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Abstract

In this work, we present an alternative algorithm for the state estimation of discrete-time nonlinear
systems, which we have called Fixed-Point state observer with Steffensen-Aitken accelerated conver-
gence. This algorithm decomposes the state estimation task into a set of consecutive fixed point iteration
problems. In other words, it considers a system of nonlinear equations for each time instant and uses a
fixed point iteration method to solve it, such that the solution given by the method is actually a state
estimation of the discrete-time nonlinear system at the current time instant. To increase the convergence
speed of the fixed point iteration method, we propose to incorporate the A2-Aitken method. Nonetheless,
later we show that is possible to increase even more this speed by means of the Steffensen’s method.
The main advantage of our algorithm is the lack of complex calculations, such as the Jacobian matrix
and its inverse, which are necessary for similar algorithms such as the Newton observer. Therefore, our
proposal has a low computational cost, is free of singularities, and is easy to implement. Furthermore,
unlike conventional estimators like the Luenberger observer and the Sliding Mode observer, it does not
require to calculate gains. To prove the effectiveness of the Fixed-Point state observer, we estimate
the unknown states of a modified Chua chaotic attractor and compare the numerical results with those
obtained by Luenberger, Sliding Mode, and Newton observers.
© 2023 The Franklin Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

In the real world applications, the state variables of any industrial process or system are
crucial for the design of a controller. However, these variables might be totally or partially
unknown due to economic restrictions or technological limitations. Therefore, the design of
mathematical algorithms that allow estimating these variables from the available measurements
is extremely important. Such algorithms are known as state estimators or observers.

In the literature, we can find a great number of estimators applied to all kinds of discrete-
time dynamic systems. The usual ones are the Luenberger-type observers [1,2] and the sliding
mode observers [3,4], very useful for fault detection. Some less common but really interesting
approaches are the interval observers, especially useful for systems with bounded disturbances
[5-7], and graph theory-based observers, widely used in multi-agent problems [8,9].

All the observers mentioned above consist of a copy of the dynamic system with additional
corrective terms. However, Grizzle and Moraal presented an alternative idea in their conference
paper [10]. These authors suggested tackling the state estimation problem for discrete-time
nonlinear systems by solving a set of consecutive systems of nonlinear equations. That is,
they consider the estimation problem as a set of nonlinear inversion problems (one problem
for each time instant) and propose to find the solution through an iteration method [11].
In particular, they use the Newton’s iteration method and named this algorithm as Newton
observer. The idea is to iterate long enough and then propagate the solution to obtain the
state estimate at the current time instant. Subsequently, this solution is considered as initial
guess for the iteration method of the following time instant [10,12].

The Newton observer is a structurally robust algorithm that has been successfully applied
to several dynamic systems: water flow in industrial tanks [13], the magnetic flux in magnetic
bearings [14], the glucose level in intensive care unit patients [15], robot’s kinematic model
[16,17], etc. However, this observer has two implementation problems: 1) If the initial guess
is not close enough to the solution, the iteration method does not converge, and 2) it is
necessary to evaluate a Jacobian matrix and compute its inverse at each iteration and for
every time instant. More over, the Jacobian matrix could be ill-conditioned and, in general, is
computationally expensive. For these reasons, the Newton observer can have numerical errors
and its computational cost might be elevated [18-20].

To overcome this issues, one can ensure the convergence of the iteration method by finding
an acceptable initial guess through mathematical analysis. On the other hand, to reduce the
computational effort, several strategies exist, e.g.: in [19], the authors proposed to use the
secant approximation method along with a continuous-time filter scheme. In [15], Pontryagin’s
maximum principle was applied to calculate the Jacobian matrix by considering a performance
indicator. Meanwhile, the finite difference approximation and the Broyden-Fletcher-Goldfarb-
Shanno algorithm were used to design a free Jacobian observer in [20]. Although these
strategies can reduce the computational effort, a great amount of additional parameters needs
to be identified.

In this context, we propose an alternative algorithm for the state estimation of discrete-time
nonlinear systems that seeks to overcome the second implementation problem that we men-
tioned before, i.e., to avoid the computation of derivatives and inverse maps. We have called
this algorithms as Fixed-Point state observer with Steffensen-Aitken accelerated convergence.
Thus, our proposal presents a series of advantages and contributions that are listed below:
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(1) To increase the convergence speed of the fixed point iteration method used by the
estimator, we propose to implement a) the AZ-Aitken method and b) the Steffensen’s
method.

