two models are called externally equivalent iff the corresponding sets of all

possible trajectories for the external variables (external behaviors) are the same.

Definition 2: ( Kuijper [14] and Bonilla and Malabre [3]) A given (E,A,B,C) implicit description,

Eẋ(t) = Ax(t) + Bu(t) and y(t) = Cx(t), where E,A ∈ Rn×n, B ∈ Rn×m, and C ∈ Rp×n, with n and n
not necessarily equal, is minimal among all externally equivalent descriptions of the same type iff: 1) the

corresponding descriptor equation has the least possible number of rows, and 2) the descriptor variable

has the least possible number of components.

Definition 3: (Bernhard [2], Armentano [1]) The system Fẋ = Gx+ v is internally proper iff the pencil

[λF−G] is regular (square and with full rank) and it has no infinite zero of order greater than one (there
are no derivators).

In the light of these notions, we associate external properness with the properness of the external behaviour

of the overall system; more precisely:

Definition 4: The implicit system

Eẋ(t) = Ax(t) +Bu(t) ; y(t) = Cx(t) (8)

where E : X → X , A : X → X , B : U → X and C : X → Y are linear operators, is externally proper iff its
externally minimal part is internally proper.

Indeed, it is shown in [3] that the implicit system (E,A,B,C) is externally equivalent to a minimal

description (Em, Am, Bm, Cm), called the externally minimal part of the system. Also in [14] was given

necesary and sufficient conditions for external minimality. Let us recall these results:

Theorem 1: (Kuijper [14]) A given matrix description (E,A,B,C) is minimal (among all externally

equivalent descriptions of the type (8) iff: (i) the matrix [E B] is epic, (ii) the matrix [ET CT ]T is monic,

and (iii) the matrix

 λE −A
C

 has full column rank for all complex number λ.
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Theorem 2: (Bonilla and Malabre [3]) A Given implicit description (E,A,B,C) is externally equivalent

to the minimal implicit description (Em, Am, Bm, Cm), whose maps are uniquely defined as follows:

EmΠm = PmE ; AmΠm = PmA ; Bm = PmB ; CmΠm = C

Πm : X → V∗X /(V?o + V∗X ∩R∗a0) : canonical projection
Pm : X → (EV∗X + Im B)/(EV∗o +A(V∗X ∩R∗a0)) : canonical projection

(9)

V∗X characterizes (together with EV∗X + Im B) the set of all possible trajectories which are not identically

zero for any input u, and is the limit of:

VoX = X , Vµ+1X = A−1 (EVµX + Im B) .

V∗o characterizes (together with EV∗o ) the set of all exponential trajectories which are unobservable at the
output y. This subspace is the limit of:

Voo = X , Vµ+1o = KC ∩ A−1EVµo .

R∗a0 characterizes (together with AR∗a0) the set of all trajectories due to pure differential actions with no
influence on the input-output trajectories (we call them differential redundant). It is the limit of:

Ro
ao = KC ∩KE , Rµ+1

ao = KC ∩ E−1ARµ
ao. (10)

Let V∗Xo and S∗Xo be respectively the limits of:

VoXo = X , Vµ+1Xo = A−1EVµXo and SoXo = KE , Sµ+1Xo = E−1ASµXo (11)

V∗Xo characterizes (together with EV∗Xo) the exponential trajectories and S∗Xo characterizes (together with
AS∗Xo) the set of all trajectories due to pure differential actions (see [1]).
The idea is then to make differential redundant the set of all trajectories due to pure differential actions

(note that S∗Xo ⊃ R∗a0). In the next two results, we give geometric characterizations of external properness:
Theorem 3: If (8) is observable and has no trajectories identically null, no matter the input action,

namely V∗o = {0} and V∗X = X , (8) is externally proper iff

V∗Xo + S∗Xo = X , V∗Xo ∩ S∗Xo ⊂ R∗a0 and dim (V∗Xo +R∗a0 + T
2

1)/(V∗Xo +R∗a0 + T
1

1) = 0 (12)

where T µ1 and T
µ

2 are extracted from the two algorithms:

T o1 = R∗a0 , T µ+11 = E−1A
³
T µ1 +R∗a0

´
and T o2 = X , T µ+12 = A−1(ET µ2 +R∗a0)

Let us note that the three conditions (i)-(iii) of Theorem 1 are related with the subspaces of Theorem 2

as follows (see [4]): (i) iff EV∗X + Im B = X , (ii) iff R∗a0 = {0}, and (iii) iff V∗o = {0}1. And thus, we are
just focusing on the differential redundancy, which is the one which enables us by cascading the filter (4)

to hide on the output the non proper modes of system (1), without loosing external equivalence.

1In the case that there is no algebraic restrictions on the input space U (equivalently E−1Im B ⊂ V∗X ), (i) is
equivalent to V∗X = X (the systems satisfying this geometric condition are called strict in [11]).

October 13, 2003 DRAFT



SUBMITTED TO THE IEEE-TAC / TECHNICAL NOTE 6

If in addition, the dynamic part of the system is only composed by integrators and derivators2, we get:

Corollary 1: If the implicit system (8) is exponentially observable, has no trajectories identically null,

no matter the input action, and has only integral and derivative actions, namely, V∗o = {0}, V∗X = X and

X = V∗Xo ⊕ S∗Xo , then (8) is externally proper iff

E−1AR∗a0 = S∗Xo (13)

IV. Proper Exponential Approximation

Embedding the non proper compensator (1) and the strictly proper filter (4) into an implicit description,

we get that the overall system,
¡
Σf ◦ Σc¢, is (x = [xT bxT ωT ]T ):

Eẋ(t) = Ax(t) +Bu(t) ; y(t) = Cx(t) (14)

E =

 I 0

0 N

 , A =

 Ap Bp

0 I

 , B =

 0

Γ

 , C =
h
Cp 0

i
(15)

Ap =

 Aβ −εk+1Co
(1/ε)Bo (1/ε)Ao

 , Bp =

 0

(1/εBo)∆

 , Cp =
h
0 Co

i
(16)

Taking into account the particular forms of Σc and Σf , we get from (3), (5) and (15):

Bp = [Bp1 |Bp2 | · · · |Bpn ] , Bpi = [0| · · · |0|bpi ] ; bTpi =
∙
0
¯̄
0
¯̄ · · · ¯̄0¯̄ 1

ε
bTi

¯̄̄̄
0
¯̄ · · · ¯̄0¸ , i = 1, ..., n. (17)

Lemma 2: Let us define the two matrices: R =

 I Rp

0 I

 and L =
 I Lp

0 I

, where
Rp =

h
Rp1 | Rp2 | · · · |Rpn

i
; Rpi =

h
Aki−1p bpi

¯̄ · · · ¯̄
Apbpi

¯̄
bpi

¯̄
0
i
; Lp = − (ApRp +Bp) .

(18)

Then

Rp + LpN = 0 (19)

For the ki > 1 : CpA
j
pbpi = 0, for j = 0, 1, . . . , ki − 2, & i = 1, . . . , n ; CpA

ki−1
p bpi = (1/ε

ki)χi
n
, for i = 1, . . . , n

For the ki = 1 : Cpbpi = (1/ε
ki)χi

n
, for i = 1, . . . , n

(20)

Now in view of Lemma 2, we have:

LER =

 I 0

0 N

 , LAR =

 Ap 0

0 I

 , LB =

 LpΓ
Γ

 , CR =
h
Cp Cn

i
(21)

Cn = D
©
νT1 , ..., ν

T
n

ª
; νi =

1

εki
χ1
(ki+1)

, i = 1, ..., n. (22)

2Its associated pencil [λE −A] is regular, i.e. square and det[λE −A] 6= 0, viz X = V∗Xo ⊕ S∗Xo (see [12])
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Let us note that the implicit system (LER,LAR,LB,CR) satisfies the assumptions of Corollary 1. Indeed

(recall (21), (16), (5), (6) and , (3)):

1) Mat [LER LB] = Mat

 I 0 LpΓ

0 N Γ

, then ([N Γ] was assumed epic): V∗X = X .

2) Mat

 λLER− LAR
CR

 = Mat

(λI−Aβ) εκ+1Co 0

−1
ε
Bo (λI− 1

ε
Ao) 0

0 0 (λN − I)
0 Co Cn

 ≈ Mat


0 0

D{M1, . . . ,Mn} 0

0 In(κ+1)

,

where Mi = Mat

 χkiki
U{(χ2

ki
)T }

0 (χ1
ki
)T

, with i = 1, . . . n. Then V∗o = {0}.
3) det [λLER− LAR]= det (λI−Aβ) det (λI− (1/ε)Ao) det [I + εκCo (λI− (1/ε)Ao)(−1)Bo(λI−Aβ)(−1)]= (λ+ β)n

(λ+ (1/ε))n Πni=1

³
1 + ε εκ−ki

(s+1/ε)ki (s+β)

´
6= 0, then: X = V∗Xo ⊕ S∗Xo .

And thus, by simple computation, we can check from (21) and (22) that E−1AR∗a0 = S∗Xo , that is to say,
the overall system (14)-(15) is externally proper and satisfies Lemma 1.

From (3), we can easily see that the integer n corresponds to the number of chains of derivators in the

non proper compensator Σc in (1), each chain of length ki. On the other hand, the zero Markov parameters

which appear in (20) express the fact that the orders of the zeros at infinity of the strictly proper filter Σf

are greater than or equal to ki. This corresponds to the following:

Theorem 4: Let the proper filter Σf , be designed as in Lemma 1 in order to approximate in an exponential

way the non proper compensator Σf . Then the overall system
¡
Σf ◦ Σc¢ is externally proper iff the orders

of the zeros at infinity of Σf are respectively greater than or equal to ki.

As mentioned in the Introduction, one important application of our results rests upon the practical synthesis

of non proper compensators, like P.D. feedback (see for instance [18], [7], [8] and [9]). Note that the

same procedure can be used identically to implement other kinds of non proper systems, for instance

state derivative observers, i.e. systems which give an exponential estimate of ẋ and x (see Lemma 1 with

y∗ = [ ẋT xT ]
T

and Theorem 4).

V. Illustrative Example

In order to clarify the principal ideas of this paper, let us consider the following system:
N3 0 0

0 Z1 0

0 0 N2

ξ̇ =

I3 0 0

X1 X2 0

0 0 I2

ξ +

Y1

Y2

Y3

u ; z =


0 0 1 0 0 0 0

0 0 −1 1 0 0 0

1 0 0 0 −1 −1 1

ξ (23)

where Z1 = E
2,2
2 , X1 = E

2,2
2,3 − E1,22,3, X2 = E1,12 + E1,22 − E2,22 , Y1 = −E1,23 − E2,13 , Y2 = 2E

1,1
2,3 − 2E2,12,3, and

Y3 = −E1,12,3−E1,22,3−E1,32,3; which input-output description is described by the following differential equation:
1 0 0

0 (p + 1) 0

0 0 (p + 1)

z =


p p2 0

−p(p + 2) −p3 0

p2 p2 (p2 − 1)

u (24)
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Let us carry system (23) into the Kronecker canonical form. For this, let us define z̄ = TLoz and ξ̄ = T
(−1)
R ξ

and let us multiply on the left the descriptor equation by TL, where TLo = E1,13 + E3,13 + E3,23 + E2,33 ,

TL =


I3 0 0

0 0 T1

T2 T3 0

, and TR =

I3 0 0

T4 0 X2

0 T5 0

, with T1 = E1,12 − E2,12 + E2,22 , T2 = E2,23,2 − E1,13,2 − E2,13,2,

T3 = E
1,1
2 − E2,22 , T4 = E

1,2
3,2 + E

2,1
3,2, T5 = E

1,1
2 + E2,12 + E2,22 ; namely:


N3

N2

0

1

 ˙̄ξ =

I3

I2

1

−1

ξ̄ +

Y1

Y4

Y5

Y6

u ; z̄ =


0 0 1

0 1 1

0 1 0 1 1

ξ̄ (25)

where ξ̄ = [ ξ̄Ti,1 ξ̄Ti,2 ξ̄Tp,1 ξ̄Tp,2 ]
T and Y4 = Y3+E

2,1
2,3+E

2,2
2,3+E

2,3
2,3, Y5 = 2E

1,1
1,3+E

1,2
1,3, and Y6 = E

1,1
1,3+E

1,2
1,3. In

order to obtain the particular form proposed in (3), let us decompose (25) as follows (recall that z = T
(−1)
Lo

z̄):
N3

N2

N2

ẇ =

I3

I2

I2

w +

Y1

Y4

Y7


| {z }

Γ

u ; y∗ =


0 0 1

0 1

0 1

w (26)

˙̄ξp,2 = −ξ̄p,2 +
h
1 1 0

i
u ; z =


1 0 0

−1 0 1

0 1 0

y∗ +

0

1

1

ξ̄p,2 +


0 0 0

−2 −1 0

0 0 0

u (27)

where Y7 = −E1,22,3 − E2,12,3. Note that the input-output description of (26) is:

y∗ =


p p2 0

(p− 1) (p− 1) (p− 1)
1 p 0

u (28)

Let us now proceed to approximate the non-proper system (26).

1) Comparing (26) with (1) and (3), we get: n = 3, k1 = 2, and k2 = k3 = 1; thus κ = 2. Matrix Γ is

indicated in (26) itself.

2) Using the proposition (5) and (6), we get the following overall system (c.f. (14)-(16)):

I3

I4

N3

N2

N2


ẋ =



−βI3 −ε3X3 0 0 0

(1/ε)X4 −(1/ε)X5 (1/ε)E2,34,3 (1/ε)E3,24,2 (1/ε)E4,24,2

I3

I2

I2


x+


Y1

Y4

Y7


u

y =
h

X3

i
x

(29)

where: X3 = D{(χ12)T , 1, 1}, X4 = D{χ22, 1, 1}, and X5 = D{I2 − E
1,2
2 , 1, 1}.

3) The matrices Rp and Lp defined in Lemma 2 are (see (18)): Rp =

 0 0 0

R1 R2 R3

 and Lp = L1 L2 L3

L4 L5 L6

; where R1 = (1/ε2)(E1,14,3 − E2,14,3) + (1/ε)E2,24,3, R2 = (1/ε)E3,14,2, R3 = (1/ε)E4,14,2, L1 = εE1,13 ,
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L2 = ε2E2,13,2, L3 = ε2E3,13,2, L4 = (1/ε
3)(2E1,14,3 − E2,14,3) + (1/ε2)(E2,24,3 − E1,24,3) − (1/ε)E2,34,3, L5 = (1/ε2)E3,14,2 −

(1/ε)E3,24,2, and L6 = (1/ε
2)E4,14,2 − (1/ε)E4,24,2. Note that (19) and (20) are satisfied.

