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Lagrangian models

For the systems of the �est order

ẋt = f (xt , t) + g (xt , t) ut + ξt , x0 is given,
yt = Cxt + ηt ,

�
we considered the following structure of DNN:

d
dt
x̂t=Ax̂t+But+L [yt � Cx̂t ]+ W0,tϕ (x̂t )+ W1,tψ (x̂t ) ut

which can be represented as

d
dt
x̂t = fNN (x̂t , t) + BNN (x̂t , t) ut ,

with some initial conditions x̂0, where

fNN (x̂t , t) := Ax̂t + L [yt � Cx̂t ] +W0,tϕ (x̂t ) ,
BNN (x̂t , t) := B +W1,tψ (x̂t ) .
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Lagrangian models

Lagrangian mechanical models have the form

d
dt

∂

∂q̇
L� ∂

∂q
L = Qnon�pot , L = T � V

which in the open format is (omitting time-dependence)

D (q) q̈ + C (q, q̇) q̇ + g (q) = τ + ϑ,
D (q) = D| (q) > 08q 2 Rn,

or as

q̇1 = q2
q̇2 = func (q, q̇) +D�1 (q) τ

func (q, q̇) :=-D�1 (q)C (q, q̇) q̇-D�1 (q) g (q)+D�1 (q) ϑ

9>>=>>;
(1)

ϑ 2 Rn is the disturbance (or noise) vector.
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Available information

Output yt = Cqt + ηt is measurable, the matrix D (q) is known.
Matrix C (q, q̇) (frictions and etc.) and vector g (q) (potential forces)
admit to be unknown.
Torque force τ is activated by n-independent Permanent Magnet DC
(PMDC) motors:

τt = WKaIat , La İat + RaIat +KeW |q̇t = vat , (2)

Iat 2 Rn - the armature current vector, La = diag fLa1, La2, ..., Lang and
Ra = diag fRa1,Ra2, ...,Rang are the armature inductances and resistants
positive matrices, respectively, W 2 Rn�n is the electromotive force
constant invertable matrix (possibly taking into account the gear ratios of
the motors), Ka 2 Rn�n - the direct - electromotive forces constants
matrix, Ke = diag fKe1,Ke2, ...,Keng 2 Rn�n- the back-electromotive
forces constants with positive elements, ϑt 2 Rn is the disturbance (or
uncertainty) vector, vat 2 Rn - the armature voltage vector, which below
is considered as a control to be designed to obtain a desired behavior.
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Activating DC-motors

Suppose that qt , q̇t and Iat are available (or estimated) on-line. From (2) it
follows

Iat -Iat0=�L�1a
tR

τ=t0
[RaIaτ +KeW |q̇τ � vaτ] dτ (3)

(t0 � 0 is any �xed time), and selecting (neglecting the Joule e¤ect, related to
the dependence of the winding motor resistance)

vat = RaIaτ +KeW |q̇t + LaK�1a W�1ṽat ,

the relation (3) becomes

Iat = Iat0 �K�1a W�1
tR

τ=t0
ṽaτdτ. (4)
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Final expression for a mechanical system driven by
DC-motor

Substituting (4) into (1) gives

q̇1 = q2,

q̇2 = func (q1, q2) + ut .

9=; (5)

ut := �
tR

τ=t0
ṽaτdτ (6)

with Iat0 = 0.
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Structure of DNN model

According to the physical model representation (5) de�ne DNN model as

d
dt
q̂1,t = q̂2,t

d
dt
q̂2,t = Aq̂2,t+L

�
yt � C

�
q̂1,t
q̂2,t

��
+W0,tϕ (q̂1,t ) + ut .

9>>>=>>>; (7)
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Storage function

For the processes

δ1,t = q̂1,t � q1,t , δ2,t = δ̇1,t =
d
dt
q̂1,t � q̇1,t ,

satisfying

δ̇1,t = δ2,t

δ̇2,t = Aq̂2,t+L
�
yt � C

�
q̂1,t
q̂2,t

��
+W0,tϕ (q̂1,t ) -func (q1, q2)

De�ne the storage function as

V (δ1,t , δ2,t ) = δ|1,tP1δ1,t + δ|2,tP2δ2,t+
1
2

tr f(W0,t �W �
0 )
| Λ (W0,t �W �

0 )g

P1 = P
|
1 > 0, P2 = P

|
2 > 0, Λ = Λ| > 0

9>>>=>>>; (8)
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Dynamics of Storage function

From (8) we get

V̇ (δ1,t , δ2,t ) = 2δ|1,tP1δ2,t + 2δ|2,tP2 δ̇2,t + tr
�
(W0,t �W �

0 )
| ΛẆ0,t

	
= 2δ|1,tP1δ2,t + 2δ|2,tP2

�
A [q̂2,t � q2,t ]� LC

�
δ1,t
δ2,t

�
+W �

0 ϕ (q̂1,t )

(W0,t �W �
0 ) ϕ (q̂1,t ) + [Aq2,t � func (q, q̇)]) + tr

�
(W0,t �W �

0 )
| ΛẆ0,t

	
=

0BB@
δ1,t
δ2,t

ϕ (q̂1,t )
Aq2,t � func (q1, q2)

