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DNN model

Consider again the following DNN model of the mechanical system

d
dt
x̂1,t = x̂2,t

d
dt
x̂2,t = fNN (x̂t , t) + BNN (x̂t , t) ut ,

fNN (x̂t , t) := Ax̂t + L [yt � Cx̂t ] +W0,tϕ (x̂t ) ,
BNN ,t := B +W1,tψ (x̂t ) .

9>>>>>>>=>>>>>>>;
(1)

and in variables ∆1,t = x̂1,t � x�t , ∆2,t = x̂2,t � ẋ�t we get

∆̇1,t = ∆2,t
∆̇2,t = fNN (x̂t , t)� ẍ�t + BNN (x̂t , t) ut

�
(2)
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Desired dynamics and its properties
Auxilary sliding variable

De�ne the vector function s (t)2Rn, which from now on and throughout
this lecture will be referred to as "sliding variable":

s (t) = ∆2,t (t) +
∆1,t (t) + η

t + θ
+ G̃ (t) , η = const2Rn,

G̃ (t) :=
1

t + θ

tR
τ=t0

a (∆1,t (τ)) dτ, θ > 0,

a (∆1,t (τ)) 2 ∂F (∆1,t (τ))

9>>>>>>>>=>>>>>>>>;
(3)
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Desired dynamics

De�ne the desired ASG dynamics as

s (t) = ṡ (t) = 0, t � t0, (4)

which corresponds exactly to the situation when the sliding variable s (t) is equal
to zero for all t � t0. Since

(t + θ) s (t) = (t + θ)∆2,t (t) + ∆1,t (t) + η = ζ (t) ,
ζ̇ (t) = �a (∆1,t (t)) , ζ (t0) = 0,

)

in the desired regime (4) when s (t) = 0 we have

(t + θ)∆2,t (t) + ∆1,t (t) + η = ζ (t) , t � t0 � 0,
t0 is the moment when the desired dynamics may begin.

�
(5)
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Problem formulation

Problem
We need to design a control strategy u (t) as a feedback in (2), which
provides the functional convergence of the cost function F (δ (t)) to its
minimum value F � that is, to guarantee

F (∆1,t (t)) �!
t�!∞

inf
∆1,t2Rn

F (∆1,t ) = F �, (6)

supposing that the current sub-gradient a(∆1,t (t)) of the convex
function F (∆1,t ), to be optimized, is available on-line.
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Main theorem on the desired dynamics

Lemma
For the variable ∆1,t (t) , satisfying the ideal dynamics (2), with any θ > 0
and η, for all t � t0 � 0 the following inequality is guaranteed:

F (∆1,t (t))� F � �
Φ (t0)
t + θ

!
t!∞

0, (7)

where

Φ (t0) = Φ (∆1,t (t0) , θ, η):=(t0+θ) F (∆1,t (t0))-F �+1
2 k∆�1-ηk

2 , (8)

and
∆�1 2 Arg inf

inf ∆12Rn
:

F (∆1)

F � := inf
inf ∆12Rn

:

F (∆1) , (∆�1 may be not unique).
(9)
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Some corollaries (1)

Remark
The parameter η will be chosen below in such a way that the desired
optimization regime starts from the beginning of the process, namely,
when, t0 = 0.
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Some corollaries (2)

Corollary
In the partial case when

∆�1 = 0, t0 = 0 and F
� = 0

the formula (8) becomes

Φ (t0) = Φ (∆�1 (t0) , θ, η) := θF (∆�1 (0)) +
1
2
kηk2 . (10)
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Theorem on ASG-DNN robust controller

Theorem
Under assumptions 1-5 the ISM robust controller

u (t) = B|NN (x̂t , t) Sε (x̂t , t) [�ktSIGN (s (t))+ucomp (t)] (11)

where kt = ρ0 > 0, and

Sε (x̂t , t) := [BNN (x̂t , t)B
|
NN (x̂t , t) + εIn�n ]