4) Defining x̄ =

 I Rp

0 I

(−1)x and premultiplying (29) by
 I Lp

0 I

, we get (c.f. (21)):


I3

I4

N3

N2

N2


˙̄x =



−βI3 −ε3X3
(1/ε)X4 −(1/ε)X5

I3

I2

I2


x̄+



−εY8
(1/ε)Y9

Y1

Y4

Y7


u

y =
h

X3 X6

i
x̄

(30)

where: Y8 =


0 1 0

ε ε ε

0 ε 0

, Y9 =


1/ε −2/ε2 0

−1/ε 1/ε2 0

−(1/ε+ 1) −(1/ε+ 1) −(1/ε+ 1)
1 −1/ε 0

, and X6 = D{(1/ε2)(χ13)T , (1/ε)(χ12)T ,
(1/ε)(χ12)

T }.
5) Applying the algorithms (10) and (11) to (30), we get: R∗a0 = {e9, e10, e12, e14} and E−1AR∗a0 =
{e8, e9, e10, e11, e12, e14} = S∗X ,0. And thus, since the assumptions of Corollary 1 are satisfied, system
(30) is externally proper; and it is externally equivalent to:

˙̂x =

 −βI3 −ε3X3
(1/ε)X4 −(1/ε)X5

x̂+
 −εY8
(1/ε)Y9

u ; y =
h
0 X3

i
x̂+

h
(1/ε2)Y8

i
u (31)

Note that the input-output description of (31) is:
(εp + 1)2(p + β) + ε3 0 0

0 (εp + 1)(p + β) + ε3 0

0 0 (εp + 1)(p + β) + ε3


| {z }

F (p)

y = (p + β)


p p2 0

(p− 1) (p− 1) (p− 1)
1 p 0

u

(32)

Thus from (32) and (28), we get: F (p)y(t) = (p+β)y∗(t). There then exists a positive real number, ε∗, such

that detF (p) is Hurwitz for all ε ∈ (0, ε∗). Moreover, we realize that there are dominant poles in −β and
that the other poles are very close to −1/ε (for ε very small). Furthermore, y(t) ≈ y∗(t)+e−βt(y(0)−y∗(0))
(for ε very small). The filter looked for is given by (31), (27.a) and (cf (27.b)):

z =


1 0 0

−1 0 1

0 1 0

y +

0

1

1

ξ̄p,2 +


0 0 0

−2 −1 0

0 0 0

u (33)

VI. Conclusion

In this paper we have solved the problem of approximating non proper MIMO systems by stable externally

proper systems. The proposed approximation (Lemma 1) is an extension to the MIMO case of the proposition

given in [6] for SISO systems. This extension preserves the original nice features, namely separates the quality
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of the approximation, given by the inverse of the positive parameter ε, from the convergence ratio, given by

a positive parameter β. The main result is Theorem 3 and its Corollary 1, where necessary and sufficient

geometric conditions are given to guarantee external properness of a given implicit description. In Theorem

4 we combine Lemma 1 and Corollary 1 in order to find a structural solution for Problem 1.
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Appendix

A. Proof of Lemma 1

det

 ¡sI−Aβ¢ εk+1Co

−(1/ε)Bo (sI− (1/ε)Ao)

 = det[sI−Aβ ] det[sI−(1/ε)Ao] det[I+εκCo(sI−(1/ε)Ao)−1Bo(sI−Aβ)−1]
= det[sI−Aβ ] det[sI−(1/ε)Ao]Πni=1

³
1 + εhi(ε)fi(s)gi(s,ε)

´
. Then by Routh-Hurwitz there exists a sufficiently small

positive real number, ε∗, such that the right hand side is Hurwitz for all ε ∈ (0, ε∗].
The solution of (4) is (with the initial conditions: x̄(0) = x̄0 and x̂(0) = x̂0): x̄(t) = eAβtx̄0 −

εk+1
R t
0
eAβ(t−σ)y(σ)dσ and y(t) = CoAo(t, ε)e−t/εx̂0 + Co

R t
0
1
εAo(t − τ, ε)e−(t−τ)/εBo (x̄(τ ) + y∗(τ )) dτ .

Doing the change of variable, τ = t− ελ, we get:

y(t)−
³
eAβtx̄0 + y∗(t)

´
= CoAo(t, ε)e−t/εx̂0 +

R t/ε
0

CoAo(λ)e−λBo
³
eAβ(t−ελ) − eAβt

´
x̄0dλ

+
R t/ε
0 CoAo(λ)e−λBo (y∗(t− ελ)− y∗(t)) dλ−

³
I− R t/ε0 CoAo(λ)e−λBodλ

´³
eAβtx̄0 + y∗(t)

´
−εk+1 R t/ε

0
CoAo(λ)e−λBo

³R t−ελ
0
eAβ(t−ελ−σ)y(σ)dσ

´
dλ

(34)

Let us do the following observations:

(O1) The boundedness of y∗ and the exponential stability of (4) imply the boundedness of x̄, x̂ and y.

Then ∃ Ky, Ky∗ ∈ R+, such that: ky∗(t)k ≤ Ky∗ and ky(t)k ≤ Ky.

(O2) Aβ Hurwitz implies: ∃ Kβ , β ∈ R+, s.t. keAβtk ≤ Kβe−βt.
(O3) eAβt continuous implies: keAβ(t−ελ) − eAβtk ≤ ελmax{0≤τ≤t/ε} kAβeAβτk ≤ ελkAβkKβ .

(O4) y∗ Lipschitz implies: ∃ ` ∈ R+, s.t. ky∗(t1)− y∗(t2)k ≤ `|t1 − t2| ∀ t1, t2 ∈ R+ ∪ {0}.
(O5) Ao(t, ε) ∈ M[t/ε] implies: ∃ π ∈ R[t/ε], η ∈ R[λ], s.t. kCoAo(t, ε)x̂0k = π(t/ε), kCoAo(λ)Bok = η(λ).

Applying norms in (34) and taking into account (O1)—(O5), we get:

ky(t)−
³
eAβtx̄0 + y∗(t)

´
k ≤ π(t/ε)e−t/ε + ε (kAβkKβkx̄0k+ `)

R t/ε
0 η(λ)λe−λdλ

+
°°°I− R t/ε0

CoAo(λ)e−λBodλ
°°°³Kβe−βtx̄0 +Ky∗

´
+ εk+1Ky

³
Kβ

β

´ R t/ε
0

η(λ)e−λdλ

Then (recall H4): limε→0(y(t)− y∗(t)) = eAβtx̄0.

B. Proof of Theorem 3

The proof is done in 4 steps:

1. Let us first recall (see Definition 3) that a pencil [λF−G] is internally proper iff (see [12], [1], [2]): it
is regular, i.e. det [λF−G] 6= 0, and it has no infinite zeros of order greater than one, i.e. there exist no

derivators.

From [15], regularity is equivalent to X = A∗1 ⊕A∗2. Also, the absence of infinite zeros of order greater
than one is equivalent to dim

¡
(A∗2 +A21)/(A∗2 +A11)

¢
= 0, where A∗1 and A∗2 are respectively the limits of

Ao1 = {0}, Aµ+11 = F−1GAµ1 , and, Ao2 = X , Aµ+12 = G−1FAµ2 .
2. Let us next show that the system (Em, Am, Bm, Cm) is internally proper iff

X = T ∗1 + T ∗2 , T ∗1 ∩ T ∗2 = Ker Πm and dim
³T ∗2 +T 2

1

T ∗2 +T 1
1

´
= dim

µ
(T ∗2 +T 2

1 )∩Ker Πm
(T ∗2 +T 1

1 )∩Ker Πm

¶
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where T o1 = Ker Πm, T µ+11 = E−1(AT µ1 +Ker Pm), and T o2 = X , T µ+12 = A−1(ET µ2 +Ker Pm).
Indeed, from the first item (Em, Am, Bm, Cm) is regular iff Xm = A∗1m ⊕ A∗2m, where A∗1m and A∗2m are

respectively the limits of Ao1,m = {0}, Aµ+11m = E−1m AmAµ1m and Ao2m = Xm, Aµ+12m = A−1m EmAµ2m. Now
from (9) we get: Π−1m Aµ+11m = (EmΠm)

−1AmAµ1m = E−1P−1m AmΠmΠ
−1
m Aµ1m = E−1P−1m PmAΠ

−1
m Aµ1m =

E−1(AΠ−1m Aµ1m + Ker Pm), namely: T µ1 = Π−1m Aµ1m. In a similar way T µ2 = Π−1m Aµ2m. And thus,

Xm = A∗1m ⊕A∗2m iff X = T ∗1 + T ∗2 and T ∗1 ∩ T ∗2 = Ker Πm
On the other hand: dim

³A∗2m+A2
1m

A∗2m+A1
1m

´
= dim

µ
Πm(T ∗2 +T 2

1 )
Πm(T ∗2 +T 1

1 )

¶
= dim

³T ∗2 +T 2
1

T ∗2 +T 1
1

´
−dim

µ
(T ∗2 +T 2

1 )∩Ker Πm
(T ∗2 +T 1

1 )∩Ker Πm

¶
. And

thus

dim

µA∗2m +A21m
A∗2m +A11m

¶
= 0 iff dim

µT ∗2 + T 21
T ∗2 + T 11

¶
= dim

Ã¡T ∗2 + T 21 ¢ ∩Ker Πm
(T ∗2 + T 11 ) ∩Ker Πm

!
3. Let us now show that: If V∗o = {0} and V∗X = X then T µ1 = T µ1 and T µ2 = T µ2 ; moreover, T

∗
1 = S∗Xo

and T ∗2 = V∗Xo + R∗a0.
Indeed, from (9) we get for this case Ker Πm = R∗a0 and Ker Pm = AR∗a0, and thus T µ1 = T µ1 and T µ2 = T

µ

2 .

Note that T 11 = E−1AR∗a0 ⊃ KE = SoXo +R∗a0. Let us then assume that T
µ

1 ⊃ Sµ−1Xo +R∗a0, which implies
T µ+11 ⊃ SµXo + E−1AR∗a0 ⊃ S

µ
Xo +R∗a0.

On the other hand, T o1 = R∗a0 ⊂ S∗Xo , assuming then T
µ

1 ⊂ S∗Xo we get T
µ+1

1 ⊂ S∗Xo . Therefore: S∗Xo =
S∗Xo +R∗a0 ⊂ T

∗
1 ⊂ S∗Xo .

Now in view that T o2 = X = VoXo = VoXo +R∗a0, let us assume that T
µ

2 = VµXo +R∗a0. This assumption
implies (recall that ER∗a0 ⊂ AR∗a0): T

µ+1

2 = A−1(EVµXo + ER∗a0) + R∗a0 = A−1(EVµXo + ER∗a0 + AR∗a0)
= A−1(EVµXo + AR∗a0) = A−1EVµXo + R∗a0 = Vµ+1Xo + R∗a0, namely T

µ

2 = VµXo + R∗a0, which implies
T ∗2 = VµXo +R∗a0.
4. Finally, let us note that: T ∗1 ∩ T

∗
2 = S∗Xo ∩ (V∗Xo + R∗a0) = S∗Xo ∩V∗Xo + R∗a0, which proves (12.a) and

(12.b). Also: dim

µ
(T ∗2+T 2

1)∩Ker Πm
(T ∗2+T 1

1)∩Ker Πm

¶
= dim

µ
(V∗Xo+R∗a0+T

2
1)∩R∗a0

(V∗Xo+R∗a0+T
1
1)∩R∗a0

¶
= dim

³R∗a0
R∗a0

´
= 0, which proves (12.c).

C. Proof of Corollary 1

If the implicit description (8) has only exponential and derivative modes (neither minimal row indices

nor minimal column indices) then (see [12], [1] and [15]): X = V∗Xo ⊕ S∗Xo . In this case, (12.a) and (12.b) is
automatically satisfied. Since T µ1 ⊂ T

∗
1 = S∗Xo , implies that V∗Xo ∩ T µ1 = V∗Xo ∩ S∗Xo ∩ T

µ

1 = {0}. And since
T µ+11 ⊃ SµXo +R∗a0 ⊃ R∗a0, we get: dim

µ
V∗Xo+R∗a0+T

2
1

V∗Xo+R∗a0+T
1
1

¶
= dim

µ
V∗Xo+T

2
1

V∗Xo+T
1
1

¶
= dim

µ
V∗Xo⊕T

2
1

V∗Xo⊕T
1
1

¶
= dim

³T 2
1

T 1
1

´
.

Therefore dim

µ
V∗Xo+R∗a0+T

2
1

V∗Xo+R∗a0+T
1
1

¶
= 0 iff T 11 = T 22 = T ∗1, namely: E−1AR∗a0 = S∗Xo .

D. Proof of Lemma 2

From (18) and (3) we get: −LpN = (ApRp +Bp)N =

∙ h
Ak1p bp1

¯̄̄
· · ·

¯̄̄
Apbp1

¯̄̄
bp1

i
N1

¯̄̄̄
· · ·

· · ·
¯̄̄̄ h

Aknp bpn

¯̄̄
· · ·

¯̄̄
Apbpn

¯̄̄
bpn

i
Nn

¸
=

∙ h
Ak1−1p bp1

¯̄̄
· · ·

¯̄̄
bp1

¯̄̄
0
i¯̄̄̄
· · ·

· · ·
¯̄̄̄ h

Akn−1p bpn

¯̄̄
· · ·

¯̄̄
bpn

¯̄̄
0
i ¸

= Rp. From (17), (15), (5) and (7) we get (20).
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I. Global Changes

We have taken into account all the comments of the four Reviewers, and the Associate

Editor. The objectives and the contribution have been explained in more details, the position

with respect to previous results precised, and the illustration of the proposed method better

shown on a MIMO example.

In Section II we answer to the different points raised by Reviewers. And in order to

simplify the revision task, we have added, in Section III, the Illustrative Example shown in

the fifth Section of the revised paper, but in a more explicit way.

II. Reviewers Comments

A. Reviewer number 1

1) Questions:

Comments to Authors

(Paper No.: IEEE AC TN03-01-11 by

J. P. Martinez, M. Bonilla E. and M. Malabre)

1) General comments This paper studies three related problems. a) proper approximation

of non-proper systems, b) characterization of external properness of implicit systems,

and c) the combination of 1) and 2). See Problem 1, pl-2. Solutions to these problems

are presented.

(a) Requirement 1) of Problem 1 is apparently equivalent to a stable observer

for ∆ω. Considering the fact that there are many results on observer design

for implicit systems, the paper fails to link these results and does not show

the advantages of the solution given in Lemma 1.

(b) The concept of external properness is defined (Def. 1 p3) in terms of

internal properness of the externally minimal part. It is assumed implicitly in

the proof of Theorem 1 [2), p5] that this internal properness dependent on a

particular (or any such?) pair of Em and Am only. While the conditions (12)

and (13) of Theorem 1 depend on the pair E and A, as well as on C but not

on B (why not?). In addition, the relationship between Def. 1 and the usual
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understanding of properness from transfer function needs to be explained and

clarified. The assumptions in Theorem 1 are not explanatory and lessen the

contribution of the paper, as Theorem 1 is the main result of the paper.

(c) The basic fact that Σ, and Σf are connected in series make the result of

Theorem 2 [p8] simple and natural, if not trivial. Yet this observation is not

utilized to facilitate [the understanding of] the result.

(d) In addition, the special selection of system (1) and its Kronecker canonical

form (3) for the proper approximation problem, and especially the assumption

in Theorem 1 [p4] that system (10) is observable and has no trajectories

identically null lessen the contribution of the paper, since the properness is

usually not expected to be associated with observability and/or controllability.

(e) Finally, the title indicates the paper is about MIMO case. But the results

on SISO are not reviewed. There are no discussion about the respective results.

2) Technical correctness and presentation

The results and derivations are technically correct, and the proof are well organized,

which makes the logic quite clear. However there is a lack of explanation of moti-

vations (for the problems considered, and the geometric approach used) and a lack

of presentation of relevant results in the literatures (e.g., these on observer design

or proper approximation). The English needs to be polished, for example, the word

”which” in p2, 1. 12, p9, 1. 12, and p10, 1.7 should read ”whose”. The presentation

of Part B of section V needs to be simplified to avoid repetition of Part A. Also ”non

proper” or ”non-proper”?

3) Detailed suggestions and questions

(a) Notation: The basic notations of the geometric approach (e.g., the inverse

image functions E−1 and A−1 need to be mentioned or referred.

(b) Introduction: The review of literatures on proper approximation and

relevant results should be provided. One such example is the result in [4] for

SISO systems, another example is the paper by M. Bonilla E., M. Malabre

and M. Fonseca, ”On the approximation of non proper control laws,” Int. J.

Control, vol. 68, pp. 775-796, 1997. The requirement in 1) of Problem 1 that
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Σf is internally stable for all ε > 0 is not necessary and is indeed not achieved

by the filter that Lemma offers.

(c) Section II: It seems that the filter given in Lemma 1 is of kind of high-gain

observer, is it a special design of observer for the particular system (1)? Also

add a little more arguments that lead to limε→0(y(t)− y ∗ (t)) = eAβtx̄(0) [p3,
1. -8].

