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Movements on a Sling Surface

In previous Lecture 8 we have considered the DNN system

d
dt
q̂1,t = q̂2,t ,

d
dt
q̂2,t = f �NN ,t (q̂1,t , q̂2,t ) + ut ,

9>>>=>>>; (1)

and selected the Lyapunov function Vt as

Vt =
1
2
s|t st ,

st = ∆t

where ∆t = q̂1,t � q�1,t 2 Rn is DNNO-tracking error. Our aim was to
gurantee st = ∆t !

t!∞
0.
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Sliding variable

Let us consider a new st given as

st = ∆̇t + α∆t , α > 0. (2)

Our aim again to obtain the property

st = ∆̇t + α∆t !
t!∞

0,

which providesDefune the lyapunov function as

∆̇t = �α∆t + st

or equivalently

∆t = ∆0e�αt +

tZ
τ=0

e�α(t�τ)sτdτ !
t!∞

0
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Lyapunov function and its time behavior

De�ne the Lyapunov function as

Vt =
1
2
s|t st =

1
2

�
∆̇t + α∆t

�| �∆̇t + α∆t
�

which dynamics on the trajectories of the system

∆̇1,t = ∆2,t ,

∆̇2,t = f �NN ,t � q�2,t + ut ,

9=; (3)

V̇t=
�
∆̇t+α∆t

�| �∆̈t+α∆̇t
�
=s|t

�
f �NN ,t � q�2,t + ut + α∆2,t

�
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Lyapunov function and its time behavior

Select ut ful�lling

f �NN ,t � q�2,t + ut + α∆2,t = �kSIGNst , k = const > 0

or equivalently, satisfying the following ODE

ut = �kSIGNst � f �NN ,t + q�2,t � α∆2,t , (4)

which lieads to

V̇t =
�
∆̇t + α∆t

�| �∆̈t + α∆̇t
�
=

s|t
�
ḟ �NN ,t + u̇t + α

�
f �NN ,t + ut

��
= �ks|t SIGNst

Since

s|t SIGNst =
n

∑
i=1
si ,tsignsi ,t =

n

∑
i=1
jsi ,t j � kstk

we get

V̇t � �k kstk = �
p
2k
p
Vt .
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Lyapunov function and its time behavior

Solution of di¤erential inequality

V̇t � �k ksik = �
p
2k
p
Vt

is
dVtp
Vt
� �

p
2kdt , 2d

�p
Vt
�
� �

p
2kdt

p
Vt �

p
V0 � �

kp
2
t , 0 �

p
Vt �

p
V0 �

kp
2
t

Reaching time treach when we obtain the sliding surface st = 0 is

treach :=
�
t : st = 0,

p
V0 �

kp
2
t = 0

�
=

p
2V0
k

=
ks0k
k
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Finite reaching time

Corollary
The Sliding Mode Control ut designed as (4)

ut = �kSIGNst � f �NN ,t + q�2,t � α∆2,t (5)

with α > 0, k > 0 provides the dynamics

st = ∆̇t + α∆t = 0

Since on the sliding surface ∆̇+ α∆ = 0 for all

t � treach =
ks0k
k

=

∆̇0 + α∆0


k
,

and it (dynamics) does not depend on neither the applied DNN nor
external perturbations.
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No chattering in control actions

Fact
Since the ODE (5) is, in fact, a low pass �lter is required to avoid the
chattering e¤ect in the control action behavior.
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DNN-SM control for the systems of the �rst order ODE

Recall (see Lecture 6 and 7) that for these systems DNNN is

d
dt
x̂t = fNN (x̂t , t) + BNN (x̂t , t) ut ,

fNN (x̂t , t) := Ax̂t + L [yt � Cx̂t ] +W0,tϕ (x̂t ) ,
BNN ,t := B +W1,tψ (x̂t ) .

To design the feedback control, providing ∆t := x̂t � x�t !
t!∞

0, we can

select the Lyapunov function again as

Vt =
1
2
s|tMtst , st = ∆t , Mt =M|

t � 0

V̇t = s
|
tMt ṡt +

1
2
s|t Ṁtst = s

|
tMt

�
d
dt
x̂t � ẋ�t

�
+
1
2
s|t Ṁtst

= s|t (gt +MtBNN ,tut ) ,

where

gt :=Mt [fNN (x̂t , t)� ẋ�t ] +
1
2
Ṁtst
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DNN-SM control for the systems of the �rst order ODE

Let us take

Mt :=
�
BNN ,tB

|
NN ,t

�+
and

ut := �αtB
|
NN ,tMtSIGN (Mtst ) ,

αt = k[fNN (x̂t , t)� ẋ�t ]k+ βt .

βt =
s|t Ṁtst
2 kMtstk

+ $, $ > 0.
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DNN-SM control for the systems of the �rst order ODE

Then

V̇t = s
|
t (gt +MtBNN ,tut ) =

s|t
�
gt -αt

h
MtBNN ,tB

|
NN ,tMt

i
SIGN (Mtst )

�
=

s|tMt [fNN (x̂t , t)� ẋ�t ] + s
|
t
1
2
Ṁtst � αt (Mtst )

| SIGN (Mtst )

� kMtstk k[fNN (x̂t , t)� ẋ�t ]k � αt
n

∑
i=1
j(Mtst )i j+ s

|
t
1
2
Ṁtst

� kMtstk k[fNN (x̂t , t)� ẋ�t ]k � αt kMtstk+ s|t
1
2
Ṁtst

= kMtstk (k[fNN (x̂t , t)� ẋ�t ]k � αt ) + s
|
t
1
2
Ṁtst

= �βt kMtstk+ s|t
1
2
Ṁtst

= �kMtstk
�

βt � s
|
t
Ṁtst

2 kMtstk

�
= �$ kMtstk < 0.
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DNN-SM control for the systems of the �rst order ODE

Integration gives

Vt � V0 � �$

tZ
τ=0

kMτsτk dτ ()
tZ

τ=0

kMτsτk dτ �

1
$
(V0 � Vt ) �

V0
$
()

∞Z
τ=0

kMτsτk dτ � V0
$
< ∞,

9tk : kMtk stk k !
k!∞

0,Mtk stk !
k!∞

0,

Vtk !
k!∞

0 if stk is bounded,

Vt !
k!∞

V� , V� = 0.
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DNN-SM control for the systems of the �rst order ODE:
main result

Theorem
The tracking error ∆t := x̂t � x�t of the controlled DNN, given by

d
dt
x̂t= f NN (x̂t , t) +BNN (x̂t , t) ut ,

fNN (x̂t , t) := Ax̂ t+L [yt � Cx̂t ] +W 0,tϕ (x̂t ) ,
BNN ,t := B +W 1,tψ (x̂t ) ,

ut := �αtB
|
NN ,tMtSIGN (Mtst ) , Mt :=

�
BNN ,tB

|
NN ,t

�+
,

αt= k[fNN (x̂t , t)� ẋ�t ]k+
s|t Ṁt st
2kMt stk + $, $ > 0,

ful�lles the "property of asymptotic convergence"

Vt=
1
2

∆|tMt∆t !
k!∞

0.
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DNN-SM control for the systems of the �rst order ODE:
main result

Remark

The values Ṁt can be calculated using the Super-Twist di¤erentiator.
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