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Abstract. The general projection neural network (GPNN) is a versa-
tile recurrent neural network model capable of solving a variety of opti-
mization problems and variational inequalities. In a recent article [IEEE
Trans. Neural Netw., 18(6), 1697-1708, 2007], the linear case of GPNN
was studied extensively from the viewpoint of stability analysis, and it
was utilized to solve the generalized linear variational inequality with
various types of constraints. In the present paper we supplement three
global exponential convergence results for the GPNN for solving these
problems. The first one is different from those shown in the original arti-
cle, and the other two are improved versions of two results in that article.
The validity of the new results are demonstrated by numerical examples.

1 Introduction

The following problem is called the generalized linear variational inequality
(GLVI): find z* € R™ such that Nz* 4+ ¢ € X and

(Mz* +p)T'(x — N2* —q) >0 VzeX, (1)

where M, N € R"™*™; p q € R™; and X is a closed convex set in R"". It has many
scientific and engineering applications, e.g., linear programming and quadratic
programming [I], extended linear programming [2] and extended linear-quadratic
programming [2L3]. If X is a box set, i.e.,

X={zeR"e<z<uz} (2)

where z and = are constants (without loss of generality, any component of x
or —z can be —o0), a neurodyamic approach was proposed in [] and [5] from
different viewpoints for solving it. Moreover, in [5], the neurodynamic system
was given a name, general projection neural network (GPNN). A general form
of the system is as follows:

CZ = \WW{—Nz+ Px((N — aM)z + q — ap) — ¢}, 3)
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where A € R, W € R™*™ and a € R are positive constants, and Px(z) =
(Px,(x1),--+ , Px,, ()T with

T, T < T,
Px,(z:) = ¢ 4, ¢, < 5 < 25, (4)
Ti, Ty > Tj.

Recently, the stability of the above GPNN was studied extensively in [6].
Many global convergence and stability results were presented. In addition, when
X in the GLVI (@) is not a box set, but a polyhedral set defined by inequalities
and equalities, several specific GPNNs similar to [B]) were formulated to solve
the corresponding problems. Some particular stability results of those GPNNs
were also discussed. In the present paper, we will give a few new stability results
of the GPNNSs, reflecting our up-to-date progress in studying this type of neural
networks.

Throughout the paper, ||z|| denotes the I3 norm of a vector x, I denotes the
identity matrix with an appropriate dimension, and X* stands for the solution
set of GLVI (), which is assumed to be nonempty. In addition, it is assumed
that there exists at least one finite point in X*. Define an operator DV f(t) =
limsupy, o+ (f(t+ h) — f(t))/h, where f(t) is a function mapping from R — R.

2 Main Results

2.1 Box Set Constraint

First, we give a new stability result of the GPNN (B) for solving the GLVI with
box-type constraint as described in ([2]). A useful lemma is introduced first [5LA4].

Lemma 1. Consider Px : R™ — X defined in @). For any u,v € R™, we have
IPx(u) — Px(v)|| < |lu—wv].

Theorem 1. Let N = {n;;} and D = N — oM = {d;;}. If

Mg > Z ‘n11‘+z‘dlj|7 Vi=1,- (5)

Jj=1,j#1
then the GPNN @) with W = I is globally exponentially stable.

Proof. From (Bl there exists # > 0 such that

ng > Z \n”|+Z|dU\+9 Vi=1,---,m. (6)

J=1,#1

Let z* be a finite point in X*, L(ty) = maxi<i<m |zi(to) — x| and z(t) =

|zi(t) — f| — L(to)e *?(¢t) In the following we will show z;(t) < 0 for any
1=1,---,m and all t > tg by contradiction. Actually, if this is not true, there
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must exists a sufficiently small ¢ > 0, two time instants ¢; and to satisfying

to < t1 < to, and at least one k € {1,--- ,m}, such that
zp(t1) =0, zk(t2) =€ (7)
'D+Z;c(t1) >0, 'DJFZ;c(tQ) >0 (8)
zi(s)<e, Vi=1,---,m; to<s<ts. (9)