(2) The Fixed-Point observer does not require complex calculations, such as the Jacobian
matrix and its inverse, used in similar algorithms such as the Newton observer [18-20],
this traduces in a lower computational cost.

(3) The implementation of the Steffensen’s method increases considerably the convergence
speed of the fixed point iteration method used by the observer and at the same time, it
still exhibits a lower computational cost than the Newton observer.

(4) Unlike conventional observers, our proposal does not require the computation of gains
or a set of several other parameters.

(5) The corresponding mathematical formulation and analysis to ensure convergence are
presented. As far as we know, these have not been previously reported in the literature.

(6) The Fixed-Point observer has a low computational cost, and since does not involve a
Jacobian matrix, can be easily apply to systems whose derivatives computation is to
complex.

The remainder of this work is organized as follows: Section 2 contains the necessary
theoretical framework for the problem statement and the design of the observer. In Section 3,
we introduce the Fixed-Point observer and the proposed convergence schemes. Subsequently,
the modified Chua chaotic attractor is considered in Section 4 to exemplify the effectiveness of
the proposed algorithm. Furthermore, the numerical results are compared with the performance
of Newton, Luenberger, and sliding mode observers. Finally, the conclusions of this work are
given in Section 5.

2. Preliminaries

Whenever one works with real-world applications, the available measurements are discrete-
time signals. In these cases, the best option to design a state observer is using an exact
discrete-time model of the system. However, most of the time, only a continuous-time model is
available. Since discrete-time models are commonly unknown or hard to obtain, it is advisable
to use a discretization method, such as in [18,21,22]. Depending on the discretization approach
that is used, the simulation results will correspond better or not with the behaviour of the
original continuous system. The most common approach is the well known Euler method,
due to its simplicity, although recent advances have shown that there exist better alternatives.
Nonetheless, this discussion is beyond the scope of this work, and the reader is advised to
look for [23], where further details about this topic can be found.

Once a discrete-time model is available, we can find a finite sequence of the output signal
as follows.

2.1. Output signal’s finite sequence of a continuous-time system

Consider the following continuous-time nonlinear dynamic system

X =Fx),
y=hx) ey
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where x € R",y € R”, h is an analytic function and F is a Lipschitz function. For the sake of
simplicity, we assume that p = 1, henceforth. Besides, suppose a sampling time 7 > 0 and
let f(¢,x9) be solution of (1) with the initial condition xy. Then, the T-sampled system of
(1) is given by

X1 = (T, x¢),

Yk = h(x) )
where xp = (X1 4, X2y - - - xn,k)T is the discrete-time state vector at the time instant k£ and y;
is the corresponding system’s output.

On the other hand, let 6 be a delay operator such that d¢; = ¢;—;1, and 87! be the cor-
responding advance operator. Therefore § #¢; = ¢y, and similarly 6*¢ = ¢—, for any

uw > 0. Let <§"<pk define the collection g“(pk = {8¢x, ..., 6" ¢r}. Meanwhile, 3’“<pk stands for
the collection 8 “¢; = {¢, 8 '@k, ..., 8 “¢}. Evidently, 8° = 3% =1 and §' = 5.

One can note that system (2) is equivalent to x; = §f (xx) = f(8xx) = f(xx—1) and Sxp41 =
X = f(xx—1). Additionally, xz—1 = f(xx—2) = f(6x3—1) = f(82xk) and in the same way, x; =
f(f (8%x)). Therefore, the expression f*(6*x;) for u > 0, should be clear from the recursion

1) = f(f71(8'x0)
Fx) = f(8x)

for some i € N. Notice that, the operators § and $ satisfy the following relation: Sig_iwk =
{or, S'gx} since 8'{gr, 8 'px, ..., 8 'or} = {(8'wr, 8 ox, - .., ek, @i }. Then, the evolution of
the state vector is equivalent to the next sequence

Xee1 = 87 = f(w),
Xep2 = 8 = f(f (),

X = 8" = f(f7 ) 3)
furthermore, by considering (3) in an iterative form, we obtain

X =0f () = f(0x1),
xe = F(F 1)) = £(f(8%x)),

xe= f(F7N ) )

In a similar way, we can define the following finite sequence of the output signal

Y = h(x) = h(f°(x0)),
Verr = 87 (h(x)) = h(f (%)),
Yia2 = 8T R(F () = h(f2(x0)),

Yiri = h(f () S
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which can be express as

Yk h(xx)
Vit1 h(f(xx))
Vi =| . | = : = H(x) (6)
Viti h(f (xi))

In a further step of this work, the expression (6) will be useful for the state observer
design.