(d) Section Ill: Why the external properness is defined in term of the internal

properness of a (equivalent to any?) minimal part? Note that it is well-accepted

that the properness can be defined by the transfer function. The assumptions

of Theorem 1 should be discussed.

p4. 1. -7: What kind of observability?

p5. 1. 2: A pair of brackets is missing in the last equation.

p5. 1, -9: Γ∗1 and Γ
0∗
2 are missing.

p6. 1. 9, 11, and 13: How can these assumptions be made? are they implied

by the assumptions of Theorem 1?

(e) Section IV: p8, 1.13: The assumptions of Corollary 1 need to be verified.

(f) Section V: p9 1. 6-7: change ξ into ω.

(g) Section VI: The conclusion should be modified with the assumptions

stated.

(h) References: [7] is published. vol. 46, no.1, pp. 60-65.

2) Answers to Reviewer 1:

1) General comments

(a) No, Condition 1) of Problem 1 is not related with an observer. The output

y∗ = ∆ω is only the output (of the controller) and not an internal variable

that would have to be observed. Condition 1) means that Σf is a stable filter,

which modification on the output of Σc is almost null (in an exponential way).

Condition 2) is the most important for our objective: the aim is to filter Σc

without modifying it too much, but mainly insuring the properness of the

whole system Σf ◦Σc.
(b, c, d) In order to clarify more, we have introduced in Section III a detailed
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description of the needed concepts.

In this Section we are working with concepts related to the external behav-

iour of the systems and thus the external properness is independent of the

particular realization chosen.

Indeed, in the paper

(*) M. Kuijper : ”Descriptor representations without direct feed through

term”, Automatica, vol. 28, 3, pp. 633-637, 1992

it is stated the existence of relations between all the minimal realizations: they

only differ by changes of basis in the domain and co-domain; with respect

to [3], it is equivalent to choosing bases spanning explicitly Xm and Xm.

More precisely, (E,A,B,C) and (E0, A0, B0, C 0) are two (externally) minimal

realizations iff there exists two invertible matrices M and N , such that: B0 =

MB, M(sE − A) = (sE0 − A0)N and C 0N = C, which implies (in the case

of regular systems): C(sE − A)(−1)B = C 0(sE0 − A0)(−1)B0; Therefore both
realizations have the same properness property.

With respect to the fact that the map B does not play any role in the

conditions (12), let us note that we are working with external minimality

and not with internal minimality. Indeed, internal minimality (introduced by

Kalman) is used in the transfer function framework and in the case of classical

state space case it is equivalent to both observability and controllability. While

external minimality (introduced by Willems) is used when working in the time

domain (which is our case), since there are cases where the non controllable

modes are necessary to describe their associated behaviours, In fact, in the

paper

(**) M. Fliess : ”A simple definition of hidden modes, poles and zeros”,

Kybernetika, vol. 27 (3), pp. 186-189, 1991

it was pointed out the necessity of external minimality when trying to describe

systems like ẏ = u̇, in which case only the observability characterizes the

minimality of any state description of such a system.

For the generalized systems, Kuijper has shown that there are three conditions

for having external minimality, namely: (i) [E B] epic, (ii) [ET , CT ]T monic
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and (iii) observability of the exponential modes. Later in [3] it was shown

that the minimal part of the system is found in the subspaces Xm and Xm.

In our Results of Section III, Theorem 3 and Corollary 1, we are asking for

satisfying V∗o = {0} and V∗X = X , which are equivalent to satisfy condition
(i) and (iii) given by Kuijper. The other condition of Kuijper is related to

the notion that we call differential redundancy, and this is precisely the part

that we use to solve the problem.

In the new version of the paper, we widely speak about all these aspects in

Section III.

(e) When approximating non proper SISO systems, there is normally a positive

parameter, say ε, which has to tend to zero in order to improve the approx-

imation; but this parameter introduces terms of the type ke−εt which can

trouble digital simulations. In order to solve this problem, for SISO systems,

in [6] was introduced an exponential mode which aim is to separate quality

of approximation (given by the positive parameter ε) and rate of convergence

(given by a positive parameter β in terms of the type ke−βt). The extension

of this proposition to the MIMO case is not straightforward and to get it, it

is necessary to realize a carefully structural study, which is the principal aim

of the paper.

This point is explained in the Introduction of the new version.

2) Technical correctness and presentation : they are completely taken into account in

the new version.

3) Detailed suggestions and questions

(a) We have done it in the new version.

(b) We have added the reference [5] and we do a complete comparison of its

results.

The requirement of internally stability of Σf asked in the point 1) of Problem

1 is crucial for proving Lemma 1. In fact, we have made the proof more

explicit with respect to that point and we have added the hypothesis H5 to

enhance this.
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(c) We have already replied on this in 2.1.2.1(a) and in 2.1.2.3(b).

(d) We have already detailed this in 2.1.2.1(b, c, d). As we are working in the

time domain only exists one kind of observability, the so called exponential

observability. People working in a distributional framework (distributions

and generalized derivatives; as Cobb do) make a distinction between finite

(un)observability and infinite or impulsive (un)observability; in our time do-

main framework (the derivatives being in the usual (not distributional) sense)

the impulsive unobservability is identified with a differential redundancy (see

for example [3]).

B. Reviewer number 2

1) Questions:

COMMENTS TO AUTHOR(S):

The question treated in this paper may be of interest when control policies using differ-

entiators are adopted to cope with disturbance decoupling problems where the standard,

well-known, geometric conditions are not satisfied. In this area, the contribution by J. C.

Willems, Systems and Control Letters, vol. 1, n. 4, 1982, should be acknowledged along

with [5,6,7]. Since the paper main motivation is the need of finding proper systems to

replace (at the implementation stage) the non proper systems solving the problem from

a merely theoretic point of view, the discussion could be improved by a neat analysis of

how much the control objective are compromised when the suggested approximations are

introduced. The authors should also clarify how different choices of the various parameters

imply different degree of accuracy. No mentions are made to other literature dealing with

this same problem in the MIMO case: is it totally lacking? There is something wrong in

reference [7]!

2) Answers to Reviewer 2: We have added the references of Willems and we have

completed the reference [9].

As we have pointed in 2.1.2.1(e) the aim of the positive parameter ε is to give certain

quality of the approximation and the aim of the positive parameter β is to give the rate

of convergence; this is summarized by the equation: lim
ε→0

(y(t)− y∗(t)) = eAβtx̄ (0) , t > 0.
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Indeed, in our last comment of the new MIMO example of Section V, we point out that the

differential equation of the error signals is F (p)y = (p + β)y∗, where F (p) is under braced

in equation (32); from these equations we realize that we have dominant poles in −β and
the other ones are very close to −1/ε (for ε very small), and thus y ≈ y∗ + ke−βt.

C. Reviewer number 3

1) Questions:

COMMENTS TO AUTHOR(S):

This paper is very difficult to understand. The authors really need to work on refining

their results, stating them concisely and putting them into proper perspective relative to

the work of other researchers. For example, I notice that virtually every reference is to a

paper published by the same group of authors.

Problem 1 is not sufficiently motivated. What is the significance of conditions 1) and 2)

on p. 2? What is the role played by the parameter ε? Similar remarks refer to the long list

of conditions in Lemma 1.

It’s not at all clear that anything worthwhile is accomplished by Theorem 1. The

condition of external properness is replaced by a mass of subspace iterations. What intuitive

significance can be obtained from this result?

The authors like to toss around phrases that they have not carefully defined, such as

”externally minimal part”, ”internally proper”, ”derivators”, ”exponential and derivative

modes”, ”minimal row (column) indices”, ”exponentially observable”, ”integral and deriva-

tive actions”, and ”state derivative observers”. Most of these terms probably have reasonable

definitions, but they do need to be defined in the paper.

By the time I reached the main result, Theorem 2, I was hopelessly confused, so I cannot

pass judgment on the merit of the authors conclusions.

2) Answers to Reviewer 3: See answers to Reviewers 1 and 2.

D. Reviewer number 4

1) Questions:

Comments to Authors:
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This paper addresses the synthesis of a strictly proper, internally stable filter for MIMO

improper systems. Although the topic is an interesting one, there are a number of problems

with this paper:

1) The structure of the filter poses serious concern. With ² tending to zero, the filter

reverts to one with poles at infinity. The magnitudes of the filter gains are also

unacceptably high. In order words, since ε is directly tied to the filter bandwidth, it

has to be small to produce a good approximation yet on the other hand, it also leads

to a practically unsound design.

2) The problem of improperness is local, i.e. even though Σf ◦Σ is proper, its realizability
is not assured if it still contains improper elements. For example, the original derivative

chain (1) still appears in Figures 2 and 3. It would be more meaningful if the authors

carry this step further and come up with a proper realization for (Σ
0f ◦ Σ) directly.

3) Band-limiting a derivative chain should be done in the context of the closed loop

system rather on the controller alone. It is not clear how the filter impacts on the

closed loop system (stability, robustness, performance, etc.).

4) There are no clear error bounds on the choice of ε, β. The asymptotic results are

generally not helpful for synthesis/design purposes.

5) Finally, sections of the paper, especially the abstract and the conclusions, are not well

written. There are also a number of typos/grammatical errors that should be weeded

out.

2) Answers to Reviewer 4:

1) We have tried to answer this question by choosing in Section V a better illustrative

MIMO example, which takes into account a large set of possibilities (see equation

(25)) and points out the separate roles of ε and β, see equations (28) and (32) (see

also answer 2.2.2).

2) Σf ◦Σc being proper, its realization is up to the user. Of course the improper elements
coming initially from Σc are no longer present.

We have changed to a better illustrative MIMO example.

3) See answer 2.2.2.

4) See answer 2.2.2.
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5) We have done it.

III. Illustrative Example

In order to clarify the principal ideas of this paper, let us consider the following system:

0 0 0 0 0 0 0

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 0 0

0 0 0 0 0 1 0


ξ̇ =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 −1 0 1 1 0 0

0 1 0 0 −1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


ξ +



0 −1 0

−1 0 0

0 0 0

2 0 0

−2 0 0

−1 −1 −1
0 0 0


u

z =


0 0 1 0 0 0 0

0 0 −1 1 0 0 0

1 0 0 0 −1 −1 1

ξ

(23)

which input-output description is described by the following differential equation:
1 0 0

0 (p + 1) 0

0 0 (p + 1)

z =


p p2 0

−p(p + 2) −p3 0

p2 p2 (p2 − 1)

u (24)

Let us carry system (23) into the Kronecker canonical form. For this, let us define z̄ = TLoz

and ξ̄ = T
(−1)
R ξ and let us multiply on the left the descriptor equation by TL, where TLo =


1 0 0

0 0 1

1 1 0

, TL =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 0 1 0

0 0 0 0 0 −1 1

−1 0 0 1 0 0 0

−1 1 0 0 −1 0 0


, and TR =



1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 1 0 0 0 1 1

1 0 0 0 0 0 −1
0 0 0 1 0 0 0

0 0 0 1 1 0 0


, namely:



0 0 0

1 0 0

0 1 0

0 0

1 0

0

1



˙̄ξ =



1 0 0

0 1 0

0 0 1

1 0

0 1

1

−1


ξ̄ +



0 −1 0

−1 0 0

0 0 0

−1 −1 −1
1 1 1

2 1 0

1 1 0


u

z̄ =


0 0 1

0 1 1

0 1 0 1 1

ξ̄

(25)
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where ξ̄ = [ ξ̄Ti,1 ξ̄Ti,2 ξ̄Tp,1 ξ̄Tp,2 ]
T . In order to obtain the particular form proposed in (??),

let us decompose (25) as follows (recall that z = T
(−1)
Lo

z̄):

0 0 0

1 0 0

0 1 0

0 0

1 0

0 0

1 0


ẇ =



1 0 0

0 1 0

0 0 1

1 0

0 1

1 0

0 1


w +



0 −1 0

−1 0 0

0 0 0

−1 −1 −1
1 1 1

0 −1 0

−1 0 0


| {z }

Γ

u

y∗ =


0 0 1

0 1

0 1

w

(26)

˙̄ξp,2 = −ξ̄p,2 +
h
1 1 0

i
u ; z =


1 0 0

−1 0 1

0 1 0

y∗ +

0

1

1

ξ̄p,2 +


0 0 0

−2 −1 0

0 0 0

u (27)

Note that the input-output description of (26) is:

y∗ =


p p2 0

(p− 1) (p− 1) (p− 1)
1 p 0

u (28)

Let us now proceed to approximate the non-proper system (26).

1) Comparing (26) with (1) and (3), we get: n = 3, k1 = 2, and k2 = k3 = 1; thus κ =

2. Matrix Γ is indicated in (26) itself.
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2) Using the proposition (5) and (6), we get the following overall system (c.f. (14)-(16)):

1 0 0

0 1 0

0 0 1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0

1 0 0

0 1 0

0 0

1 0

0 0

1 0



ẋ =



0 −1 0

−1 0 0

0 0 0

−1 −1 −1
1 1 1

0 −1 0

−1 0 0



u

+



−β 0 0 −ε3 0 0 0 0

0 −β 0 −ε3 0 0 0

0 0 −β −ε3 0 0 0

0 −1/ε 1/ε 0 0 0

1/ε 0 −1/ε 1/ε 0 0

1/ε −1/ε 0 1/ε 0

1/ε −1/ε 0 0 1/ε

1 0 0

0 1 0

0 0 1

1 0

0 1

1 0

0 1



x

y =


1 0

1

1

x

(29)

3) The matrices Rp and Lp defined in Lemma 2 are (see (18)):

Rp =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

1/ε2 0 0 0 0 0 0

−1/ε2 1/ε 0 0 0 0 0

0 0 0 1/ε 0 0 0

0 0 0 0 0 1/ε 0


and Lp =



ε 0 0 0 0 0 0

0 0 0 ε2 0 0 0

0 0 0 0 0 ε2 0

2/ε3 −1/ε2 0 0 0 0 0

−1/ε3 1/ε2 −1/ε 0 0 0 0

0 0 0 1/ε2 −1/ε 0 0

0 0 0 0 0 1/ε2 −1/ε


;

note that (19) and (20) are satisfied.
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4) Defining x̄ =

 I Rp

0 I

(−1)x and premultiplying (29) by
 I Lp

0 I

, we get (c.f. (21)):


1 0 0

0 1 0

0 0 1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0

1 0 0

0 1 0

0 0

1 0

0 0

1 0



˙̄x =



0 −ε 0

−ε2 −ε2 −ε2
0 −ε2 0

1/ε2 −2/ε3 0

−1/ε2 1/ε3 0

−(1/ε2 + 1/ε) −(1/ε2 + 1/ε) −(1/ε2 + 1/ε)
1/ε −1/ε2 0

0 −1 0

−1 0 0

0 0 0

−1 −1 −1
1 1 1

0 −1 0

−1 0 0



u

+



−β 0 0 −ε3 0

0 −β 0 −ε3
0 0 −β −ε3

0 −1/ε 1/ε

1/ε 0 −1/ε
1/ε −1/ε

1/ε −1/ε
1 0 0

0 1 0

0 0 1

1 0

0 1

1 0

0 1



x̄

y =


1 0 1/ε2 0 0

1 1/ε 0

1 1/ε 0

x̄
(30)

5) Applying the algorithms (10) and (11) to (30), we get: R∗a0 = {e9, e10, e12, e14} and
E−1AR∗a0 = {e8, e9, e10, e11, e12, e14} = S∗X ,0. And thus, since the assumptions of Corollary
1 are satisfied, system (30) is externally proper; and it is externally equivalent to:
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˙̂x =



−β 0 0 −ε3 0 0 0

0 −β 0 0 0 −ε3 0

0 0 −β 0 0 0 −ε3
0 0 0 −1/ε 1/ε 0 0

1/ε 0 0 0 −1/ε 0 0

0 1/ε 0 0 0 −1/ε 0

0 0 1/ε 0 0 0 −1/ε


x̂+



0 −ε 0

−ε2 −ε2 −ε2
0 −ε2 0

1/ε2 −2/ε3 0

−1/ε2 1/ε3 0

−(1/ε2 + 1/ε) −(1/ε2 + 1/ε) −(1/ε2 + 1/ε)
1/ε −1/ε2 0


u

y =


0 0 0 1 0 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

x̂+


0 1/ε2 0

1/ε 1/ε 1/ε

0 1/ε 0

u
(31)

Note that the input-output description of (31) is:
(εp + 1)2(p + β) + ε3 0 0

0 (εp + 1)(p + β) + ε3 0

0 0 (εp + 1)(p + β) + ε3

| {z }
F (p)

y = (p + β)


p p2 0

(p− 1) (p− 1) (p− 1)
1 p 0

u

(32)

Thus from (32) and (28), we get: F (p)y(t) = (p+ β)y∗(t). There then exists a positive real

number, ε∗, such that detF (p) is Hurwitz for all ε ∈ (0, ε∗). Moreover, we realize that
there are dominant poles in −β and that the other poles are very close to −1/ε (for ε very
small). Furthermore, y(t) ≈ y∗(t) + e−βt(y(0)− y∗(0)) (for ε very small). The filter looked
for is given by (31), (27.a) and (cf (27.b)):

z =


1 0 0

−1 0 1

0 1 0

y +

0

1

1

ξ̄p,2 +


0 0 0

−2 −1 0

0 0 0

u (33)
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Almost Rejection of Internal Structural Variations in

Linear Systems

Moisés Bonilla Estrada a,1 Jaime Pacheco Mart́ınez a,2 Michel Malabre b,1

aCINVESTAV-IPN, Control Automático. AP 14-740. México 07000, MEXICO. mbonilla@mail.cinvestav.mx.

bIRCCyN, CNRS UMR 6597, B.P. 92101, 44321 NANTES, Cedex 03, FRANCE. Michel.Malabre@irccyn.ec-nantes.fr.