�1
,

ucomp (t)= (In�n+εS ε (x̂t , t))
�1 �εk tSε (x̂t , t) SIGN (s (t)) -prealit

�
,

prealit :=fNN (x̂t , t) -ẍ�t +
1

t + θ

�
∆2,t -

∆1,t + η

t + θ
-G̃ (t)+a (∆1,t )

�
,

η = �θδ2,0 � δ1,0 (12)

guarantees the functional convergence (7) from t0 = 0.
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Proof of Main Theorem (1)

Proof.
By (2) we have

∆̇1,t = ∆2,t
∆̇2,t = fNN (x̂t , t)� ẍ�t + BNN (x̂t , t) ut

�
For the Lyapunov function V (s) = 1

2 s
|s we have

V̇ (s (t)) = s| (t) ṡ (t) =

s| (t)
�

∆̇2,t +
∆2,t
t+θ �

∆1,t+η

(t+θ)2
� 1

t+θ G̃ (t) +
1
t+θa (∆1,t )

�
=

s| (t) (fNN (x̂t , t)� ẍ�t + BNN (x̂t , t) ut ) +
s| (t)

�
∆2,t
t+θ �

∆1,t+η

(t+θ)2
� 1

t+θ G̃ (t) +
1
t+θa (∆1,t )

�
=

s| (t) prealit +s| (t)BNN (x̂t , t) ut .

9>>>>>>=>>>>>>;
(13)
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Proof of Main Theorem (2)

Proof.
Selecting u (t) as in (11) for the second term in (13) we get

V̇ (s (t)) = s| (t) prealit +s| (t)BNN (x̂t , t) ut= s| (t) prealit +
s| (t)BNN (x̂t ,t)B

|
NN (x̂t , t) Sε (x̂t , t) [-ktSIGN (s (t))+ucomp (t)]

= s| (t) prealit +s| (t) [�ktSIGN (s (t))+ucomp (t)]�
εs| (t) Sε (x̂t , t) [�ktSIGN (s (t))+ucomp (t)] =

�kt
n

∑
i=1
jsi (t)j+ s| (t)

�
prealit � εktSε (x̂t , t) SIGN (s (t))

�
+ s| (t) (In�n + εSε (x̂t , t)) ucomp (t) = �kt

n

∑
i=1
jsi (t)j

9>>>>>>>>>>>=>>>>>>>>>>>;
(14)
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Proof of Main Theorem (3)

Proof.

Taking into account that
n

∑
i=1
jsi (t)j � ks (t)k and, in view of (14), we

derive
V̇ (s (t)) � �ρ0 ks (t)k = �

p
2ρ0

q
V (s (t)),

implying 2
�p

V (s (t))�
p
V (s (t0))

�
� �

p
2ρ0t and

0 �
q
V (s (t)) �

q
V (s (t0))�

ρ0p
2
t,

which leads to the conclusion that for all

t � treach :=
1
ρ0

q
2V (st0) =

kst0k
ρ0

.
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Proof of Main Theorem (4)

Proof.
To make the reaching time treach = 0 it is su¢ cient to gurantee that
st0=0 = 0. But since

(t + θ) s (t) = (t + θ) δ̇ (t) + δ (t) + η = ζ (t) ,
(t0 + θ) s (t0) = (t0 + θ) δ̇ (t0) + δ (t0) + η = ζ (t0)

st0 = δ̇t0 +
δt0 + η

t0 + θ
,

we need to ful�ll the condition

st0=0 = δ̇t0=0 +
δt0=0 + η

θ
= 0,

which is possible if take η as in (12), providing

treach = ρ�10 kst0=0k = 0.
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Guidance Control of Underwater Autonomous Vehicle
UV and its coordinates

Figure 1: UV and its coordinates
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Guidance Control of Underwater Autonomous Vehicle
UV and its coordinates

Main coordinates are (see Fig.1):

- { =
�
x y z

�|
is the vector of the UV centre of mass

position;

- η =
�

θ ψ
�|
de�nes the orientation angles;

(the position and orientation coordinates are given with
respect to the inertial framework attached to the origin).

