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Movements on a Sling Surface

In previous Lecture 8 we have considered the DNN system

qu't = q2,t,

d

E&Z,t = fl(lkN,t (g1, Got) + e,

and selected the Lyapunov function V; as

1
Vi = Estht,

St:At

where Ay = g1+ — g7, € R" is DNNO-tracking error. Our aim was to
gurantee s; = A T 0.
—00
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Sliding variable

Let us consider a new s; given as

St = At + DCAt,DC > 0. (2)

Our aim again to obtain the property
st = Ar + aA; T 0,
which providesDefune the lyapunov function as
Ay = —aA; + s

or equivalently

A, Aoe“t+/ “sidt — 0
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Lyapunov function and its time behavior

Define the Lyapunov function as

1 1. .
Vt = 55;'-51' = 5 (At + (XAt)T (At +0(At)

which dynamics on the trajectories of the system

A1,t = A2,t,

Ao = fl(lkN,t - q;,t + U,

Vt:(At+DCAt)T (At—{—lXAt):StT (fN*N,t - qék't + ut + OCA2,I‘)
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Lyapunov function and its time behavior

Select u; fulfilling
fun: — @3¢ + Ut +alo = —kSIGNs;, k = const > 0

or equivalently, satisfying the following ODE

uy = —KSIGNs; — fyy  + G5, — 2B, (4)

which lieads to
) Vt = (At + lXAt)T (At —+ [XAt) =
ST (Fin o+ G+ [fn o + ue]) = —ksTSIGNs,

Since
n

s]SIGNs; = Zs, tsigns; ; = Z Isie] > | st]]

i=1 i=1

we get

Vt S —k Hst—” == —\/Ek\/ Vt-
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Lyapunov function and its time behavior

Solution of differential inequality

Ve < —k [sil| = —\[2/(\/ Vi

dV;

TV < —V2kdt & 2d (/V;) < —/2kdt

k k
VVi— VWS ——t&e 0V SV — —t
t 0> \/E = t = 0 \/5

Reaching time t,esc, Wwhen we obtain the sliding surface s; = 0 is

k 2V( S
treach::{tist:0<:>\/7—\/§t:0}:\/F: H[SH
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Finite reaching time

Corollary

The Sliding Mode Control u; designed as (4)

us = —kSIGNs; — fyy .+ @3 . — alo s (5)

with o« > 0, k > 0 provides the dynamics

‘st:At—HxAt:O‘

Since on the sliding surface A + aA = 0 for all

_ llsoll _ [1Ao0 +aof|

t>t
= Lreach K 2

and it (dynamics) does not depend on neither the applied DNN nor
external perturbations.

v
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No chattering in control actions

Since the ODE (5) is, in fact, a low pass filter is required to avoid the
chattering effect in the control action behavior.
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DNN-SM control for the systems of the first order ODE

Recall (see Lecture 6 and 7) that for these systems DNNN is

d
Ext fun (Re, t) + Bun (Re, t) e,

fun (S, t) = ASe + Llye — C&] + Woep (%) ,
Buw,e := B+ Wiip (%) .
To design the feedback control, providing A; := X — x; T 0, we can

select the Lyapunov function again as

1
Vt: ESJMtSt, :At, Mt:MI 20
. d 1 .
Vt = SthSt -+ St Mtst S¢ Mt (t —X;() + EngtSt

= s{ (g + M:Byn,tut),

where

1 .
g = My [fun (Re, t) — x| + EMtSt
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DNN-SM control for the systems of the first order ODE

Let us take

T +
Mt = <BNN-tBNN,t)

and

us = —DétB,.I\-IN’tMtSIGN (./\/ltst) ,

ar = ||[fun (%, t) — 5]+ By

!
s; Ms;
=———+49, 0>0.
B 2 [ Mese]| 0, 0
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DNN-SM control for the systems of the first order ODE

Then

Ve = s] (ge + M:Byw,cut) =
st (gt-“t {MtBNN,tBK/N’tMt] SIGN (./\/ltst)) =

. i 1.
S;th [fNN (Xt, t) — Xt] + SJEMtSt — Kt (Mtst)T SIGN (Mtst)
< [ Mese |l [[fuw (5, t) = x| — ae Z |(Mese)| + s¢ 2Mt5t

< [ Mese || [[fuw (5, t) — X7 — e [[Mese]| +stT§Mtst
N 1
= [[Mese| (| [fun (%, t) —Xt]H —ar) +57 2Mt5t

== _ﬁt HMtst” +5t ./\/ltst

Mtst
_ g Mese N
= — [[Mes]] ( Pe—sis HMtstH) 0[[M:st|| <0.
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DNN-SM control for the systems of the first order ODE

Integration gives

t
Vi— Vp < —g/ I Mase|| dT <=
2o

T

t
| IMesc] d <
=0

T

1 V T V
S(—-V) < 2= / [ Mese|| dt < =2 < oo,
Q Q /s 0

T

Eltk . ||./\/ltkstk|| k:)oo 0& Mtkstk kjoo 0<&

Vi, k:>°o 0 if s¢, is bounded,

Vtk—> V. & V. =0.
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DNN-SM control for the systems of the first order ODE:
main result

Theorem

The tracking error A := X — x{ of the controlled DNN, given by

d
E)A(t: fNN ()A(t, t) +BNN ()A(t, t) Ug,
fNN ()A(t, t) = A)?t—f—L [)/t — C)?t] +W0,f()0 ()?t) ,
Byn,e:= B+ W1 (%), .
Ug.= _“fBIIIN,tMtSIGN (Mtst) Mt'_ (BNN,tB;\—[N t) ,

A tMt t
= | [fun (%, ) — 55|+ S + 9, 0> 0,

fulfilles the "property of asymptotic convergence”

1
VtziAIMtAt — 0.
k—o00

y
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DNN-SM control for the systems of the first order ODE:

main result

The values M can be calculated using the Super-Twist differentiator. l
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