Abstract

This paper deals with linear systems having internal structural variations. Under some weak assumptions, the control of
such systems is indeed possible, thanks to the very nice setting of implicit models and Proportional and Derivative (PD)
feedbacks. However, the effective design of such PD feedbacks usually requires suitable approximations for the derivatives,
hence Proportional approximations of the PD feedback “exact” solution. The aim of the present contribution is to directly
tackle an “almost” version of the problem by pure (high gain) Proportional feedback. The design is different, but very close
to the one related to PD feedbacks, mainly with respect to the associated geometric splittings. As an interesting by-product,
a system theoretical interpretation of the classical process of “integration by parts” is given and shown to be equivalent to
some particular changes of bases.

Key words: Linear systems, implicit systems, variable structure systems, PD feedbacks, proper approximations.

Notation

Script capitals V , W, . . ., denote linear spaces with elements v, w, . . .; the dimension of a space V is denoted dim(V); V ≈
W stands for dim(V) = dim(W); when V ⊂ W, WV or W/V stands for the quotient space W modulo V ; the direct sum of
independent spaces is written as ⊕. Given a linear map X : V → W, Im X = XV denotes its image, and KX or sometimes
Ker X denotes its kernel. For the two special maps E : X → X and B : U → X , their images are denoted by E and B,
respectively. We write X(−1) for the inverse map of X (when it exists) in order to avoid confusions with X−1T , the inverse
image of the subspace T by the linear map X. {x, y, z} stands for the subspace spanded by x, y and z. ei stands for the vector
with a 1 in its i− th component and 0 otherwise.

1 Introduction

Consider the implicit description, Σ (E,A,B, C): 3

Eẋ = Ax + Bu ; y = Cx (1)

where E : X → X , A : X → X , B : U → X and C : X → Y are linear maps of appropriate dimensions, with
KB = {0} and Im C = Y. x, u and y are the descriptor variable, the input and the output. In (Bonilla and Malabre

1 LAFMAA, Laboratoire Franco–Mexicain d’Automatique Appliquée.
2 Sponsored by CONACyT–México, and the French Ministery of Research. jpacheco@correo.unam.mx.
3 For the sake of shortness, and except when needed, we write x, ẋ, u, y, ... in place of x(t), ẋ(t), u(t), y(t), ...
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1991), it was shown that when dim(X ) < dim(X ), it is possible to describe linear systems with an internal variable
structure (see Bonilla and Malabre (2003)). For example the implicit flat description: 1 0 0

0 1 0

 ẋ =
 0 1 −1
1 0 −1

 x+
 0
1

 u ; y =
[
0 0 1

]
x (2)

with the additional constraint: [α β 1]x = 0.

If (α, β) = (−1, −1), namely x3 = x1 + x2, then the input-output description ẏ + y = u. If (α, β) = (−1, 0), namely
x3 = x1, then the input-output description is ÿ + ẏ = u. If (α, β) = (−1, −5), namely x3 = x1 + 5x2, then the
input-output description is ÿ + 6ẏ + 5y = 5u̇ + u. Finally, if (α, β) = (1, 1), namely x3 = −(x1 + x2), then the
input-output description is ẏ − 3y = −u.

Bonilla and Malabre (2003) have considered the following problem:

Problem 1 (Bonilla and Malabre 2003) Let us consider a set of strictly proper linear systems embedded in the
following set of implicit global descriptions Σg

i (E,A,B, C):4

Eẋ = Ax + Bu ; y = Cx (3)

with E =
[
ET 0

]T
, Ai =

[
AT DT

i

]T

, B =
[
BT 0

]T
(i = 1, . . . , n); E and Di are epic.

– Under which conditions can this set of linear systems be controlled by a fixed P.D. state feedback, u = Fpx + Fdẋ,
assigning a fixed external closed-loop behaviour, and which synthesis is based on the common internal structure,
described by Eẋ = Ax + Bu?

Bonilla and Malabre (2003) have found what it is the common internal structure of the set of linear systems (3) which
enables to solve Problem 1. They have given a procedure to synthesize P.D. feedbacks for rendering unobservable
the variation of structure and assigning at will the closed-loop output dynamics. Such a synthesis procedure relied
on the following Theorems (see the background Section 2 for the definition of V∗ and some of its related properties,
as well as the definitions of external equivalence and external minimality):

Theorem 2 (Bonilla and Malabre 2003) If the following two geometric conditions hold

Im A + B ⊂ E and dim
(V∗ ∩ E−1B) ≥ dim (KE) (4)

there then exists a P.D. feedback, u = F ∗p x + F ∗d ẋ, with (F ∗p , F
∗
d ) ∈ F(V∗) (see Section II), such that:

Im (E −BFd) = E and Ker (E − BFd) ⊂ V∗ (5)

Theorem 3 (Bonilla and Malabre 2003) Let (F ∗p , F
∗
d ) ∈ F (V∗), as in Theorem 2. When (3) is fed back with:

u = F ∗p x + F ∗d ẋ + v, it is externally equivalent to: ˙̂x = E
(−1)
∗ A∗x̂ + E

(−1)
∗ B∗v and y = C∗x̂. The isomorphism E∗

and the maps A∗ and B∗ are induced from the closed loop system by the cannonical projections Π : E → E/EF∗V∗
and Φ : X → X /V∗ and x̂ = Φx.

Theorem 4 (Bonilla and Malabre 2003) Given any pair (F ∗p , F ∗d ), as in Theorem 3. If the implicit system (1),

related to the implicit global descriptions (3), is controllable 5 then the quotient system ˙̂x = E
(−1)
∗ A∗x̂ + E

(−1)
∗ B∗v

and y = C∗x̂ is also controllable (in the classical sense).

The solution found in (Bonilla and Malabre 2003) is based on the use of (P,D) feedbacks which are friends of V∗.
From the geometric condition (4.b) of Theorem 2, we can realize that the derivative part of the control law, Fd,

4 The dynamic part of the Σg
i (E,A,B, C) which is active for any choice of Di will be denoted as Σ(E,A,B,C) as in (1).

5 This controllability depends on the exogenous input, u, and also on the degree of freedom, characterized by KDi , which
acts as endogenous inputs.
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is crucial for solving Problem 1, namely a static feedback is generally not sufficient. A natural question from a
practical point of view is -what can we do if we are restricted to use Proportional feedbacks?; more precisely -how to
approximate the P.D. feedback obtained from Theorem 2 in order to be close to the nice structural properties given in
Theorems 3 and 4?. This question is stated in the following Almost Rejection of the Internal Structural Variations
Problem (ARISV-Problem):

Problem 5 (ARISV-Problem) Given the implicit global descriptions (3), let u∗ = F ∗px+F ∗d ẋ+ ū be a control law
solving Problem 1 and let y∗ be the output obtained with this P.D. feedback. For a given δ ∈ R+ find a Proportional
state feedback, u = Fpx + ū, such that its closed loop output, y, satisfies (t∗(δ) is some fixed time depending on the
given δ):

|y − y∗| ≤ δ ∀ t ≥ t∗(δ)

In this paper we solve this ARISV-Problem. For this we introduce in Section 2 some needed background material.
In Section 3, we find some basic geometric decompositions and in Section 4 the problem is solved. In Section 5 we
give an illustrative example and in Section 6 some concluding remarks are given.

2 Background

2.1 Structural Definitions

Definition 6 (Willems 1983) Two models are called externally equivalent iff the corresponding sets of all possible
trajectories for the external variables (external behaviors) are the same.

Definition 7 (Kuijper (1992) and Bonilla and Malabre (1995)) A given implicit description, Eẋ = Ax + Bu and
y = Cx, where E,A ∈ Rn×n, B ∈ Rn×m, and C ∈ Rp×n, with n and n not necessarily equal, is minimal among
all externally equivalent descriptions of the same type iff: 1) the corresponding descriptor equation has the least
possible number of rows, and 2) the descriptor variable has the least possible number of components.

Definition 8 (Bernhard (1982) and Armentano (1986)) Fẋ = Gx + v is internally proper iff the pencil [λF−G] is
regular (square and det(λF−G) �= 0) and it has no infinite zero of order greater than one (there are no derivators).

Kuijper (1992) gave necesary and sufficient conditions for external minimality and Bonilla and Malabre (1995)
showed that a given implicit description (E,A,B, C) is externally equivalent to the minimal implicit description
(Em, Am, Bm, Cm), called the externally minimal part of the system whose maps are uniquely defined as follows:

EmΠm = PmE ; AmΠm = PmA ; Bm = PmB ; CmΠm = C

where Πm : X → V∗X/(V�
o +V∗X ∩R∗a0) and Pm : X → (EV∗X +Im B)/(EV∗o +A(V∗X ∩R∗a0)) are canonical projections

(see next subsection for subspace definitions).

Definition 9 (Pacheco et al 2003) The implicit system, Eẋ = Ax + Bu and y = Cx, is externally proper iff its
externally minimal part is internally proper.

2.2 Subspaces and Related Properties

Related with any implicit system (1) are the well known following subspaces: (see Özçaldiran (1986), Malabre (1987)
and Bonilla and Malabre (1995)):

The supremal (A,E,B) invariant subspace contained in KC , V∗Σ := sup {V ⊂ KC | AV ⊂ EV + Im B}, limit of:
V0 = X and Vµ+1 = KC ∩A−1 (EVµ + Im B) for µ ≥ 0.
Let F(V∗Σ) denote the set of all (Fp, Fd) such that (A + BFp)V∗Σ ⊂ (E − BFd)V∗Σ. Such (Fp, Fd) is called a friend
pair of V∗Σ. The following result is well known:

Fact 10 (i) For any (Fp, Fd), for the closed loop system, ΣF (E−BFd, A+BFp, B, C) there holds: V∗Σ = V∗ΣF
; then,

we just write V∗ to identify V∗Σ or V∗ΣF
(ii) For any Fd, there exists F ∗p s.t. (F ∗p , Fd) ∈ F(V∗Σ).
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The supremal (A,E,B) invariant subspace contained in X , V∗X := sup {V ⊂ X | AV ⊂ EV + Im B}, is the limit of
the non-increasing algorithm: Vo

X = X and Vµ+1
X = A−1 (EVµ

X + Im B) for µ ≥ 0. V∗X characterizes (together with
EV∗X + Im B) the set of all possible trajectories which are not identically zero for any input u,

The supremal (A,E) invariant subspace contained in Ker C, V∗o := sup {V ⊂ Ker C | AV ⊂ EV}, is the limit of the
non-increasing algorithm: Vo

o = X and Vµ+1
o = KC ∩A−1EVµ

o for µ ≥ 0. V∗o characterizes (together with EV∗o ) the
set of all exponential trajectories which are unobservable at the output y.

The supremal almost (A,E) controllability subspace contained in KC, R∗a0 := inf{R ⊂ KC | R = KC ∩ E−1(AR)},
is the limit of the non-decreasing algorithm:

R0
a0 = KC ∩ KE ; Rµ+1

a0 = KC ∩ E−1(ARµ
a0) for µ ≥ 0 (6)

R∗a0 characterizes (together with AR∗a0) the set of all trajectories due to differential actions with no influence on the
input-output trajectories. R∗a0 is called the set of differentially redundant descriptor variables.

Proposition 11 (Bonilla and Malabre 1995) Given an implicit description, Σ(E,A,B, C), R∗a0 characterizes the
differentially redundant descriptor variables. Moreover the induced system, Σ̂(Ê, Â, B̂, Ĉ): Ê ˙̂x = Âx̂+B̂u and y = Ĉx̂

with Ê : X /R∗a0 → X/AR∗a0, Â : X /R∗a0 → X/AR∗a0, B̂ : U → X /AR∗a0, and Ĉ : X /R∗a0 → Y, has no differentially
redundant descriptor variables. Furthermore the systems Σ(E,A,B, C) and Σ̂(Ê, Â, B̂, Ĉ) are externally equivalent.

2.3 Properness

Proposition 12 (Bonilla and Malabre 2003) The global descriptions (3) are internally proper iff: KDi ⊕KE = X .

In view that, from the three subspaces, V∗X , V∗o and R∗a0, characterizing the externally minimal part of (1), only R∗a0
is related with non proper modes then external properness (see Definition 9) is characterized as follows:

Corollary 13 An implicit description, Σ(E,A,B, C) is externally proper if its induced system, Σ̂(Ê, Â, B̂, Ĉ) (de-
fined in Proposition 11), is internally proper.

2.4 Integration by Parts

In this Subsection we find the equivalence, in the framework of system theory, of one powerful tool of functional
analysis: the integration by parts. For this let us consider the following proper system:

ẋ = [−1/ε]x + [1/ε] f ; y = [−1/ε]x + [1/ε] f (7)

where y is the output and f is an input at least twice differentiable and such that f, ḟ, f̈ ∈ L∞, with x(0) = x0,
f(0) = f0 and ḟ(0) = ḟ0; ε is a positive parameter. We are interested in analyzing the external behaviour when the
positive parameter ε tends to zero. Namely, we want to have a rigorous and simple setting from which to argue the
“obvious” property that y(t) tends to ḟ(t) when ε tends to zero. For this, let us obtain the solution of (7): 6

x(t) = e−t/εx0 +
1
ε

t∫
0

e−(t−τ)/εf(τ )dτ , and y(t) = −1
ε
e−t/εx0 +

1
ε
f(t) − 1

ε2

t∫
0

e−(t−τ)/εf(τ )dτ

From this time-domain solution, we get |y(t)| ≤ 1
εe−t/ε|x0| + 1

ε |f(t)| + 1
ε‖f‖∞. As we can not conclude anything

when ε → 0, let us integrate by parts:

x(t) − f(t) = e−t/ε(x0 − f0)−
t∫

0

e−(t−τ)/ε
ḟ(τ )dτ , and y(t) = −1

ε
e−t/ε(x0 − f0) +

1
ε

t∫
0

e−(t−τ)/ε
ḟ(τ )dτ

6 For better clarity, we write here the time dependency of the variables.
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From this integration by parts, we get: |y(t)| ≤ 1
εe−

t
ε |x0− f0| + ‖ḟ‖∞, and we can only conclude that y is bounded

when ε → 0 and for t > 0. Let us integrate by parts one more time:

x(t)−f(t)+εḟ (t) = e−t/ε(x0−f0+εḟ0)+ε

t∫
0

e−(t−τ)/ε
f̈(τ )dτ & y(t)−ḟ (t) = −1

ε
e−t/ε(x0−f0+εḟ0)−

t∫
0

e−(t−τ)/ε
f̈(τ )dτ

From this integration by parts, we get: |y(t) − ḟ(t)| ≤ 1
εe−t/ε|x0 − f0 + εḟ0 | + ε‖f̈‖∞. Therefore, y(t) ε→0−→ ḟ(t)

∀ t > 0.