2.2. Fixed point iteration problem

In numerical analysis, the roots or solution of a system of nonlinear equations are com-
monly found with a linear approximation. In addition, the problem can be directly addressed
by some algorithms, such as Newton’s method, Whittaker’s method, Halley’s method, etc.
Nonetheless, these algorithms are computationally expensive due to a continuous evaluation
of one or more derivatives and the computation of a map inverse.

As an alternative, we can use the fixed point iteration method or successive approximation
method. Briefly speaking, this method consists in expressing a system of nonlinear equa-
tions F(x) =0 as x = G(x), e.g., with G(x) = x + aF (x). Then, an iteration method can be
defined as x*D = G(x®), where [ € N and x is the i-th approximation or iteration of x.
This process is repeated for / > 0 until a value p is found, for which we have G(p) = p.
Thus, the solution of the original system of nonlinear equations is precisely p, i.e., F(p) = 0.

Remark 1. Strictly speaking, every iteration method has the form x(+D =x® 4+
W(xOYF (xD). If W = —J~!, where J is the Jacobian matrix of F, then we obtain the New-
ton’s iteration method. Here, we work with a class of iteration methods, where W is a constant,
or in our case, equal to an identity. This methods are known as fixed point iteration methods
[24,25].

Definition 1 ([24]). A function G(x) of D C R” on R” has a fixed point in p € D if G(p) = p.

Theorem 1 ([24]). Let D = {x = (X1, %2, ..., xo) |a; <% < b;,Vi=1,2,..., n} for some set
of constants ay, as,...,a, and by, by, ..., b, Suppose that G is a continuous function of
D C R" on R" such that G(x) € D for any x € D. Then G has a fixed point at D. Suppose
further that G has continuous partial derivatives and that there is a constant |K| < 1 such
that

agi(x
M < K’ Vx c D’
8Xj
forany j=1,2,...,n and every function g;, component of G. Then, the sequence {X(l)}?iox

with arbitrary initial value x© € D, and generated by
K40 = GRD), €N,

converges to a unique fixed point p € D and

()

=5

[+ =pl =

1-K
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Remark 2. The condition imposed to the partial derivatives implies that G is a contraction
map on D. This is an immediate consequence of the mean value theorem and further details
can be found in [25].

Also, let us introduce the following definition that will be useful in a later section.

Definition 2 ([26]). A sequence {x'}
if there is a constant ¢ > 0 such that

Hx(l) — p|| <cp!, VIeN 7

oo

1—o 1s said to converge linearly to p with rate p € (0, 1)

3. Fixed-Point state observer

In what follows, we show that the fixed point iteration method can be used to design a
state estimator by considering the representation (6) of the output signal.

Let us consider once more the system (2), with x; partially known for any time instant k.
Besides, consider the following assumptions:

Al. The T-sampled system (2) is observable for the output sampling conditions and obeys
the Theorem in [27], i.e., there exist Ty > O such that the system is observable for any

T <Tp.
A2. The n—1 previous measurements of any time instant k are retained, i.e.,
Yk—nt1s Yk—n+2, - - - » Ye—1 are available.

To estimate the full state from the system’s output y; and a finite number of previous
measurements, we propose the following methodology:

Let Yjx—nt+1.4) denote the vector of n consecutive measurements from time instant k —
n+1 to instant k, i.e., Yj—nt1.k] = Dk=n+t1> Ye—n+2, ...,yk]T. Note that, by considering the
representation (6), we have that

Vk—n+1 h(Xk—n+1)
Vk-n+2 h(f (Xk—n+1))
Yik—nt1,6) = : = : = H (Xk—n+1) )]
Vi h(f" ! —ns1))
We can reorganize the last expression as the following root search problem,
F (X—n+1) = Yik—nt1.60 — H(Xk—p41) =0 )]
To solve the last problem, let us express (9) as
Yikmnt1.0) — H Ok—pg1) + Xp—pp1 — Xp—pnp1 =0 (10)
such that
Xi—n+1 = Xk—nt1 + Yemnt1.60 — H (—n1) = G(Xk—nt1) (11