From (B) we have
dx/dt = M{—N(z — ") + Px(Dx + q¢ — ap) — Px(Dz* + q — ap)} (10)
and from Lemma [l we have
Px,(dix + qi — api) — Px, (dix" + q; — ap;)|
<|di(x —x")| < i \dijl|lz; — 7|, Vi=1,--- m
j=1

where d; € R'™ denotes the ith row of D. Without loss of generality, we
assume 2y (t2) —af > 0. (The case of x4 (t2) — 2} < 0 can be reasoned similarly.)
It follows from (), @), () and () that xx(t2) — x} = L(to)e *~t0) 4 ¢
|zi(t2) — o} < L(to)e M0t ¢ Vi=1,--- /m, and

D 2 (ta) =D T |ai(t2) — f| + ML(tg)e M E—t0)

m
< — Mg (zn(te) —@i) + A D [nglla(t) — 27|
i=Li#k

F A gl (t2) — 25| + AL (t)e AUt
=1

<= Mg (L(t)e M ) 4 A D g (Llto)e ) + o)
j=1,j#k

+AZ\dkj (to)e M=) 4 ) 4 AOL(tg)e N0 (tt0)

=\ | —ngr + Z \nk]\ + Z ‘dkj‘ + 6 L(to)e_w(t_t")

J=1.5#k j=1
+ A | =k + Z |nk3\+2\dky\ €
Jj=1,j#k

In view of (Bl) and (@), we have Dtz (t2) < 0, which contradicts (8). Hence,
|I2(t) - Iﬂ < L(to)e_AG(t_tO)v Vi = 17 e,y t > to. (12)

The proof is completed.
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The above theorem is proved in the spirit of [7]. From the analysis it can be
inferred that the convergence rate of (@) is at least A\ where 6 is the difference
between the left and right hand sides of (H). Different from most of the results
in [6], the exponential convergence rate here is expressed in terms of every com-
ponent of the state vector separately, which provides a more detailed estimation
than the results obtained by the usual Lyapunov method.

In the above proof, if we choose L(tg) = ||z(t) — z*||?, following similar ar-
guments we can arrive at the following condition which assures the global ex-
ponential stability results as well: the minimum eigenvalue of (N + N7)/2 is
greater than || D||. Interestingly, this is a result stated in Corollary 1 of [6] where
a different proof was given.

2.2 General Constraints

Consider the GLVI ([@l) with X defined as
X ={zeR"x € 2, Ax € 2, Bx = c}, (13)

where A € R B € R ¢ € R", and (2, {2, are two box sets defined as
{r e R™z <2 <z} and {y € R"|y <y <y}, respectively (cf. @).
Let A= (AT, BT)T and

(8 () 5 (D) - (1)

2y ={y e Ry DT <y < (T, M)THU = 2, x 0.

It was shown in [6] that the GLVI can be converted to another GLVI with a box
set U only, and as a result, can be solved by using the following specific GPNN:

du

it AW {~Nu + Pg((N — aM)u + § — ap) — G}, (14)

where A > 0,a > 0, W € RUnthtn)x(m+h+r) are constants, u = (z7,y”)7 is the
state vector, and P (-) is the activation function defined similarly as in (@l). The
output of the neural network is simply x(t), the first part of the state u(t).

In [6], it was proved that when W = (N+aM)7, if MTN > 0 then the output
trajectory x(t) of the neural network is globally convergent to the unique solution
x* of the problem (D). In the following, we show that if this condition holds, the
convergence rate can be exponential by choosing an appropriate scaling factor
A. The proof is inspired by [§].

Theorem 2. Consider GPNN ([@) with W = (N +aM)T for solving the GLVI
with X defined in [@&). If MTN > 0 and X is large enough, then the output
trajectory x(t) of the neural network is globally exponentially convergent to the
unique solution of the problem.

Proof. It was shown in [0, Theorem 5] that the solution of the GLVI is unique,
which corresponds to the first part of any equilibrium point of (I4]). Consider
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the function V (u(t)) = ||u(t) — u*||?/2 where u* is a finite equilibrium point of
(). Following a similar analysis procedure to that of Corollary 4 in [5] we can
derive

dV (u(t))

dt < )\{—a(u—u*)TMTN(u—u*)— ||PU((N—aM)u+d—aﬁ)—J\Nfu—dHQ}.