From this simple analysis, we realize that it was necessary to integrate by parts twice in order to get rigorous
arguments for (expected) conclusions. We would like now to translate this process of “integration by parts” into
a system theoretical point of view. Indeed, we shall later show, in Section 4.2, that this interpretation in terms of
equivalent changes of bases is the guide which fully enlights the choice of the particular proportional state feedback
law solving the ARISV problem.

2.4.1 Useful System Descriptions

Let us first note that the expression of the first integration by parts is the time solution of the Fliess state space
description (Fliess 1990): ẇ = [−1/ε]w + [1/ε] (−εḟ ) and y = [−1/ε] w. This description can be obtained from (7)
with the simple change of variable w = x − f . Let us next note that the expression of the second integration by
parts corresponds to the time solution of the Fliess state space description:

ż = [−1/ε] z + [1/ε] (ε2f̈) ; y = [−1/ε] z + [1] ḟ (8)

This description can be obtained from (7) with the change of variable z = w − (−εḟ) = x− f + εḟ .
The implicit descriptions of systems (7) and (8) are:

(i) Doing ξ1 = x and ξ2 = f in (7), we get: 1 0

0 0

 ξ̇ =
 −1/ε 0

0 1

 ξ +
 1/ε
−1

 f ; y =
[
−1/ε 1/ε

]
ξ (9)

(ii) Doing ζ1 = z, ζ2 = f , ζ3 = −εζ̇2 and ζ4 = ζ̇3 in (8), we get:
1 0 0 0

0 −ε 0 0

0 0 1 0

0 0 0 0

 ζ̇ =

−1/ε 0 0 −1
0 0 1 0

0 0 0 1

0 1 0 0

 ζ +


0

0

0

−1

 f ; y =
[
−1/ε 0 −1/ε 0

]
ζ (10)

2.4.2 Internal Properness

Let us first note that system (9) is internally proper. Indeed, this follows from the fact that (c.f. Proposition 12): X
= Ker [ 1 0 ] ⊕ Ker [ 0 1 ]. Let us next note that system (10) is not internally proper. Indeed, this follows from the

fact that (c.f. Proposition 12): Ker


1 0 0 0

0 −ε 0 0

0 0 1 0

 ∩ Ker
[

0 1 0 0
]
�= {0}.

2.4.3 External Properness

Since system (9) is internally proper, it is also externally proper. For system (10), in order to check the external
properness, we first need to obtain the system quotiented by R∗a0 in the domain and by AR∗a0 in the co-domain (c.f.
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Corollary 13). Applying the matricial procedure of (Bonilla and Malabre 1997) to system (10), we get: 7

✻

❄

X
AR∗a0

✲✛X/R∗a0
1 0

0 0

0 0

0 0

0 −ε
0 0

0 0

1 0

 ˙̄ζ =


−1/ε 0
0 1

0 0

0 0

0 0

0 0

1 0

0 1

 ζ̄ +

1/ε

−1

0

0

 f ; y =
[
−1/ε 1/ε 0 0

]
ζ̄

Applying the algorithm (6) to this system, we realize that R∗a0 = {e3, e4}. And thus, inside the solid line boxes
we find the induced system claimed in Corollary 13, which is nothing else than system (9). Then, (10) is externally
proper and externally equivalent to (9).

From this discussion, we conclude that performing two integrations by parts is equivalent to applying, in the Fliess
state space description, the change of variable: 8 z = x − f + εḟ . The system obtained with this change of variable
only adds differential redundant descriptor variables and remains externally proper and externally equivalent to the
original system. As we will see later on, the added differential redundant subspace enables us to bring the system
into a nice structural form.

3 Basic Geometric Decompositions

In order to solve the ARISV-Problem we modify the geometric condition (4.b) as follows:

dim
(V∗ ∩ E−1B) ≥ dim (KE) + dim ((KE + V∗)/V∗) (11)

In order to simplify, we can also assume, without any loss of generality, that a preliminary proportional feedback
has been applied such that:

AV∗ ∩ B = {0} and AV∗ ⊂ EV∗ (12)

In a similar way as in (Bonilla and Malabre 2003), let us decompose KE , E−1B, V∗, and the space X as follows (X0,
XV∗ , X3, and XKE are any complementary subspaces):{

KE = (V∗ ∩ KE)⊕XKE ; E−1B = ((V∗ ∩ E−1B) +KE)⊕ X3

V∗ = XV∗ ⊕ (V∗ ∩E−1B) ; X = (V∗ + E−1B) ⊕X0

(13)

In view of (11), there then exist X1, X2 ⊂ E−1B, subspaces of E−1B, X1 and X2, such that:

V∗ ∩ E−1B = X1 ⊕X2 ⊕ (V∗ ∩ KE), with: X2 ≈ XKE and dimX1 ≥ dimXKE (14)

From (13) and (14), X , E−1B and V∗ can be decomposed as follows:{
X = XV∗ ⊕ X1 ⊕ X2 ⊕ (V∗ ∩ KE)⊕ XKE ⊕X3 ⊕X0 ; V∗ = XV∗ ⊕ X1 ⊕ X2 ⊕ (V∗ ∩ KE)

E−1B = X1 ⊕ X2 ⊕ (V∗ ∩ KE)⊕ XKE ⊕ X3

(15)

Thus, B, EV∗, and E are decomposed as (recall (4.a)):

B = EX1 ⊕ EX2 ⊕ EX3 ; EV∗ = EXV∗ ⊕ EX1 ⊕ EX2 ; E = EXV∗ ⊕ EX1 ⊕ EX2 ⊕ EX3 ⊕ EX0 (16)

7 Just pre-multiply (10.a) by


1 −1/ε 1 −1/ε

0 0 0 1

0 1 0 0

0 0 1 0

 and do: ζ =


1 −1 −1 0

0 1 0 0

0 0 1 0

0 0 0 1

 ζ̄.

8 In the case of n integration by parts the change of variable is: zn = x+
∑n

i=1(−1)
iεi−1f (i−1)
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Also U can be decomposed as (recall that KB = {0}):

U = B−1EX1 ⊕B−1EX2 ⊕ B−1EX3 (17)

Based on the above geometric decompositions, let us define the following natural projections (i ∈ {V∗, 1, 2, KE}): 9

{
QXi : X → Xi ; QV E : X → V∗ ∩ KE ; QE30 : X → XKE ⊕X3 ⊕X0 ; PXV∗ : E → EXV∗ ; P1 : E → EX1

P230 : E → EX2 ⊕EX3 ⊕EX0 ; R1 : U → B−1EX1 ; R2 : U → B−1EX2 ; R3 : U → B−1EX3

(18)

and the following insertion maps:{
VXi : Xi → X ; VV E : V∗ ∩ KE → X ; VE30 : XKE ⊕X3 ⊕X0 → X ; W1 :→ B−1EX1 → U

W2 :→ B−1EX2 → U ; W3 :→ B−1EX3 → U
(19)

Thanks to the projections (18) and the insertions (19) so defined, we get a more precise implicit description of (1)
in the following Lemma, proved in the Appendix:

Lemma 14 If (11) and (12) hold, then system (1) can be expressed as:


TVQXV∗

T1QX1

K1QX2 +N1QE30

 ẋ =

PXV∗A

0

A1QE30

 x+


0

L1R1

L2R2 + L3R3

 u ; y =
[
CQE30

]
x (20)

where the maps TV : XV∗ ↔ EXV∗ (TV = PXV∗EVXV∗ ), T1 : X1 ↔ EX1 (T1 = P1EVX1) and L1 : B−1EX1 ↔ EX1

(L1 = P1BW1) are isomorphisms. The maps L2 = P230BW2 and L3 = P230BW3 are monic and such that Im L2 =
EX2 and Im L3 = EX3. The maps K1 and N1 are defined as follows:

K1 = PE30EVX2 , satisfying : Im K1 = EX2 , and KK1 = {0} (21)

N1 = PE30EV230 , satisfying : Im N1 = E(X3 ⊕ X0) , and KN1 = XKE (22)

The maps A1 and C are defined as: A1 = PE30AV230 and C = CVE30.

This Lemma will be our starting point for finding the proposed solution. We also need the following Lemma, proved
in the Appendix:

Lemma 15 Let us define the natural projection:

QXKE
: XKE ⊕ X3 ⊕ X0 → XKE along X3 ⊕ X0 (23)

Then the map T230 = (N1 + K1T
X2
XKE

QXKE
) is an isomorphism. Moreover QXKE

= QXKE
QE30.

4 Solution to the ARISV-Problem

We propose in this Section the main contribution of the paper. Namely, we give in Theorem 16 the conditions under
which the causal approximation of a PD state feedback solves, in an approximated sense, the RISV problem. To
avoid unnecessary heavy technicalities, in this Section we are going to assume that (c.f. (14)): 10

X2 ≈ XKE ≈ X1 (24)

9 The natural projections are projected along the complementary subspaces defined in (15.a), (16.c) and (17).
10 If dimX1 > dimXKE we just have to work with an adequate projection on a subspace X ′

1 of X1 such that X ′
1 ≈ XKE .
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4.1 Derivative Feedback

The derivative feedback proposed in (Bonilla and Malabre 2003) for proving Theorem 2 was (recall that K1 =
PE20EVX2):

L2R2u
∗ = −K1

(
−QX2 + TX2

XKE
QXKE

)
ẋ + L2R2ū (25)

where TX2
XKE

: XKE ↔ X2 is an isomorphism (recall (13.a) and (14)). Applying (25) and the feedback L1R1u
∗ =

−(1/ε)T1QX1x to (20), we get: 11


I 0 0 0 0

0 I 0 0 0

0 0 0 0 I

 ẋ =

X1 X2 X3 X4 X5

0
−(1/ε)I

0 0 0

0 0 0 0 Ā

 x+


0

0

B̄

 ū2 ; y∗ =
[
0 0 0 C̄

]
x (26)

where:
[
X1 X2 X3 X4 X5

]
= T

(−1)
V PXV∗A, X6 = T

(−1)
230 K1T

X2
X1

, Ā = T
(−1)
230 A1, B̄ = T

(−1)
230 L2, and ū2 = R2ū and

x = (QXV∗x) + (QX1x) + (QX2x) + (QV Ex) + (QE30x). We write y∗ instead of y in order to distinguish it from
the proportional feedback case. The subsystem Σs(I, Ā, B̄, C̄) enclosed by the solid line boxes is the state space
quotient system mentioned in Theorem 3. Assuming controllability of the common dynamic part (1), of the implicit
global descriptions (3), it follows from Theorem 4 that the pair (Ā, B̄) is controllable; thus, we are going to assume
that the map Ā has been made Hurwitz by a previous proportional state feedback. Let us note that these structural
properties and results are independent on the active internal structure of each particular KDi .

4.2 Proportional Feedback

Based on the derivative feedback (25), let us propose the following proportional feedback (recall that T1 = P1EVX1):

L1R1u = −(1/ε)T1(QX1 − TX1
X2

QX2 + TX1
XKE

QXKE
)x (27)

L2R2u = K1g + L2R2ū (28)
g = −(1/ε)(TX2

X1
QX1 −QX2 + TX2

XKE
QXKE

)x (29)

where: TX1
XKE

: XKE ↔ X1, TX1
X2

: X2 ↔ X1, TX2
X1

: X1 ↔ X2, and TX2
XKE

: XKE ↔ X2 are isomorphisms (recall (24)).
Applying the feedback (27)–(29) to (20), we get:

TVQXV∗ ẋ = PXV∗Ax

T1QX1 ẋ = − 1
ε
T1QX1x+

1
ε
T1

(
TX1
X2
QX2 − T

X1
XKE

QXKE

)
x

(K1QX2 +N1QE30) ẋ = A1QE30x+K1g + L2R2ū

0 = 1
ε
TX2
X1
QX1x −

(
QX2 − T

X2
XKE

QXKE

)
x+ g

(30)

Based on the Integration by Parts Section, let us do the following change of variable:

Qiz = Qix , ∀ i �= X1 and

QX1z = QX1x− 1
ε (TX1

X2
QX2 − TX1

XKE
QXKE

)x + (TX1
XKE

QXKE
)ẋ

(31)

11Recall that QXKE
= QXKE

QE30 and that the map T230 = (N1 + K1T
X2
XKE

QXKE
) is an isomorphism; c.f Lemma 15
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Then, system (30) takes the following form (recall that TX2
X1

TX1
X2

= I and TX2
X1

TX1
XKE

= TX2
XKE

):

TVQXV∗ ż = PXV∗Az

T1QX1 ż = −(1/ε)T1QX1z + T1(T
X1
X2
QX2 − TX1

XKE
QXKE

)z̈

(N1 +K1T
X2
XKE

QXKE
)QE30 ż = A1QE30z −K1T

X2
X1
QX1z + L2R2ū

0 = TX2
X1
QX1z − (QX2 − T

X2
XKE

QXKE
)ż + g

(32)

Let us define h := (TX1
X2

QX2 − TX1
XKE

QXKE
QE30)ż and let us build the space Z = X ⊕ {g} ⊕ {h}. Then (32) takes

the following form:



I 0 0 0 0 0 0

0 I 0 0 0 0
−I

0 0 0 0 I 0 0

0 0 0 0 0 0 0

0 0 X
(−1)
7 0 −Y1 0 0


ż =



X1 X2 X3 X4 X5 0 0

0
−(1/ε)I

0 0 0 0 0

0
−X6 0 0 Ā 0 0

0 X7 0 0 0 I −X7

0 0 0 0 0 0 I


z +



0

0

B̄

0

0


ū2

y =

[
0 0 0 0 C̄ 0 0

]
z

(33)

where:
[
X1 X2 X3 X4 X5

]
= T

(−1)
V PXV∗A, X6 = T

(−1)
230 K1T

X2
X1

, X7 = TX2
X1

, Y1 = TX1
XKE

QXKE
, and ū2 = R2ū and z

= (QXV∗x) + (QX1x) + (QX2x) + (QV Ex) + (QE30x) + (g) + (h). Let us note that the subsystem Σs(I, Ā, B̄, C̄)
enclosed by the solid line boxes is the same as the one obtained in (26); but now it is perturbed by the fast
exponentially stable subsystem of steady state gain ε, Σf (I, −(1/ε)I, −I, −X6), enclosed by the dash line boxes.
Although the steady state gain can be very small (but never zero), it is necessary that the internal structure variation
which is rendered almost unobservable be exponentially stable. So we can only accept internal structure variations,
namely KDi , belonging to the following set (recall that Ā is already Hurwitz and ε > 0):

ΓF (Di) =

KDi

∣∣∣∣∣∣ det

 E − (A+ BF )

−Di

 is Hurwitz
 (34)

If this set is empty there then exists no solution to the ARISV-Problem.

Theorem 16 Under the same conditions as in Theorems 2, 3 and 4, but with (11) in place of the second in (4),
there exists a proportional feedback solving the ARISV-Problem for all KDi ∈ ΓF (Di).