For now, let us assume that (11) has solution x}_, 4 €D. Therefore, given an initial

0) O]

condition or guess x € D, all iterated values x;°, | € D and converge to the fixed point

k_fnJrl
Xi_pp1 (Theorem 1), i.e.,
1 U+ _ 1 ) _ : ) _ *
Xenil = Il_l)n;)xk—n-}—l = }E&G<xk—n+1) = G<lefgoxk—n+1) = G(xk—n-‘rl) (12)
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)

where the iterated values x;”’ ., are obtained from the following iteration method

x5 = a0 i~ H(x,), 1EN (13)

o0
Under this assumptions, we note that every value in the sequence {x,ﬁ )n 41 }1 . including

Xj_,4+1» 1s an approximation of the solution of (9). In other words, these values are actually
an estimation of the real state x;_,1.

Thus, in accordance with the usual notation from control theory for estimated values, let
us express the iteration method (13) as

A+ "(1)
Xe—nt+1 — XkZn+1 +Y[k n+1,k] —H()Ck n+1) leN (14)

and the fixed point as xk_n e Notice that the expression (14) has the general form of the
iteration methods, with F = Yjt_p414 — H and ¥ = [ (remark 1).

Furthermore, since )E,’f_n 41 is the estimate at kK — n + 1, we obtain the estimate at the time
instant k by propagating the fixed point n — 1 steps forward, i.e.,

=" E ) (15

Observe that the root search problem (9) needs to be solved for every time instant. There-
fore, it is said that the Fixed-Point state observer algorithm consists in decomposing the state
estimation into a set of consecutive fixed point iteration problems (one problem for each time
instant). Based on the above, we establish the following theorem.

Theorem 2. If the iteration method (14) obeys Theorem 1, then for any time instant k, the
sequence {)?,El_)n L1172 converges to X;_, .|, solution of the root search problem (9). That is to
say, the expression (14) is a Fixed-Point state observer for the discrete-time nonlinear system

(2).

Proof. Let us consider a given time instant k. Then, since A is analytic, the function
G(Xx—n+1) = Xk—nt1 + Yik—n+1.4) — H (%g—p+1) is continuous. On the other hand, according to
Theorem 1 we have that G(X;_,+1) € D for every x;_,.1 € D. Moreover, G is a contraction
map, such that

~(0) ~(j) ~(0) "(J)
”G< Xl n+1) - G(xk n+1>” < K%, = 52

VE R €D # ] (16)

with |K| < 1. Therefore, we have

A(l+1) A(l) A1) A(l=1)
1%t = X | = ||G( Xg— n+1) - G(xk—n-H)H
I a(l—1
< KI5, — 8500 (17)

Then, by induction

a(l+c) A(1+c 1) A(l4c—1) A(l4c-2) c o) A(l 1)
” X— n+l X— n+1 “ <K” Xp— n+1 xk—n+1 ” = SK “xk n+l X n+1|| (18)

for every ¢ > 1 and [ > 0. Later, we have that
¢
A(l+ I4i—1 1 I A(l—1
DI = SO = (KK e KD, - O (19)
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such that
A(l+c) A(l) ¢ 1 I—1 2(1) A(O)
11 = X | = (K + K +"'+K)K 121 = = (20)

@)
k—n+1

Cp) = G()?,f_nH) = %{_, 41 Then, if ¢ — oo, it happens that

thus, we prove that {x
@)

72, is a Cauchy sequence and therefore it has a limit, such that
lim;_, o G(x

~(1) A% ~(1) A(O)
16 g1 — X < 11— ||x/< et ~ Ynp | 2y

If I — oo, then K—[K — 0, therefore the sequence converges to the fixed point. Furthermore,
we can prove that x;_, , is unique. Suppose that x()
| — oo. Thus,

~x ~l) o%
—n+1 - xk7n+1 and xk—n-H - Zk,,hq as

A% A ~(l) ~(l)
11 — Zent I = 16 — 5 5200 — Gl

A(l) ~()
< W = A 1520 —Zal =0 (22)
such that X;_, ., =2;_,.,, i.e., the fixed point is unique. [J

Notice that the function G is a contraction map if X xk —nt1 18 close enough to the fixed point
X;_,,, and in general, if

0 i A—n
‘M <K, j=1,2,....n (23)

0%

On the other hand, once the root search problem has been solved for the current time
instant, we can set the initial guess for the following time instant as x,ﬁo)n 42 = X4 The
logic behind this choice is that X{_,,, and the solution of the following equation system
Xr—n+2 belong to the state trajectory of the discrete-time system (2). Since we assume that
the continuous-time system that originates the sampled time version is given by a Lipschitz
function, it is reasonable that x;_,.; is close enough to the solution and therefore, G is a
contraction map.