- υ =
�
u v w

�|
is the vector of translation velocity of the

UV centre of mass;

- ω =
�
q r

�|
is the vector of the angular velocity with

respect to the body framework attached to the center of
mass.

The mathematical model of the UV contains both the kinematic and
dynamic parts.
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Kinematic model

It is as follows:
d
dt{ = Θ (η) υ+ ζ{({, η, t), (15)

d
dt η =

24 q
r
cθt

35+ ζη({, η, t), (16)

where ζ{ and ζη are the perturbations vector satisfying

kζ{k � ζ+{ ,
 d
dt ζ{

 � � ddt ζ{
�+
,
ζη

 � ζ+η (17)

and Θ : R3 ! R3�3 is the rotation matrix (given in the Euler angles):

Θ (η) =

24 cθcψ �sψ sθcψ

cθsψ cψ sθsψ
�sθ 0 cθ

35 ,
sθ = sin(θ), cθ = cos(θ), θ 2 (�π/2,π/2) .

9>>=>>; (18)
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Dynamic model

It is given by the following system of ODE:

d
dt υ = fυ (υ,ω) + Bυτ + ζυ({, η, t), (19)

d
dtω = fω (υ,ω, η) + Bωτ + ζω({, η, t), (20)

where fυ and fω describe the drift and the rotation e¤ects:

fυ (υ,ω)=

264 -
d1u
I1
+ I2v

I1
r - I3wI1 q

� I1u
I2
r � d2v

I2
I1u
I3
q � d3w

I3

375 , fω (υ,ω, η)= " I3�I1
I5
uw -d5m q-

mghsθ
I5

I1�I2
I6
uv � d6

I6
r

#
.

The control vector τ =
�

τu τq τr
�| 2 R3, and

Bυ =

264
1
I1

0 0

0 0 0
0 0 0

375 , Bω =

264 0 1
I5

0

0 0
1
I6

375 ,
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Actuator dynamics

The dynamic of the vector τ is given by

d
dt τ = ZE (g({, η, t) + ν) , (21)

where g : R3 �R2 �R ! R3 corresponds to the contra-electromotive forces,
satisfying the constrains  d

dt g({, η, t)
 � ġ+ < ∞, (22)

ZE 2 R is the matrix of contra-electromotive gains which assumed to be
invertable and known, the vector ν corresponds to the voltages in the actuators,
realizing torques τu , τq and τr :

ν =
�

ν1 ν2 ν3
�| 2 Uv ,adm , (23)

where the admissible set Uv ,adm which may include discontinuos control actions
(voltages).
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Complete dynamics model

Taking into account the expression of the UV kinematics, translation and
orientation dynamics in equations (15),(16),(19) and (20) respectively , and
considering the actuators dynamic in expression (21), the complete dynamic
system can be described as the following system no ODE:

d
dt{ = Θ (η) υ+ ζ{({, η, t),

d
dt η =

"
q
r
cθ

#
+ ζη({, η, t),

d
dt υ = fυ (υ,ω) + Bυτ + ζυ({, η, t),

d
dtω = fω (υ,ω, η) + Bωτ + ζω({, η, t),

d
dt τ = ZE [g({, η, t) + ν] .

9>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>;

(24)
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Problem statement in descriptive form

The problem of the interest here is to design the control ν (23), realizing the
behaviour of the dynamic system (24) ful�lling

kϕ1 (t)k !t!∞
min, ϕ1 (t) := { (t)�{� (t) (25)

where {� (t) 2 R3 is the vector of reference trajectory satisfying: ddt{�
 � � ddt{

�+
= const

t
,

 d2dt2{�
 � � d2dt2{

�+
= const

t
. (26)

An alternative formulation of this tracking trajectory statement as an
optimization, realized by an uncertain controlable dynamic plant, looks as follows:

J(ϕ1) =
3

∑
i=1

��ϕ1,i �� !t!∞
min

ν(�) 2 Uadm
subjected to (24).