Proof:

From (26) and (33) we get (QE30z0, QX1z0 and QE30x0 are initial conditions):

y − y∗ = C̄eĀtQE30(z0 − x0)− C̄

t∫
0

eĀ(t−τ)X6

e−τ/εQX1z0 +

τ∫
0

e−(τ−σ)/εḣ(σ)dσ

 dτ

Assuming KDi ∈ ΓF (Di), the closed loop systems (26) and (33) are exponentially stable, which implies: ḣ ∈ L∞
and the existence of c, a ∈ R+ such that

∣∣∣eĀt
∣∣∣ ≤ ce−at. There then exist k1, k2, k3 ∈ R+ such that:

|y − y∗| ≤ k1e−at + k2‖ḣ‖∞ε + k3εe−t/ε

Therefore, given a δ ∈ R+ there exist t∗, ε∗ ∈ R+ s.t.

|y − y∗| ≤ δ ∀ t ≥ t∗ & ε ∈ (0, ε∗)

9



5 Illustrative Example

Let us come back to the example (2). For this system, we have: V∗ = {e1, e2}, KE = {e3} and E−1B = {e2, e3}; and
thus: XV∗ = {e1}, X2 = {e2}, XKE = {e3}, X1 = V∗ ∩KE = X3 = X0 = {0}. And thus the geometric condition (11)
is not satisfied. In order to get closer to such a condition, let us add an external integrator to system (2), namely: 12


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0

 ẋ =

0 0 1 −1
0 0 0 0

0 0 0 −1
α 0 β 1

 x+

0 0

1 0

0 1

0 0

 u ; y =
[
0 0 0 1

]
x (35)

For this system, we have: V∗ = {e1, e2, e3}, KE = {e4} and E−1B = {e2, e3, e4}; and thus: XV∗ = {e1}, X1 = {e2},
X2 = {e3}, XKE = {e4}, X1 = V∗ ∩ KE = X3 = X0 = {0}. And now the geometric condition (11) is satisfied. Also
from (35) we get: L1 = L2 = TV = T1 = K1 = TX2

XKE
= TX1

X2
= TX1

XKE
= TX2

X1
= Q̄XKE

= 1, N1 = 0, A1 = −1

R1 = [ 1 0 ], R2 = [ 0 1 ], QXV∗ = [ 1 0 0 0 ], QX1 = [ 0 1 0 0 ], QX2 = [ 0 0 1 0 ], QXKE
= QE30 = [ 0 0 0 1 ],

PXV∗ = [ 1 0 0 ].

P.D. Feedback: From (25) we get the derivative feedback: L2R2u
∗ = −[ 0 0 −1 1 ]ẋ + [ 0 1 ]ū; the proportional

feedback is: L1R1u
∗ = −(1/ε)[ 0 1 0 0 ]x. The closed loop system is:


1 0 0 0

0 1 0 0

0 0 0 1

0 0 0 0

 ẋ =

0 0 1 −1
0 −(1/ε) 0 0

0 0 0 -1

α 0 β 1

 x+


0

0

1

0

 ū2 ; y∗ =
[
0 0 0 1

]
x (36)

The characteristic polynomial of the closed loop system (36) is: det[λ((E−BFd)−(Ai+BFp)] = (λ+1)(λ+1/ε)(βλ+α).

And then (D =
[
α 0 β 1

]
):

Γ(Fp,Fd)(D) = {(α, β) | α · β > 0 or (β = 0 & α �= 0)} (37)

P. Feedback: From (27), (28) and (29) we get: L2R2u = g + [0 1]ū, g = −1
ε [0 1 −1 1]x, and L1R1u = −1

ε [0 1 −1 1]x.
The closed loop system is (c.f. (33)):



1 0 0 0 0 0

0 1 0 0 0 −1

0 0 0 1 0 0

0 0 0 0 0 0

0 0 1 −1 0 0

0 0 0 0 0 0


ż =



0 0 1 −1 0 0

0
−(1/ε)

0 0 0 0

0 −1 0 −1 0 0

0 1 0 0 1 −1
0 0 0 0 0 1

α 0 β 1 0 0


z +



0

0

1

0

0

0


ū2 ; y =

[
0 0 0 1 0 0

]
z (38)

The characteristic polynomial of the closed loop system (38) is: det[λ(E− (Ai + BFp)] = (λ + 1)(λ + 1/ε)(βλ + α)
− (β + 1)λ3. And then (D̃ =

[
α 0 β 1 0 0

]
):

ΓF (D̃) =
{
(α,β)

∣∣∣α < min
{
−
(

1
ε
+ 1

)
β,−

(
β

1+ε

)
, 0
}}

(39)

12 (i) The second row and second column correspond to the added external integrator, (ii) we have applied a previous
proportional feedback to get (12) and (iii) in the bottom we have added the algebraic equation 0 = Dix (c.f. (3)).
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From this illustrative example, we can remark that:

(1) With the proportional and derivative feedback we obtain a controllable state space description decoupled from
the internal variable structure (see in (36) the subsystem enclosed by the solid line boxes).

(2) If, in addition, we want internal stability, the variation of structure (in the P.D. feedback case) must take place
in the region (37). Let us note that the four cases considered at the beginning of the introductory Section, (α, β)
∈ {(−1,−1), (−1, 0), (−1,−5), (1, 1)}, are inside of Γ(Fp,Fd)(Di).

(3) For the proportional feedback the ARISV-Problem has a solution if the variation of the internal structure takes
place in the region (39). For this case, only the structures (α, β) ∈ {(−1,−1), (−1, 0), (−1,−5)} can be
considered; the case (α, β) = (1, 1) cannot be kept.

(4) Since the subsystem enclosed by solid lines in systems (36) and (38) are the same, the structural properties are
also the same.

(5) The region of the possible variations preserving the internal stability is reduced when the P.D. feedback is
approximated. For the P.D. case this region is the first and third orthant; for the P. case the region is the third
orthant; the case (α, β) = (1, 1) cannot be kept.

(6) If the geometric condition (4.b) is satisfied but not (11), we only need to add some integrators until satisfying
(11).

6 Concluding Remarks

In this paper we have given a suitable approximation of the Proportional and Derivative Feedback proposed in
(Bonilla and Malabre 2003) for rejecting the internal structure variations in implicit linear systems. The proposed
Proportional Feedback solves Problem 5, which is an almost rejection version. The synthesized control law is very
close to the exact PD one.

We show in Theorem 16 that there exists a finite time t∗ and an upper positive bound ε∗ for reaching the desired
size gap δ. To solve the almost version we have changed the geometric condition (4.b) into the less restrictive one
(11). We have also shown by means of one illustrative example that, in case that the geometric condition (11) is not
satisfied (but (4.b) is), it is enough to add to the implicit system (1) some chains of integrators in order to get this
condition fulfilled. The price to be paid for this approximation lies in the reduction of the set (34) for the accepted
internal variations (c.f. (37) with (39)).

As an interesting by-product, a system theoretical interpretation of the classical process of “integration by parts” is
given and shown to be equivalent to some particular generalized changes of bases.

A Appendix

A.1 Proof of Lemma 14

This proof is done in 8 steps:

(1) From (15) and (17), any x ∈ X and any u ∈ U can be expressed as: x = (VXV∗QXV∗ + VX1QX1 + VX2QX2 +
VV EQV E + VE30QE30)x and u = (W1R1 + W2R2 + W3R3)u.

(2) From (16.c) and (13.a) we get: PXV∗EVi = 0, for i ∈ {X1,X2, V E,E30}; P1EVi = 0, for i ∈ {XV∗ ,X2, V E, E30};
P230EVi = 0, for i ∈ {XV∗,X1, V E}.

(3) From (16.c), (12) and (16.b) we get: P1A = 0 and P230AVi = 0 for i ∈ {XV∗ ,X1,X2, V E}.
(4) From (16.c), (16.a) and (17.c) we get: PXV∗B = 0; P1BWi = 0, for i ∈ {2,3}; P230BW1 = 0.
(5) From (15.a) and (15.b) we get: CVi = 0, for i ∈ {XV∗,X1,X2, V E}.
(6) From (18), (16.c), (16.a), (17), (13.a) and (15.a), we get: Im K1 = P230EX2 = EX2 and KK1 = X2 ∩E−1KP230

= X2 ∩ E−1E(XV∗ ⊕ X1) = X2 ∩ (KE ⊕XV∗ ⊕X1) = {0}.
(7) From (19), (18), (16.c), (13.a) and (15.a), we get: Im N1 = P230E(XKE ⊕ X3 ⊕ X0) = E(X3 ⊕ X0) and KN1 =

(XKE ⊕X3⊕X0)∩E−1KP230 = (XKE ⊕X3⊕X0)∩E−1E(XV∗ ⊕X1) = (XKE ⊕X3⊕X0)∩ (KE ⊕XV∗ ⊕X1) =
XKE .

(8) From (19), (17) and (18), we get: Im L1 = P1BB−1EX1 = P1EX1 = EX1 and KL1 = B−1EX1 ∩ B−1KP1

= B−1(EX1 ∩ KP1) = KB = {0}. And for i ∈ {2, 3}: Im Li = P230BB−1EXi = P230EXi = EXi and KLi =
B−1EXi ∩B−1KP230 = B−1(EXi ∩ KP230) = KB = {0}.
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A.2 Proof of Lemma 15

This proof is done in 4 steps:

(1) From (23), (21), (22) and (18), we get:
(
N1 + K1T

X2
XKE

QXKE

)
: XKE ⊕X3 ⊕X0 → E(X2 ⊕ X3 ⊕ X0).

(2) The domain, XKE ⊕ X3 ⊕ X0, and the co-domain, E(X2 ⊕ X3 ⊕ X0), are isomorphic. Indeed, from (24), (13.a)
and (15.a), we get: XKE ⊕X3 ⊕X0 ≈ X2 ⊕ X3 ⊕ X0 ≈ E(X2 ⊕ X3 ⊕X0).

(3) The map
(
N1 + K1T

X2
XKE

QXKE

)
is monic. This item is proved in 3 steps:

(i) Let us first note that (21), (22) and (23) imply that: Im N1 = E(X3 ⊕ X0) and Im
(
K1T

X2
XKE

QXKE

)
=

K1T
X2
XKE

XKE = K1X2 = Im K1 = EX2, and then:

E(X2 ⊕X3 ⊕X0) = Im N1 ⊕ Im
(
K1T

X2
XKE

QXKE

)
(A.1)

(ii) Let us next note that (22), (21) and (23) imply that: KN1 = XKE and Ker
(
K1T

X2
XKE

QXKE

)
=

Q
−1

XKE
T
XKE

X2
KK1 = Ker QXKE

= X3 ⊕ X0, and then:

XKE ⊕ X3 ⊕ X0 = KN1 ⊕Ker (K1T
X2
XKE

QXKE
) (A.2)

(iii) Let us now take a x ∈ Ker (N1 + K1T
X2
XKE

QXKE
), i.e. (N1 + K1T

X2
XKE

QXKE
)x = 0. In view of (A.2)

there exist unique x1 ∈ KN1 and x2 ∈ Ker
(
K1T

X2
XKE

QXKE

)
such that x = x1 + x2. Then: N1x2 =

−K1T
X2
XKE

QXKE
x1. From this last equality and from (A.1) we have: N1x2 ∈ Im N1 ∩ Im (K1T

X2
XKE

QXKE
)

= {0}, which together with (A.2) imply x2 ∈ KN1 ∩ Ker
(
K1T

X2
XKE

QXKE

)
= {0}. As x2 = {0}, we get from

(A.2): x1 ∈ Ker (K1T
X2
XKE

QXKE
) ∩ KN1 = {0}. Therefore: Ker

(
N1 + K1T

X2
XKE

QXKE

)
= {0}.

(4) T230 is an isomorphism because it is a square monic map.
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February 1, 2004

Professor Tempo
Automatica Editor
System and Control Theory

Dear Professor Tempo,

Recently we have found a typo in the paper (with reference number: 3641) that we have submitted in November 21,
2003 to Automatica.

The last equalities in equations (30) and (31) have to be modified as follows:

It is written

TV QXV∗ ẋ = PXV∗Ax

T1QX1 ẋ = − 1
ε
T1QX1x + 1

ε
T1

(
TX1
X2

QX2 − TX1
XKE

QXKE

)
x

(K1QX2 + N1QE30) ẋ = A1QE30x + K1g + L2R2ū

0 = 1
ε
TX2
X1

QX1x−
(
QX2 − TX2

XKE
QXKE

)
x + g

(30)

Qiz = Qix , ∀ i 6= X1 and
QX1z = QX1x− 1

ε (TX1
X2

QX2 − TX1
XKE

QXKE
)x + (TX1

XKE
QXKE

)ẋ (31)

It should be changed to

TV QXV∗ ẋ = PXV∗Ax

T1QX1 ẋ = − 1
ε T1QX1x + 1

εT1

(
TX1
X2

QX2 − TX1
XKE

QXKE

)
x

(K1QX2 + N1QE30) ẋ = A1QE30x + K1g + L2R2ū

0 = 1
εTX2
X1

QX1x− 1
ε

(
QX2 − TX2

XKE
QXKE

)
x + g

(30)

Qiz = Qix , ∀ i 6= X1 and
QX1z = 1

ε QX1x− 1
ε (TX1

X2
QX2 − TX1

XKE
QXKE

)x + (TX1
X2

QX2 − TX1
XKE

QXKE
)ẋ (31)

These are just typos, with no consequence on the rest of the development and results.

We apologize for our lack of careful reading.

Sincerely yours,

Moisés Bonilla Estrada
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Optimisation de Systèmes Implicites Rectangulaires

J. Pacheco M∗., M. Bonilla E†., M. Malabre‡.

Résumé
We present here some recent results concerning the

control of linear descriptor systems. We consider non
square internal descriptions (the number of dynamic
equations is less than the number of descriptor va-
riables) with additional algebraic constraints which can
switch within a finite dimensional set. We show how to
design suitable approximations of PD feedbacks which
force this set of models to behave as a fixed strictly
proper system. We also give a system theoretic inter-
pretation of the process of integration by parts, which
is presently used to design an alternative proportional
feedback approximation of the previous PD laws. Se-
veral examples are included for illustration.
Thème clé principal : Systèmes continus, com-
mande.