In a further step, for simplicity we will denote x;;
that (14) is:

N0}

Zpg1 88 a)k ) and Yik—n+1.4] just as Y, such

o =0’ + % —H(of"), 1eN 24)

where w,&i) = (wi’)k,wé’)k, e, ;’),()T The last representation will be particularly useful to

avoid confusion during the numerical simulation.

3.1. A?-Aitken accelerated convergence

The main disadvantage of the fixed point iteration method, and therefore of the Fixed-
Point observer, is its low convergence speed. Unlike the Newton observer (with quadratic
convergence), the proposed algorithm presents a linearly convergent sequence. Therefore, let
us incorporate the A2-Aitken method to increase the convergence speed.

Consider the following iteration method

D =G(x?), 1eN (25)
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Suppose that (25) generates a convergent sequence {x(” }Zo and that the iteration function
G satisfies conditions of Theorem 1. Then, let us define the convergence error as

©O—p (26)

where p is a fixed point. First, let us assume that the iterative method converges geometrically,
ie.,

eV =x

etV =Ke®, K| <1 27
such that
U2 HU+D .
U+ — gl (28)
then, we have
XD _p 0D 29
XD —p T X0 —p (29)
and by expanding terms, we obtain
142 I I+1 2
(2 = p)(x? = p) =« = p)
2
XD pelHD D 2 o (x0FD)? gD 4 2
2D p 42y Dy (x<1+1))2 NN
2
p(zx(Hl) — U+ —x(”) _ (x(’“)) — 2,0
this is
2
DD _ (x+D) 0
P =072 _g0+D +xO 30)
or equivalently
(+1) _ ()2
X X
po ) _ ) 31

C xUH2) D o x(D

We can notice that under this geometric convergence assumption, the value of p can be
obtained with only three consecutive values of the sequence {x”)}zo. However, in practice,
the solution of a system of nonlinear equations rarely exhibits this class of convergence.
Instead, it is much more common a convergence of the following type,

e =Ke), K=K+45P, 1eN (32)
Clearly, the sequence {e’}°  converges linearly to zero if and only if |K| < 1. Therefore,

the sequence of 8¢ should tend to zero as [ — oo. Since 0 < 1 — K < 1, there exists 8¢
such that

0<§P<1-K<1, VIeN (33)

that is due to the Archimedean property. Thus, let §¢) be

<) 1-K

Y = — leN (34)
¢
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with constant ¢ > 1. Evidently, §¢) — 0 as [ — oo. On the other hand, according to
Definition 2 we know that x() converges to the fixed point p (or e to zero) if

Hx(l) — p|| = ||e(l) || < c,ol, Vi e N 35)
with ¢ > 0 and 0 < p < 1. Let us propose p = 1 — K, such that

|e®] < et =K' (36)
or equivalently

[Ke®| < c(1 —K)H! (37)
ie.,

(4

-K
_ )e(n

<c(1-K)*! (38)

For simplicity, let us consider ¢ = ¢, such that

1-K
22
C

Then, the sequence &) is sufficiently large for all / € N, if ¢ >> 1. Therefore, as a direct
consequence, we have that the convergence will be linear if |K| >> §?,

<c(1-K)F =¢® (39)

Remark 3. We can _notice that, since §¢ converges to zero, for some /; > [ € N sufficiently
large we have that K = K. Therefore, the expression (28) is valid and the proof continues in
the same way.

Now, in the following we expect the quantities

a+1) _ D)2
(x x)

xU+2) Zx (D) 1O

0 _

D =x (40)

to be closer to p than x". The expression (40) can be simplified with the following forward
difference operator
AxD = x0T —xO 1 eN 1)
such that
A% =A(Ax?D)

=A(x(l+1) _x(l))

=Ax"HD — Ax®

=(x(1+2> _ x(l“)) _ (x(1+1) —x(’))

=x(l+2) _ 2x(l+1) +x(l)

Therefore, expression (40) is equivalent to
(AxD)?
A2xD

The last expression is the well-known A2-Aitken method and is illustrated by Fig. 1. Now,
let us consider the following assumptions:

0 _

D =x , leN (42)
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X0y A2 £z

x(©)
x(1) }\ 2(0)
x(2) / }\ 2(1)
x3) J\ 2(2)
A
x4 (3)
} y4
J

Fig. 1. Graphical scheme of the A2-Aitken method: sequence {x(’)}io is used to obtain a second sequence {z(”}[i

0’
such that the convergence speed increases.