It follows that

dV(u(t))

gt <Aaf—(u—u)TMTN(u —u*)} = Maf—(z — ") T MTN(z — z*)}

< daf-pla —2**,

where 3 > 0 denotes the minimum eigenvalue of (M7 N + N7 M) /2. Then
V(u(t)) < V(uto)) = daf [ fz(s) — 2*|*ds

and

|z(t) — ac*||2 < 2V(u(to)) — 2Xaf3 |z(s) — m*||2ds.

to

Without loss of generality it is assumed [|z(tg) — 2*||> > 0 which implies

V(u(tp)) > 0. Then there exist 7 > 0 and > 0 that depend on z(t() only, so that

ttO°+T |lz(s) — 2*||?ds > 7. If X is large enough so that A\ > V(u(tg))/(aBtu),
we have

to+T1
V(u(to)) — )\aﬁ/ |2(s) — 2*||*ds < 0.

It follows that for any ¢t >t > to+ 7

lo(t) = 2" 1* <lla(tr) — 27 |1* + 2V (u(to)) — 2>\aﬂ/ a(s) — a*|ds

t
—2Xa83 [ |z(s) — z*||*ds
ty
to+7
<[l(ty) = a*||* + 2V (u(to)) — 2Aaf lz(s) — 2*[|*ds

to

t
- 2)\a5/ llz(s) — z*||’ds
t1
t
<l(ty) — 2|2 — 270 / l(s) — 2| %ds.
t1

As a result,

lo(t) = 212 = latt) =" _ o F(O) = F(8)
t—11 o t—1t
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where f(t) = ftl |z(s) — x*||%ds. Let t — t; + 0, then we have

dllz(t) — z*||?

U < —2apa() - o)

Therefore
lx(t) — ™| < ||lx(t1) — x*||e_>“’5(t_t1) = coe_mﬂ(t_t"), Vit >t

where ¢q = ||z(t;) — z*||erF(tr—to),

Since dV (u(t))/dt < 0, u(t) € S = {u € RV (u(t)) < V(u(to))} for all
t > to. Moreover, V(u(t)) is radially unbounded, then S is bounded, which
implies that ||z(t) —2*|| is bounded over ¢ > to. Let A = maxy, <<y, ||2(t) — ||
and ¢; = AJe ABti—t0) We have

2(t) — 2*|| < A = creAPlli=to) < e AaBl=to) o < ¢ <ty

Hence
[2(t) — 2*|| < e P10yt > ¢,

where ¢,;, = max(cg, ¢1). The proof is completed.

2.3 Inequality Constraints
Consider X in (I3 with inequality constraints only; i.e.,
X ={z e R Az € 2}, (15)
where the notations are the same as in ([I3]). Let
N=ANM'AT §=—ANM 'p+ Aq.
The following specific GPNN is proposed to solve the problem:

— State equation

du
dt
— Output equation

AW {—=Nu+Po, (N —al)u+q) — ¢}; (16a)

v=M"1ATu—~ M1p, (16b)

where A\ € R,a € R, A > 0,0 >0 and W € RI¥P,

In [6], it was proved that when W = (N +al)T, if MTN > 0 then the output
trajectory v(t) of the neural network is globally convergent to the unique solution
x* of the problem (). In the following, we show that if this condition holds, the
convergence rate can be exponential by choosing an appropriate A.

Theorem 3. Consider GPNN (I8) with W = (N + o) for solving the GLVI
with X defined in (@&H). If MTN > 0 and X is large enough, then the output
trajectory v(t) of the neural network is globally exponentially convergent to the
unique solution of the problem.
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Proof. From [0, Theorem 6], the solution of the GLVT is unique, which is identical
to v* = M~ ATu* — M~'p where u* is any equilibrium point of (IGal). Define a
function )

V(u®) =, llu®) —ul?, > to.

From ({I6L)), we have
lv—v*? = [MTTAT (u — )| < |M AT u — o[,

Thus V(u) > 2|\|1‘\Zj71jj4”;\|2' Following a similar analysis to that of Corollary 4

in [5] we can deduce

AV (u(t))
dt

It follows that

dV(u(t))
dt

<M-alu—u) TN —u*) = |[Pe, (N — al)u+§) — Nu—q|*}.