1 Introduction
Le cadre du présent travail est une extension des sys-

tèmes classiques du type strictement propres (décrits
par des modèles du type : ẋ = Ax + Bu, y = Cx,
à savoir les systèmes généralisés, aussi connus sous le
nom de systèmes différentiels et algébriques, systèmes
singuliers ou systèmes implicites. Ces systèmes sont
décrits par des modèles du type : Eẋ = Ax + Bu,
y = Cx. Cette classe de modèles permet de décrire des
comportements beaucoup plus nombreux et plus riches
que dans le cas classique strictement propre. On peut
par exemple mentionner (et la liste n’est pas exhaus-
tive) : des systèmes ayant des comportements impul-
sionnels (liés par exemple à des dérivations) ; des sys-
tèmes controlés par des lois de commande proportion-
nelles et dérivées ; des systèmes avec des contraintes al-
gébriques sur l’état ; des systèmes avec des restrictions
sur les commandes ; etc ...
Dans ce contexte généralisé, on s’intéresse tout par-

ticulièrement à des modélés implicites pour lesquels le
nombre des variables internes est supérieur au nombre
d’équations d’état. Ces systèmes implicites rectangu-
laires ont ceci de particulier que pour une condition
initiale donnée, et pour une loi de commande donnée,
la solution en termes de trajectoire d’état n’est pas
unique. Ces systèmes possèdent un degré de liberté
interne (en quelque sorte à l’origine du comportement
non unique). On peut ainsi décrire des systèmes à
structure variable (par exemple dont le comportement
est également fixé par la position de certains commu-
tateurs). Plus précisément, on décrit ici une famille de
systèmes dont les changements potentiels proviennent
d’une équation de contrainte algébrique, du type
Dix = 0 en superposition avec un ensemble constant
d’équations dynamiques du type Eẋ = Ax+Bu. Cette
famille de systèmes peut être décrite par un modèle

∗Doctorant en Cotutelle CINVESTAV-México et IRCCyN-
France ; email : jpacheco@ctrl.cinvestav.mx

†Directeur de thèse CINVESTAV-Mexico ; email : mbo-
nilla@enigma.red.cinvestav.mx

‡Directeur de thèse IRCCyN-Nantes, France ; email :
Michel.Malabre@irccyn.ec-nantes.fr

implicite unique designé sous le nom de système global :·
E
0

¸
| {z }

E

ẋ =

·
A
Di

¸
| {z }

Ai

x+

·
B
0

¸
| {z }

B

u; y = Cx (1)

où E : X → X gi ,Ai = X →X gi , B : U →X gi
et C : X → Y sont opérateurs linéaires avec
X gi =X⊕X i. Cette représentation globale est très im-
portante, comme argumenté dans [5] ; notamment il y
a été montré que sous certaines conditions (assez peu
restrictives, principalement de type commandabilité) il
est possible de commander cette famille de systèmes,
à l’aide de lois de commande du type Proportionnel
et Dérivé, de manière à obtenir une réponse bouclée
unique, à la dynamique imposée, quelle que soit la va-
leur des paramètres liés à la partie algébrique des équa-
tions (liés à Dix = 0) dans l’ensemble des modèles pos-
sibles ainsi décrits.
A titre d’exemple illustratif (mais nous ne pouvons

le détailler ici) une classe particulièrement intéressante
dans la famille de tels modèles est celle des systèmes
en escaliers (voir [4]) qui décrit les changements liés
à la position de plusieurs commutateurs. Une applica-
tion récente de ces systèmes en escalier a permis de
décrire par un modèle linéaire à commutations (avec
trois composantes linéaires) le processus de croissance
végétale décrit par la fonction (non linéaire) dite fonc-
tion logistique (et classique dans ce domaine).
Nous allons dans ce qui suit mettre l’accent sur la ri-

chesse de description de ces modèles implicites à struc-
ture variable (Section 2) et présenter quelques contri-
butions visant à controller ces systèmes. La Section 3
concerne un aspect pratique lié à la mise en œuvre de
compensateurs impropres déduits d’une analyse sim-
plifiée par le cadre implicite, à savoir leurs approxima-
tions par des systèmes propres à grand gain. Ces ré-
sultats sont tout particulièrement bien adaptés dans le
contexte des systèmes classiques (strictement propres)
lorsque l’on utilise des lois de commande généralisées
(Proportionnelles et Dérivées). La section suivante pré-
sente une partie de résultats récents sur une alterna-
tive consistant à rechercher d’emblée une loi de com-
mande Proportionnelle pour une version approximative
du problème de départ. Cette démarche nous semble
particulièrement adaptée à la commande des systèmes
à structure variable. Dans la Section 4, nous mettons
l’accent sur un ingrédient de la solution qui nous semble
intéressant : une interprétation système du procédé
mathématique d’intégration par parties formulée en
termes de changements de bases généralisés (incluant
des dérivées des variables). La présentation se termine
par quelques perspectives à la suite des résultats ainsi
obtenus.
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2 Exemple illustratif
De manière à illustrer plus précisément notre

contexte de travail, considérons un système décrit par
les équations dynamiques :·

1 0 0
0 1 0

¸
ẋ =

·
0 1 −1
1 0 −1

¸
x+

·
0
1

¸
u

y =
£
0 0 1

¤
x

(2)

et contraint par la relation suivante :£
α β 1

¤
x = 0 (3)

Suivant les valeurs des paramètres α et β, ce système
peut faire avoir des comportements très différents.
Par exemple, si (α,β) = (−1,−1), i.e., x3 = x1 +

x2, alors, la description entrée-sortie est ẏ + y = u.
Si (α,β) = (−1, 0), i.e., x3 = x1, alors, la description
entrée-sortie est ÿ + ẏ = u. Si (α,β) = (−1,−5), i.e.,
x3 = x1 + 5x2, alors, la description entrée-sortie est
ÿ + 6ẏ + 5y = 5u̇ + u. Finalement, si (α,β) = (1, 1),
i.e., x3 = −(x1+x2), alors, la description entrée-sortie
est ẏ − 3y = −u.
Une réalisation implicite globale de (2) et (3) est : 1 0 0

0 1 0

0 0 0

 ẋ =
 0 1 −1

1 0 −1
α β 1

 x+
 0

1

0

 u
y =

£
0 0 1

¤
x

En appliquant la procédure proposée dans [6], on
obtient une loi de commande Proportionnelle-Dérivée
qui rend inobservable sur la sortie le changement de
structure provoqué par les variations des paramètres
(α,β) :F∗d1 =

£
0 −1 −1 ¤

et F∗p1 =
£ −1 0 0

¤
.

On peut ensuite placer le pôle de la dynamique ex-
terne, en superposant un second retour proportionnel :
F∗p2 =

£
0 0 (1− 1/τo)

¤
. Ainsi, la loi de commande :

u = F ∗d1 ẋ +
¡
F ∗p1 + F

∗
p2

¢
x + R/τo conduit au système

bouclé :·
1 0 0
0 0 1

¸
ẋ =

·
0 1 −1
0 0 −1/τo

¸
x+

·
0

1/τo

¸
R

y =
£
0 0 1

¤
x

De cette manière, le degré de liberté interne (dû aux
changements possibles des valeurs des paramètres) est
rendu inobservable. En d’autres termes, la variation
interne de structure n’est plus présente sur la sor-
tie. Le système en boucle fermée se comporte comme
τoẏ + y = R, quelle que soit la restriction active :
0 =

£
α β 1

¤
x, .i.e. quelles que soient les valeurs des

paramètres α et β.
La mise en œuvre de telles lois de commande pré-

suppose que les variables internes x, et sa dérivée ẋ,
sont disponibles, ce qui n’est généralement pas le cas.
Pour contourner cette difficulté, on peut utiliser les ré-
sultats proposés par [1] et où est développé un detec-
teur de structure s’appuyant sur un algorithme adap-
tatif à base de gradient normalisé, et dont la finalité
est de déterminer quelle est la structure active parmi
celles qui ont été décrites dans le modèle : c’est à dire,
sur l’exemple précédent, de préciser si le comportement
est-il celui du premier ordre, du second ordre ou du se-
cond ordre avec un zéro dominant.
Une seconde difficulté concerne le caractère impropre

de la loi de commande retenue (action dérivée). Il faut
alors passer par une phase d’approximation. C’est l’ob-
jet de la section suivante.

3 Approximation exponentielle-
ment propre de lois de com-
mande impropres

Nous allons présenter ici les résultats principaux dé-
taillés dans l’article [12].
De manière à simplifier quelques expressions ulté-

rieures, nous adoptons les notations suivantes.

Notation 1 χik désigne un vecteur kx1 dont la i-
ème composante est 1 et les autres sont zéro. L {v}
désigne une matrice de Toeplitz triangulaire basse
dont la première colonne est constituée du vecteur v.
D {X1, ...,Xk} désigne une matrice diagonale par blocs
dont les blocs diagonaux sont les matrices X1, ...,Xk.

Exemple 1

χ1
2
=

"
1
0

#
, L

("
a
b

#)
=

"
a 0
b a

#
,D {X1,X2} =

"
X1 0
0 X2

#

3.1 Introduction
Nous sommes intéressés par la résolution du pro-

blème suivant :

Problème 1 Etant donné le compensateur impropre,
Σc : U → Y, dont la réalisation est donnée par :

Nω̇ = ω + Γu; y∗ = ∆ω (4)

avec N :W → W, Γ : U → W, ∆ : W → Y des
opérateurs linéaires et où N est nilpotente, on souhaite
concevoir un filtre strictement propre, Σf : Y → Y, de
réalisation ż = A (ε) z +B (ε) y∗ et y = Cz tel que :

1. lim
ε→0

ky(t)− y∗(t)k ≤ e−βt kz (0)k , avec β > 0 et

Σf internement stable pour tout ε > 0

2. la matrice de transfert du système global, Σf ◦Σc,
soit propre.

On peut, sans perte de généralité, supposer que (4)
est complètement observable, et par conséquent, sa
forme canonique de Kronecker ne possède que des blocs
d’indices minimaux par les lignes (voir [9], [10] et [11]).
Nous allons donc supposer que (4) est sous la forme
canonique de Kronecker suivante :(

N = D {N1, N2, ..., Nn} ;∆ = D
©
∆T
1 ,∆

T
2 , ...,∆

T
n

ª
Ni = L

n
χ2
(ki+1)

o
;∆i = χ

(ki+1)
(ki+1)

, avec i = 1, ..., n

A noter que les entiers ki ≥ 0, i = 1, ..., n représentent
les ordres des pôles à l’infini du compensateur (4).
Nous pouvons dès à présent résoudre le premier point

du problème précédent, i.e., obtenir une réalisation
strictement propre et internement stable, Σf , et dont
le comportement externe approxime de manière expo-
nentielle le compensateur impropre Σc.

3.2 Approximation exponentielle
Pour réaliser l’approximation exponentielle (point 1

du Problème 1), nous utilisons le Lemme suivant :

Lemme 1 Soit le système, Σf : Y → Y, ẋ = Aβ x̄− εk+1y

ε ˙̂x = Aox̂+Bo (x̄+ y∗)
y = Cox̂

(5)

avec x̂ ∈ bX ; x̄, y, y∗ ∈ Y, ε > 0 tel que :
1. Aβ et Ao sont Hurwitz-stables,
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2. L−1
n
(εsI −Ao)−1

o
= (1/ε)Ao(t, ε)e

−t/ε, où

L−1 {·} désigne la Transformée Inverse de La-
place,

3. Les éléments de Ao(t, ε) sont des polynômes en la
variable t/ε,

4.
R∞
0 CoAo(λ)e

−λBodλ = I, où Ao(λ) = Ao(ελ, ε).

Alors lim
ε→0 [y − y

∗] = eAβtx̄ (0) ; t > 0 et

det

·
(εsI −Ao) −Bo
εk+1Co

¡
sI −Aβ

¢ ¸ est Hurwitz-stable.
Il faut insister à ce niveau sur le fait qu’il est toujours

possible de choisir Ao, Bo et Co de manière à satisfaire
les hypothèses du lemme précédent.
Nous allons maintenant rapidement examiner, en

termes géométriques, la propreté externe des systèmes
implicites.

3.3 Propreté
3.3.1 Propreté Interne
Définition 1 (Voir [5]) Le système implicite Eẋ =
Ax + Bu, où E,A,B sont définis comme (1), est in-
ternement propre si et seulement si le faisceau de
ses pôles [λE−A] est carré, régulier (i.e. satisfait
det [λE−A] 6= 0) et n’a pas de zéro infini d’ordre su-
périeur à 1.

Proposition 1 (Voir [5]) Le système décrit par (1)
est internement propre si et seulement si X = kerDi⊕
kerE.

Considérons maintenant la propreté externe.

3.3.2 Propreté Externe
Définition 2 Le système implicite

Eẋ = Ax+Bu; y = Cx (6)

où E : X → X , A : X → X , B : U → X , et C : X → Y
sont des opérateurs linéaires, est externement propre,
si et seulement si, sa partie externe minimale est
internement propre.

Le sous-espace V∗X caractérise (conjointement avec
EV∗X + ImB dans le co-domaine) l’ensemble de toutes
les trajectoires qui sont identiquement nulles, quelle
que soit l’entrée u. Ce sous-espace s’obtient comme la
limite de l’algorithme non croissant VoX = X , V

µ+1
X =

A−1 (EVµX + ImB) .
Le sous-espace V∗o caractérise (conjointement avec

EV∗o ) l’ensemble de toutes les trajectoires qui sont in-
observables sur la sortie y. Ce sous-espace s’obtient
comme la limite de l’algorithme non croissant Voo = X ,
Vµ+1o = kerC ∩A−1EVµo .
Le sous-espace R∗ao caractérise (conjointement avec

AR∗ao) l’ensemble de toutes les trajectoires différentiel-
lement redondantes, i.e. avec phénomènes impulsionels
sans influence sur le comportement entrée-sortie. Ce
sous-espace s’obtient comme la limite de l’algorithme
non décroissant suivant :

Ro
ao = kerC ∩ kerE ; Rµ+1

ao = kerC ∩E−1ARµ
ao (7)

Nous pouvons maintenant caractériser la propreté ex-
terne d’un système implicite :
Théorème 1 (Voir [5]) Si le système implicite
(6) est observable et ne possède pas de trajectoire
identiquement nulle pour toute entrée, à savoir si
V∗o = {0} et V∗X = X , alors (6) est externement propre
si et seulement si V∗Xo + S

∗
Xo = X , V∗Xo ∩ S

∗
Xo ⊂ R

∗
ao

et dim
³³
V∗Xo +R

∗
ao + T

2

1

´.³
V∗Xo +R

∗
ao + T

1

1

´´
= 0

où V∗Xo et S
∗
Xo sont respectivement les limites des deux

algorithmes suivants :
VoXo = X ,Vµ+1Xo = A−1EVµXo
SoXo = kerE ,Sµ+1Xo = E−1ASµXo

(8)

et T µ1 et T µ2 sont obtenus à partir des deux algo-

rithmes T o1 = R∗ao,T
µ+1
1 = E−1A

³
T µ1 +R∗ao

´
et

T o2 = X ,T
µ+1
2 = A−1ET µ2 +R∗ao

Corollaire 1 (Voir [5]) Si le système implicite (6)
est observable, ne possède pas de trajectoire identique-
ment nulle pour toute entrée, et si l’équation dynamique
interne ne fait apparaître que des modes exponentiels
et des modes impulsionnels, à savoir si : V∗o = {0} ,
V∗X = X et X = V∗Xo ⊕ S

∗
Xo , alors (6) est externement

propre si et seulement si E−1AR∗ao = S∗Xo .
Finalement, la combinaison des deux resultats pré-

cédents résoud notre problème d’approximation, ce qui
est décrit dans la sous-section suivante.

3.4 Approximation exponentiellement
propre

On peut rassembler le compensateur impropre (4)
et le filtre strictement propre (5) et les décrire sous
forme implicite à l’aide du système global

¡
Σf ◦Σc

¢
:

Eẋ = Ax+Bu; y = Cx (9)
où :

E =

·
I 0
0 N

¸
, A =

·
Ap Bp
0 I

¸
B =

·
0
Γ

¸
, C =

£
Cp 0

¤ (10)

avec Ap =
·
Aβ −εk+1Co
1
ε
Bo

1
ε
Ao

¸
, Bp =

·
0

1
ε
Bo∆

¸
,

Cp =
£
0 Co

¤
,et xT =

£
xT bxT ωT

¤
. Du fait des

formes particulières de Σc et Σf , on obtient :½
Bp = [Bp1 |Bp2 | · · · |Bpn ] ; avec Bpi = [0| · · · |0|bpi ]

bTpi =
£
0| 0| · · · |0| 1

ε
bTi
¯̄
0| · · · |0 ¤ , i = 1, ..., n (11)

Lemme 2 Considérons les changements de

bases : R =

·
I Rp
0 I

¸
, et L =

·
I Lp
0 I

¸
,

avec Rp =
£
Rp1 | Rp2 | · · · |Rpn

¤
, Rpi =h

Aki−1p bpi

¯̄̄
· · · |Apbpi |bpi |0

i
, Lp = − (ApRp +Bp) .

Alors Rp + LpN = 0, CpA
j
pbpi = 0, pour j =

0, 1, . . . , ki−2, & i = 1, . . . , n et CpAki−1p bpi =
1
εki

χi
n
,

pour i = 1, . . . , n.
Comme conséquence de ce Lemme 2, on peut écrire :

LER =

·
I 0
0 N

¸
, LAR =

·
Ap 0
0 I

¸
, CR =

£
Cp Cn

¤
(12)

avec :

Cn = D
n
νT1 , ..., ν

T
n

o
; νi =

1

εki
χ1
(ki+1)

, i = 1, ..., n (13)

Il est alors facile de vérifier, à partir de (12) et (13), que
E−1AR∗ao = S∗Xo , c’est à dire, que le système (9)-(10)
est externement propre et satisfait le Lemme 1.