(27)
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Backstepping concept
First stage: translation tracking

At the �rst stage let us consider the translation kinematic (15) only where
the vector υ will be treated as an auxilary intermediate "pseudo-control",
de�ning it as u1 = υ, which implies

d
dt{ = Θ (η) u1 + ζ{({,η, t), (28)

The corresponding optimization problem realized by the dynamic plant
(28) can be formulated as

J1(ϕ1) = J(ϕ1) =
3

∑
i=1

��ϕ1,i �� !t!∞
min

u1(�) 2 U1,adm
subjected to (28),

(29)

where U1,adm is a set of di¤erentiable functions.
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Backstepping concept
First stage: translation tracking

Theorem
Under the accepted assumptions the intermediate pseudo-control u�1 , realizing the
soltion of the problem (29), satis�es the following ODE�s

d
dt
(Θu�1) + g1 = �k1Sign (s1) , u�1 (0) = u

�
1,0, k1 > ζ̇

+
{ ,

Sign (s1) :=
�

sign (s1,1) , sign (s1,2) , sign (s1,3) ,
�|
9=; (30)

g1:=- d
2

dt2{
�+

d
dt{�

d
dt{

�

t + θ
-
{ �{� + α1

(t + θ)2
-
1

t + θ
Γ1+

1
t + θ

∂J1(ϕ1) (31)

Alexander Poznyak (CINVESTAV-México) Septiembre - December 2023 23 / 30



Backstepping concept
First stage: translation tracking

Theorem (continuation)
where the integral sliding variable s1 is de�ned as

s1= d
dtϕ1 +

ϕ1+α1
t+θ + Γ1, Γ1= 1

t+θ

tZ
τ=0

∂J1(ϕ1)dτ, t � 0,

∂J1(ϕ1) =
�

sign
�

ϕ1,1
�
, sign

�
ϕ1,2

�
, sign

�
ϕ1,3

� �|
α1 = �θ ddtϕ1 (0)�ϕ1 (0) , θ > 0,

9>>>>>>>>=>>>>>>>>;
(32)

It guarantees that

J1(ϕ1 (t)) �
Φ1

t + θ
!
t!∞

0 , Φ1=θJ1(ϕ1 (0)) +
1
2
kα1k2 . (33)
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Backstepping concept
First stage: translation tracking: Proof (1)

Proof.

For V (s) =
1
2
ksk2 with s := s1, we get

V̇ (s1)=s
|
1 ṡ1=s

|
1

h
ϕ̈1+

ϕ̇1
t+θ -

ϕ1+α1

(t+θ)2
- 1
t+θ Γ1+ 1

t+θ ∂J1(ϕ1)
i

= s|1
h
{̈ � {̈� + {̇�{̇�

t+θ � {�{�+α1
(t+θ)2

� 1
t+θ Γ1 + 1

t+θ ∂J1(ϕ1)
i

= s|1

�
d
dt
(Θu�1) + ζ̇{ + g1

�
.

9>>>>=>>>>; (34)

Select υ = u�1 satisfying (30). Then from (34) we get

V̇ (s1) = s
|
1

�
�k1sign (s1) + ζ̇{

�
�
 
�k1

3

∑
i=1
js1,i j+ ks1k ζ̇

+
{

!
�

ks1k
�
�k1 + ζ̇

+
{

�
= �ρ̊ ks1k = �ρ̊

p
2V (s1), k1 � ζ̇

+
{ = ρ̊ > 0

9>>=>>;
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Backstepping concept
First stage: translation tracking: Proof (2)