1) ° .
o {x( )} 1—p 18 a sequence that converges to p

. {z(”}zo is the sequence generated by the iterative method (42)

Let us consider the following variables

eD =3O _p (43)

and

O =0 _p 44)

Moreover, suppose that
e =Ke = (K+5P)e” £0, VIeN (45)

where |K| < 1 and §¢) — 0 as | — oo.

Then, the following result ensures that the A2-Aitken method accelerates the linear type
convergence of the iteration method.

Theorem 3. The sequence {z(l)}fio converges faster than sequence {x(l)}}’io in the sense
D 0

sz(l)—_p—)O as [ — o0 (46)
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Proof. From (43) and (44), we have that
XD = 4 p
and
(g<1>x(l))2
A2x®
(x(+D — x(l))2
X+ Z 2x U+ 4 5O

Then, substituting (47) in (48) we get

O =0 4= x®_

O]

=X

(e) — e(,))z

O — L, _
TE =P T Sy —our + e

such that

2
(D) — o)
e(1+2) — 26(1+1) + e(l)

On the other hand
D — oV = (K 4 50)e — e = [(K — 1) + 5V]e®

1O — O _

therefore, we have
et —2e0HD o = (K+ 5(l+1))e(’+” —2(K+ S(’))e(” + e
Then, since ¢/t = (K + S(l))e(”, we have that
D 26+ 4 o0 — (K 4 3UFD) (K + 5D)e® — 2(K + 5D)e® 4 D
— [K? + 5OK + 50+DK 1 5050 2K — 250 4 1]e®
= [(K = 1)? + K@D 4 50D 4 FE+DFO _ 2500
=[(K—1)>+10]e®
where 1) = K(§© + 5§Dy 4 §U+D5D — 250 and satisfies
2D =0 as [ — o0
By substituting (52) and (54) in (51), we obtain
[(K — 1) + 50 ()
[(K —1)2+ M”]e(’)
(-1 +8"]
(K—1)2+210
[(K C12 40 (K= 1)? =280 (K — 1) — (S<l>)2]e<l>
(K—12+210

1O = 0

— D

this is
A0 = 250K — 1) — (50)

O
(K —1)2 420

R0
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(48)

(49)

(50)

619}

(52)

(53)

(54)

(35)
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such that

O A0 25K — 1) — (gu))z
- = —0 as [ - o0 57
e® (K —1)2+ A0

Hence, the expression (57) implies that {t)}?° ) — 0 faster than {}?°,. O

3.2. Steffensen accelerate convergence

% = B, B € R, then the
convergence of sequence {z(”}fio can be accelerated once more by means of the A2-Aitken
Method. Therefore, we propose to implement the Steffensen method, which is described below.

In the above proof, we can note that if 5O is such that lim;_

Remark 4. Observe that only in this subsection, the subindex of xl.(j ) denotes that the three-
element sequence {xi(/ )}§=0 was generated after applying i — 1 times the A2-Aitken method.

Given a initial guess xio), we calculated two additional values by means of the iterative
method (25), i.e., we obtain the three-element sequence {xl(o), x}l), xfz)}. Then, the A2-Aitken
method is applied, such that

2
()

xfz) — 2x{1) + x}o)

©) _ 0
Xyt =X~

(58)

Next, the value xéo)

obtained, i.e.,

& =6,

is used as new initial guess, such that two additional values are

and the Aitken method is applied again

2
©) _ (0 (xél) B x§0)>
Xy =X, — (59)
3 xéz) _ 2x§1) I xg))

Thus, this process repeats until the fixed point is obtained. Fig. 2 graphically describes
this process.