Théorème 2 Soit le filtre strictement propre Σf ,
conçu comme dans le Lemme 1 pour approximer de
manière exponentielle le compensateur impropre Σc.
Alors, le système global

¡
Σf ◦Σc

¢
est externement

propre si et seulement si les ordres des zéros à l’in-
fini de Σf sont respectivement supérieurs ou égaux à
ki.
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Ce résultat généralise au cas multivariable le filtre
introduit précédemment dans [2] pour les systèmes mo-
novariables.
Pour illustrer ces résultats, considérons un système

impropre qui possède un pôle à l’infini d’ordre 2 : 0 0 0
1 0 0
0 1 0

 ξ̇ =

 1 0 0
0 1 0
0 0 1

 ξ +

 −1
0
0

 u
y∗ =

£
0 0 1

¤
ξ

Dans les deux exemples qui suivent, on applique l’ap-
proximation proposée dans le Lemme 1. Pour le pre-
mier exemple, le filtre a un zéro à l’infini d’ordre 1 ;
pour le second le filtre a un zéro à l’infini d’ordre 2.
Exemple 2 Considérons le système décrit par :

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

 .
x̄ =


−β −ε2 0 0 0
1/ε −1/ε 0 0 1/ε
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 x̄+
+
£
0 0 −1 0 0

¤T
u

y =
£
0 1 0 0 0

¤
x̄

(14)

avec x̄ =
£
x z ξ1 ξ2 ξ3

¤T
. En comparant le

système (14) avec la forme (9)-(11), on obtient

Ap =

· −β −ε2
1/ε −1/ε

¸
, bp1 =

·
0
1/ε

¸
, Bp = Bp1 =·

0 0 0
0 0 1/ε

¸
et donc Rp =

· −ε 0 0
− 1

ε2
1/ε 0

¸
, Lp =· −εβ − 1 ε 0

1− 1
ε3

1
ε2

− 1
ε

¸
, i.e.,

R =


1 0 −ε 0 0
0 1 −1/ε2 1/ε 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



L =


1 0 −(εβ + 1) ε 0
0 1 1− 1

ε3
1
ε2

− 1
ε

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


Dans ces nouvelles bases, le système est décrit par :

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 1 0

 .ex =

−β −ε2 0 0 0
1/ε −1/ε 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ex+
+
£
(εβ + 1) (1/ε3 − 1) −1 0 0

¤T
u

y =
£
0 1 − 1

ε2
1
ε

0
¤ ex

qui correspondent à l’expression (12), à partir de la-
quelle on peut aisément identifier N, Ap, Cp et Cn.
L’application des algorithmes (7) et (8) conduit à
R∗ao = {e5} , E−1AR∗ao = {e4, e5} et S∗Xo = {e3, e4, e5}
d’où l’on constate que S∗Xo 6= E

−1AR∗ao. Ainsi, d’après
le Corollaire 1, (14) n’est pas externement propre.
Exemple 3 Considérons maintenant le système :

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0


.
x =

=


−β −ε2 0 0 0 0
0 0 1 0 0 0

1/ε2 −1/ε2 −2/ε 0 0 1/ε2

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 x+


0
0
0
−1
0
0

 u
y =

£
0 1 0 0 0 0

¤
x

(15)

avec x=
£
x z1 z2 ξ1 ξ2 ξ3

¤T
. En comparant

le système (15) avec la forme (9)-(11), on obtient

Ap =

 −β −ε2 0
0 0 1

1/ε2 −1/ε2 −2/ε

 , bp1 =

 0
0

1/ε2

 , Bp =

Bp1 =

 0 0 0
0 0 0
0 0 1/ε2

 et donc Rp =
 0 0 0

1
ε2

0 0

− 2
ε3

1/ε2 0

,
Lp =

 1 0 0
2
ε3

− 1
ε2

0

− 3
ε4

2
ε3

− 1
ε2

 , i.e.,

R =


1 0 0 0 0 0
0 1 0 1/ε2 0 0
0 0 1 − 2

ε3
1/ε2 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1



L =



1 0 0 1 0 0
0 1 0 2

ε3
− 1

ε2
0

0 0 1 − 3
ε4

2
ε3

− 1
ε2

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


Dans ces nouvelles bases, le système est décrit par :

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0


.ex =

=


−β −ε2 0 0 0 0
0 0 1 0 0 0

1/ε2 −1/ε2 −2/ε 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 ex+


−1
−2/ε3
3/ε4

−1
0
0

 u
y =

£
0 1 0 1/ε2 0 0

¤ ex
qui correspondent à l’expression (12), à partir de la-
quelle on peut aisément identifier N, Ap, Cp et Cn.
L’application des algorithmes (7) et (8) conduit à
R∗ao = {e5, e6} , E−1AR∗ao = {e4, e5,e6} et S∗Xo =
{e4, e5, e6} d’où l’on constate que S∗Xo = E−1AR∗ao.
Ainsi, d’après le Corollaire 1, le système (15) est ex-
ternement propre.

A ce niveau d’avancement, on peut se poser une
question complémentaire : au lieu de concevoir tout
d’abord une solution à base de loi de commande
Proportionnelle-Dérivée, pour ensuite l’approximer par
un Proportionnel (à grand gain), comme cela vient
d’être décrit, existe-t-il une alternative consistant à for-
muler d’emblée un problème approché et à chercher
directement une loi de commande de type Proportion-
nelle ? La réponse est affirmative, et ceci a été décrit
dans la contribution [7]. Basiquement, la démarche que
nous y avons retenue est de nature géométrique. Nous
ne la détaillerons pas ici, pour des raisons de place.
Elle s’inspire fortement de celle qui avait été proposée
pour les solutions du type Proportionnelles-Dérivées,
mais avec les adaptations nécessaires (notamment en
termes des décompositions adéquates des sous-espaces
concernés). A l’occasion de ces développements est ap-
parue une contribution qui nous semble mériter d’être
un peu plus détaillée ici. Pour disposer d’arguments ri-
goureux permettant de conclure sur des passages à la
limite, nous avons en effet été amenés à considérer la
technique classique de l’intégration par parties. Il se
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trouve que nous avons pu en donner une interprétation
système assez intéressante (en termes de changements
de bases généralisés) qui nous a permis de conclure
beaucoup plus facilement dans [7]. Ensuite, nous décri-
vons succinctement cette interprétation.

4 Intégration par parties
Pour simplifier la présentation, nous allons consi-

dérer le cas particulier (mais suffisamment illustratif)
décrit pour le système :½

ẋ = [−1/ε] x+ [1/ε] f
y = [−1/ε]x+ [1/ε] f (16)

où y est la sortie et f est une entrée que nous allons
supposer au moins deux fois dérivable et à dérivées
bornées, i.e. f, ḟ ,

..

f ∈ L∞. Nous voulons analyser
le comportement externe de ce système lorsque le
paramètre positif ε tend vers zéro, et notamment
rechercher une argumentation rigoureuse pour le
comportement à la limite de y lorsque ε → 0. Pour
cela, écrivons la solution temporelle de (16) (avec
x(0) = xo) :(

x = e−t/εxo + 1
ε

R t
o e
− t−τ

ε f(τ)dτ

y = − 1
ε
e−t/εxo + 1

ε
f − 1

ε2

R t
o e
− t−τ

ε f(τ)dτ

A partir de cette écriture, on peut affirmer que
|y| ≤ 1

εe
−t/ε |xo|+ 1

ε |f |+
1
ε ||f ||∞ mais on ne peut rien

conclure pour le comportement limite lorsque ε → 0.
En effectuant une intégration par parties (f(0) = fo),
on obtient :(

x− f = e−t/ε (xo − fo)−
R t
o
e−(t−τ)/εḟ(τ)dτ

y = − 1
ε
e−t/ε (xo − fo) + 1

ε

R t
o
e−

t−τ
ε ḟ(τ)dτ

De cette récriture on tire |y| ≤ 1
εe
−t/ε |xo − fo|+||ḟ ||∞

mais dont on peut seulement conclure que y2 est bornée
lorsque ε→ 0 pour tout t > 0.
Si l’on applique une deuxième intégration par parties

(ḟ(0) = ḟo), on obtient : x− f + εḟ = e−t/ε
³
xo − fo + εḟo

´
y − ḟ = −1

ε
e−t/ε

³
xo − fo + εḟo

´
− R t

o
e−

t−τ
ε

..
f(τ)dτ

avec comme conséquence
¯̄̄
y − ḟ

¯̄̄
≤ 1

εe
−t/ε¯̄̄

xo − fo + εḟo

¯̄̄
+ ε||

..

f ||∞. Ceci permet d’affirmer

(le résultat escompté, à savoir) que y → ḟ lorsque
ε→ 0 et pour tout t > 0.
De cette analyse, on peut constater qu’il a été né-

cessaire d’appliquer consécutivement deux intégrations
par parties pour être à même de conclure sur le passage
à la limite.
Nous allons maintenant interpréter ce procédé d’in-

tégrations par parties et montrer qu’il est équivalent à
appliquer des changements de bases génaralisés.

4.1 Interprétation système de l’intégra-
tion par parties

On peut noter que l’écriture du système après la
première intégration par parties revient à considérer
le modèle de Fliess [8] : ẇ = [−1/ε]w+ [1/ε] (−εḟ) et
y = [−1/ε]w. Cette description généralisée s’obtient
à partir de (16) à l’aide du changement de variable
w = x− f.
La seconde intégration par parties correspond à la

solution de la description du modèle de Fliess : ż =

[−1/ε] z+[1/ε] (ε2
..

f) et y = [−1/ε] z+[1] ḟ . Cette des-
cription peut être obtenue à partir de (16) après le
changement de variable :

z = w − (−εḟ) = x− f + εḟ (17)

Les descriptions implicites classiques des systèmes (16)
et (17) sont données ci-après :

1. Posant ξ1 = x et ξ2 = f dans (16), on obtient :·
1 0
0 0

¸
ξ̇ =

· −1/ε 0
0 1

¸
ξ +

·
1/ε
−1

¸
f

y =
£ −1/ε 1/ε

¤
ξ

(18)

2. Posant ζ1 = z, ζ2 = f, ζ3 = −εζ̇2 et ζ4 = ζ̇3 dans
(17), on obtient :

1 0 0 0
0 −ε 0 0
0 0 1 0
0 0 0 0

 ζ̇ =


− 1

ε
0 0 −1

0 0 1 0
0 0 0 1
0 1 0 0

 ζ +


0
0
0
−1

 f
y =

£ − 1
ε

0 − 1
ε

0
¤
ζ

(19)
Il est possible d’examiner certaines propriétés struc-

turelles de ces représentations, notamment la propreté.
Certaines sont résumées dans la sous-section suivante.

4.2 Propriétés structurelles
4.2.1 Propreté interne
D‘après la Proposition 1, le système (18) est in-

ternement propre, i.e., X = ker
£
0 1

¤ ⊕ ker £ 1 0
¤
.

Le système (19) n’est pas internement propre, car

ker

 1 0 0 0
0 −ε 0 0
0 0 1 0

 ∩ ker £ 0 1 0 0
¤ 6= {0}

4.2.2 Propreté externe

Puisque le système (18) est internement propre,
il est a fortiori externement propre. Concernant le
système (19) il faut effectuer le quotient par R∗ao
dans le domaine, et par AR∗ao dans le codomaine.
L’application de la procédure matricielle proposée
dans [3] pour le système (19) conduit à

1 0 0 0
0 0 0 0
0 −ε 0 0
0 0 1 0

 .

ζ̄ =


−1/ε 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ζ̄ +


1/ε
−1
0
0

 f
y =

£ −1/ε 1/ε 0 0
¤
ζ̄

(20)
En appliquant l’algorithme (7) au système (20), on
obtient R∗ao = {e3, e4} . Le système quotient n’est
donc rien d’autre que (18). Ainsi, (19) est externement
propre et externement équivalent au système (18).
On peut conclure de l’analyse précédente que l’équi-

valent système des deux intégrations par parties est
l’application, sur le modèle généralisé de Fliess, du
changement de variable1 z = x−f+εḟ .Un examen plus
poussé montre que le système obtenu après ce change-
ment de base fait apparaître des variables internes (va-
riable descripteur) qui sont différentiellement redon-
dantes (modes impulsionnels qui peuvent être éliminés
sans modifier le comportement externe du système), et
c’est grace à ces composantes rajoutées et à la forme
structurellement agréable associée du nouveau modèle
ainsi obtenu, que la conclusion s’obtient dans [7], pour
la construction alternative d’un retour Proportionnel
visant à (approximativement) supprimer l’influence du
degré de liberté sur les systèmes à structure variable
considérés.

1Dans le cas de n integrations par parties, le changement de
variable est : zn = x+

Pn
i=1(−1)iεi−1f(i−1)
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Les sections suivantes résument les résultats déjà ob-
tenus, ainsi que les perspectives.

5 Résultats obtenus
Parmi les principaux résultats obtenus jusqu’à pré-

sent dans le cadre de ce travail de doctorat, on peut
mentionner :
1. Approximation exponentiellement propre de lois
de commande (ou, plus généralement de filtres)
impropres : voir [12].

2. Méthode alternative pour obtenir une loi de com-
mande proportionnelle : voir [7]

3. Amélioration des résultats précédemment obtenus
par [1] : évaluation d’une borne pour le temps de
convergence de l’algorithme (rédaction en cours).

6 Perspectives
Considérons à nouveau le système implicite global

Σg : (E,H,B, C) :
Σg : Eẋ = Hx+ Bu; y = Cx (21)

avec E =
·
E
0

¸
, H =

·
A
Di

¸
, et B =

·
B
0

¸
pour i =

1, ..., n. Cette classe de modèles est justifiée par l’étude
de systèmes à structures variables et nous avons mon-
tré comment de tels systèmes pouvaient être controlés,
en tirant profit du contexte enrichi des systèmes im-
plicites. En liaison avec l’optimisation des comporte-
ments obtenus, nous souhaitons considérer ensuite des
problèmes de type commande optimale, et notamment
le problème suivant :

Problème 2 A partir d’une condition initiale donnée,
on souhaite ramener à l’origine le système (en fait l’en-
semble des systèmes) décrit par (21) en minimisant
le critère quadratique J =

R T
0

£
xTQx+ uTRu

¤
dt avec

Q ≥ 0 et R > 0.
Pour résoudre ce problème, nous allons considérer

plusieurs approches alternatives qui sont esquissées ci-
après.

6.1 Approches envisagées
6.1.1 Première approche
Dans une première approche, on peut considérer

chaque système possible dans la famille de départ, di-
sons pour un i fixé ; utiliser la contrainte algébrique
Dixi = 0 pour éliminer certaines variables ; puis ap-
pliquer la méthodologie classique du régulateur qua-
dratique (LQR) à chaque système ; pour i = 1, ..., n,
on obtient ainsi une loi de commande ui = −F ∗i x qui
minimise le critère Ji =

R T
0

£
xTi Qixi + u

T
i Riui

¤
dt en

assurant la stabilité exponentielle.
Disposant de toutes ces lois de commande optimales

(optimale pour chaque système vu séparément), ui, on
peut appliquer le détecteur de structure que nous avons
proposé pour décider quel système est actif et lui ap-
pliquer sa loi de commande optimale.

6.1.2 Seconde approche
A partir du système global (21) on souhaite trouver

une loi de commande optimale unique, u = −F ∗x, la-
quelle sera forcément moins bonne, lorsque le système i
est actif que la commande optimale qui lui est associée,

mais conduisant à un compromis global satisfaisant. Ce
schéma serait privilégié lorsqu’on ne sait pas avec suf-
fisamment de précision quel système est actif.

6.1.3 Troisième approche
Une troisième approche consiste à supprimer dans

un premier temps le degré de liberté (en s’appuyant
sur les résultats de [6]) pour obtenir une système propre
unique. On peut ensuite appliquer au système ainsi ob-
tenu la méthodologie classique du régulateur quadra-
tique et analyser les comportements obtenus.

6.1.4 Quatrième approche
Une quatrième approche consiste à utiliser les ré-

sultats (malheureusement peu nombreux) développés
dans le cadre de la commande optimale des systèmes
implicites.
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