1CCA
|

S0

0BB@
δ1,t
δ2,t

ϕ (q̂1,t )
Aq2,t � func (q1, q2)

1CCA+
2δ|2,tP2 (W0,t �W �

0 ) ϕ (q̂1,t ) + tr
�
(W0,t �W �

0 )
| ΛẆ0,t

	
where

S0 :=

266664
0n�n P1 � P2LC 0n�n 0n�n

P1 � C|L|P2
P2A+ A|P2

�P2LC � C|L|P2
P2W �

0 P2

0n�n (W �
0 )
| P2 0n�n 0n�n

0n�n P2 0n�n 0n�n

377775
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Right-hand side reorganization

De�ning the extended vector

zt :=
�

δ|1,t , δ|2,t , [ϕ (q̂1,t )]
| , (Aq2,t � func (q1, q2))|

�|
we get with α > 0

V̇t = z
|
t

266664
(α� ε)P1 P1�P2LC 0n�n 0n�n

P1�C|L|P2
αP2+P2A+ A|P2
�P2LC � C|L|P2

P2W �
0 P2

0n�n (W �
0 )
| P2 �εI n�n 0n�n

0n�n P2 0n�n �εI n�n

377775 zt
+tr

�
(W0,t�W �

0)
| Λ

�
α
2 (W0,t�W �

0) + Ẇ0,t + 2Λ�1ϕ (q̂1,t ) δ|2,tP2
�	
+

ε k(W0,t�W �
0) ϕ (q̂1,t )k2 + ε k(Aq2,t�f unc (q1, q2))k2 �αV t+εδ|1,tP1δ1,t
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Right-hand side reorganization

The upper estimate for the last term

k(Aq2,t�f unc (q1, q2))k2 � c0+c1 kq1k2 +c2 kq2k2 =
c0+c1 k(q1,t�q̂1,t ) +q̂1,tk2 +c2 k(q2,t�q̂2,t ) +q̂2,tk2 �
c0+2c1

�
kδ1,tk2 + kq̂1,tk2

�
+2c2

�
kδ2,tk2 + kq̂2,tk2

�
which leads to

V̇t� z|t Sz t � αV t + εc0 + ερt + tr f(W0,t�W �
0)
| Λ��

α
2 (W0,t�W �

0)+Ẇ0,t+εΛ�1 (W0,t�W �
0) ϕ (q̂1,t ) ϕ| (q̂1,t )

�	

S :=

26666664

(α� ε)P1
+2εc1In�n

P1�P2LC 0n�n 0n�n

P1�C|L|P2
αP2+P2A+ A|P2�P2LC
�C|L|P2 + 2εc2In�n

P2W �
0 P2

0n�n (W �
0 )
| P2 �εI n�n 0n�n

0n�n P2 0n�n �εI n�n

37777775
ρt :=

h
δ|1,tP1δ1,t + c0+2c1 kq̂1,tk

2 +2c2 kq̂2,tk2
i
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Learning law

The term ρt can be expressed as

ερt = ερt
tr f(W0,t�W �

0)
| Λ (W0,t�W �

0)g
tr f(W0,t�W �

0)
| Λ (W0,t�W �

0)g
=

tr
�
(W0,t�W �

0)
|
�

ερtΛ (W0,t�W �
0)

tr f(W0,t�W �
0)
| Λ (W0,t�W �

0)g

��
and can be added to the last term:

V̇t� z|t Sz t � αV t + εc0 + tr f(W0,t�W �
0)
| Λ��

α
2 (W0,t�W �

0)+Ẇ0,t+εΛ�1 (W0,t�W �
0) ϕ (q̂1,t ) ϕ| (q̂1,t ) +

+
ερt (W0,t�W �

0)

tr f(W0,t�W �
0)
| Λ (W0,t�W �

0)g

��
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Learning law

It the following Learning law holds

Ẇ0,t = � α
2 (W0,t�W �

0)� εΛ�1 (W0,t�W �
0) ϕ (q̂1,t ) ϕ| (q̂1,t )

� ερt (W0,t�W �
0)

tr f(W0,t�W �
0)
| Λ (W0,t�W �

0)g
,

(9)

and
S � 0,

then
V̇t � �αVt + εc0
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Attractive ellipsoid

Theorem (on Attractive Ellipsoid)

If the Learning process (9) takes place and S � 0, then

lim sup
t!∞

� lim sup
t!∞

α

εc0
Vt � 1

or equivalently,
α

εc0

�
δ|1,tP1δ1,t + δ|2,tP2δ2,t

�
lim sup
t!∞

�
δ1,t
δ2,t

�| �
α

εc0

�
P1 0n�n
0n�n P2

��
| {z }

Pattr

�
δ1,t
δ2,t

�
=

lim sup
t!∞

�
δ1,t
δ2,t

�|
Pattr

�
δ1,t
δ2,t

�
� 1

9>>>>>=>>>>>;
(10)
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