Proof.
which leads to the following relations

dV (s1)p
V (s1)

� �ρ̊
p
2dt ! 2

�p
V (s1)�

p
V (s1(0))

�
� �ρ̊

p
2t,

0 �
p
V (s1) �

p
V (s1(0))�

ρ̊p
2
t,

9>>=>>;
implying that V (s1 (t)) = 0 for all

t � treach :=
1
ρ̊

q
2V (s1(0)) =

ks1 (0)k
ρ̊

. (35)

But by (32), s1 (0) = 0, and hence from the begginning of the proces

s1 (t) = ṡ1 (t) = 0. (36)
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Backstepping concept
First stage: translation tracking: Proof (3)

Proof.
b) De�ning µ(t) := t + κ, let represent (36) as

µ(t)s1 = µ(t)ϕ̇1(t) + ϕ1(t) + α1 + γ(t) = 0,
γ̇(t) = ∂J1(ϕ1(t)), γ(0) = 0,

or, equivalently,

µ(t)ϕ̇1(t) + ϕ1(t) + α1 = �γ(t),

which gives

d
dt

�
1
2
kγk2

�
= γ̇|γ = �∂|J1(ϕ1) [µϕ̇1 +ϕ1 + α1]

= �∂|J1(ϕ1)ϕ1 � ∂|J1(ϕ1) (µϕ̇1 + α1) .
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Backstepping concept
First stage: translation tracking: Proof (4)

Proof.
By the relations

∂|J1(ϕ1)ϕ1� J1(ϕ1)� J1(ϕ
�
1) = J1(ϕ1), J1(ϕ

�
1) = 0, ∂|J1(ϕ1)ϕ̇1=

d
dt
J1(ϕ1)

=) d
dt

�
1
2
kγk2

�
� �J1(ϕ1)� µ

d
dt
J1(ϕ1)� ∂|J1(ϕ1)α1.

Then, integrating this inequality on interval [0, t], we get

tR
τ=0

J1(ϕ1 (τ) )dτ �1
2

0@kγ (0)k2| {z }
0

� kγk2
1A�

tR
τ=0

µ (τ) ddt J1(ϕ1 (τ) )dτ�
� tR

τ=0
∂J1(ϕ1)dτ

�|
α1

Alexander Poznyak (CINVESTAV-México) Septiembre - December 2023 28 / 30



Backstepping concept
First stage: translation tracking: Proof (5)

Proof.
Since µ̇τ = 1, using of the integration by parts we get

tR
τ=0

µ (τ) ddt J1(ϕ1 (τ) )dτ =

[µ (τ) J1(ϕ1 (τ))]
τ=t
τ=0 �

tR
τ=0

µ̇ (τ) J1(ϕ1 (τ) )dτ =

µJ1(ϕ1)� θJ1(ϕ1 (0) )-
tR

τ=0
J1(ϕ1 (τ) )dτ = µJ1(ϕ1)-θJ1(ϕ1 (0) )-γ,

which leads to

tR
τ=0

J1(ϕ1 (τ) )dτ � �1
2
kγk2 �µJ1(ϕ1)+

θJ1(ϕ1 (0) )+
tR

τ=0
J1(ϕ1 (τ) )dτ � γ|α1,
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Backstepping concept
First stage: translation tracking: Proof (6)

Proof.
or equivalently,

µJ1(ϕ1) � θJ1(ϕ1 (0))�
1
2
kγk2 � γ|α1 =

θJ1(ϕ1 (0))�
1
2

�
kγk2 + 2γ|α1

�
=

θJ1(ϕ1 (0))�
1
2

�
kγk2 + 2γ|α1 + kα1k2

�
+
1
2
kα1k2

= θJ1(ϕ1 (0))�
1
2
kγ+ α1k

2 +
1
2
kα1k2

� θJ1(ϕ1 (0)) +
1
2
kα1k2

that gives (33). Theorem is proven.
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