<a{—(u—u)TANM AT (u — u*)}
= Xa{—[M AT (u —u*)|TMTN[M AT (z — )]}
= Aa{—(v =0 )T MTN(v—v")} < da{—fllv —v"||*},

where 3 > 0 denotes the minimum eigenvalue of (M7 N + N7 M) /2. Then
t
V(u(t)) < V(u(to)) — Aaﬁ/ lu(s) —v*|*ds
to

and .
[o(t) = v*[1* < 29V (u(to)) — 2/\ozﬂ7/ [o(s) = v*||*ds,
to

where v = ||[M~1AT||2. The rest of the proof is similar to the latter part of the
analysis of Theorem [2] and is omitted for brevity.

3 Illustrative Examples

Ezample 1. Let’s first solve a GLVI ([I]) with a box set, where

42-1 52-1 ~1 0
M=(030|.N=|150|.p=(2].¢=(2],
~13 6 ~13 8 5 0

and X = {z € ®3|(—4,0,-4)T <z < (6,6,6)T}. Let a = 1, it is easy to verify that
the condition in Theorem[2is satisfied. Actually, n11 — [ni2| — |n13| — 23:1 |dij] =

1,n95 — |na1| — [nas| — Y27, |daj| = 1, nss — nsa| — [naz| — 327, |ds;| = 2. Then
the GPNN (@) is globally exponentially stable. All numerical simulations validated
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)

States

5 . . . .
0 1 2 3 4 5
Time unit t

Fig. 1. State trajectories of the GPNN (@) in Example Ml with W = I, A = a =1 and
ZB(O) = (107 67 _5)T

Time unit t

Fig. 2. Solution error of the GPNN (@) in Example [[l The estimated upper bound
(dashed line) is also plotted.

this conclusion. Fig.[Ildemonstrates the state trajectories started from the initial
point z(0) = (10,6, —5)7 with A\ = 1 (o isset to 0), which converge to the unit solu-
tion of the problem z* = (0.4265, —0.4853, —0.2647)”. To show their exponential
convergence rates, we take the natural logarithm of both sides of ([IZ]),

In|z;(t) — 2| <InL(tg) — A\0t, Vi=1,---,3; t>0.

and depict both sides of above inequality in Fig. 2 (It is evident that 6 can be
chosen as 6 = 1). The right-hand-side quantity now becomes a straight line in
the figure. It is seen that the error of the states are all upper bounded by this
line.
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Outputs

0 0.2 0.4 0.6 0.8 1
Time unit t

Fig. 3. Output trajectories of the GPNN (@) in Example @ with W = (N 4 aM)7,
A= a =1 and ten random initial points

. . .
0 0.2 0.4 0.6 0.8 1
Time unit t

Fig. 4. Solution error of the GPNN (4] in Example 2l Because of numerical errors in
simulations, when In [|v(t) — z*|| < —8, the trajectories become unstable, and thus are
not shown here.

Ezample 2. Consider a GLVI with a polyhedron set X defined in (IH]). Let

1 —-1-1 1-1-1 -1 0 110
M=]-110],N={0-10}).,p=|-1),q=[2 ’A:<—55-1>’
0 1 -1 03 -1 2 0

and 2, = {y € R?| — 10 < y < 10}. It can be verified that MTN > 0. The
GPNN (@) with W = (N 4+ oM)? can be used to solve the problem ac-
cording to Theorem [Bl Simulation results showed that from any initial point
this neural network globally converges to the unique equilibrium point u* =
(—0.0074,—0.7556)7. Then, the solution of the GLVI is calculated as z* =
(—0.4444, —-3.2296, —1.9852)7. Fig. B displays the output trajectories of the
neural network with A = a = 1 and 10 different initial points, and Fig.[d displays
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the solution error (in natural logarithm) along with these trajectories. It is seen
that for any of the 10 curves in Fig. ] there exits a straight line with negative
slope above it, that is, the convergence rate is upper bounded by an exponential
function of ¢ which tends to zero as t — co.

4 Concluding Remarks

The general projection neural network (GPNN) has attracted much attention
in recent years. The paper presents three sets of global exponential convergence
conditions for it, which extend our recent results to some extent. Numerical
examples illustrate the correctness of these new results.
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