3.3. Stop criterion

The results shown above prove that the sequence generated by the iteration method of the
state observer will converge to a unique fixed point. However, this analysis is valid just for
the set of real numbers, and when the method is implemented in a digital computer, due to
finite precision issues, the method will inevitably have a persistent error, such as is shown in
[28]. In other words, depending on the precision of the floating point number’s representation,
the sequence will converge to a value close to the fixed point, and in the best scenario, to
the fixed point itself.
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XD A2 | {2 1 a2 | D3 | A2 | {xOF | A2

%, %, x5 %,
X, X, () x5 %,
X, %, X5 ¥,

v \4 \4 v

Fig. 2. Proposed Steffensen method. A three-element sequence is generated and then the AZ-Aitken method is
applied. The result is then used to generate a new sequence of three elements and the Aitken method is applied one
more time and so on.

Regardless of whether the method converges to the real fixed point or a near value, notice
that the iteration method of the Fixed-Point observer does not specify a maximum num-
ber of iterations, and therefore, the method (24) could continue indefinitely. Thus, to avoid
unnecessary iterations, we propose to implement a stop criterion.

Let G : [a, b] — [a, b] be a Lipschitz function with Lipschitz constant L, 0 < L < 1 and
consider the iterative method (25) with fixed point p, such that

W — pl = IGETY) = G(p)| < LX) — pl (60)
ie.,

L|x(/+q—1) —pl = L|G(x(l+q—2)) —G(p)| < L2|x(l+q—2) -7l (61)
hence recursively, we have

WD — pl < L@ — p] (62)

Thus, if G'(p) # 0, the number of iterations necessary to reduce the convergence error by
a factor of 107" satisfies

L1 <10 (63)
such that
< " (64)
g< ———
logy (%)

Remark 5. The expression (64) indicates the number of iterations g necessary to reach a
desired accuracy m. In [18-20], a similar criterion is established. However, the authors define
this criterion considering a fractional base logarithm since they take into account specific
compact sets.

Additionally, we can establish a second criterion based on the following observations
Remark 6. Let ¢ > 0, such that
D =20 < (1= L)e (65)
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therefore
i —pl<e (66)
The proof is immediate, since
|x(l) - pl :|x(1) _ G(x(l)) + G(x(l)) —pl

< @ = x4 L@ — pl ©7)
1.e.,
@ —pl(1 = L) < |x@ — D) (68)

Then, since 0 <L < 1= (1 —L) > 0, we have

1 1
|x(” —pl < 1—L|x(l+1) —x(”l < 1—L(1 —Le=c¢ O (69)

Remark 7. Since the convergence error monotonically tends to zero, we have that

I+1 l I l
Y — pl = 1G(x") = G(p)| < LIx® — p| < x© = pl (70)
therefore, the previous iteration has a greater convergence error than the current iteration.
O
Based on the above, we can establish that
Ix(H-l) _x(l)| — IG(x(l)) _ G(x(l—l))| < L|x(l) _x(l—1)| < |x(l) _x(1—1)| (71)
In practice, due to finite precision errors, it may be the case that
|x(l+l) _x(1)| > |x(l) _x(l—1)| (72)

for some /. In such scenario, the method is stopped. In general, the iteration method will stop
when

x? —x=D| < 1077 (73)

Remark 8. Note that if the Aitken’s method is included in the Fixed-Point observer scheme,
we could also have the following scenarios: 1) If the exact solution is reached, then two
iterations later the Aitken method will have a singularity (division by zero). 2) The method
can have an iteration loop due to floating-point issues (finite precision). Therefore, whenever
the sequence presents three equal consecutive values, the algorithm also must be stopped.

3.4. Newton observer

For comparison purposes, we briefly introduce the Newton observer algorithm [10]. This
is based on the well-known Newton-Raphson method and is given by

~(0)
AU+D 2D oH (xk*"H) Y H(:0
Yeont1 =N g T T—n-ﬁ-l k—n+1,60 —H(X 2, 1))
[=0,1,2,...,r—1 (74
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where £ = &\ N &0 )T and the design parameter r is the maximum
kel = Xkt 1 X2 k—nt 10 0 Xnk—n1 gn param > max

number of iterations. As in the Fixed-Point observer, the state estimation at the time instant

k is found by propagating n — 1 steps forward the value )?,Er_)n 410 1€

X = fnil <£lir—)n+1> (75)
and then, for the following time instant, we select J?,Er_)n 41
method. A A

To avoid confusion, let us consider as well the notation )E,Elln = w,ﬁ’) and Yjy—ni1.60 = Y,
such that the Newton observer is
~1

as initial guess of the iteration

)
oD = ¥ + —aH(a)k ) (Yk — H(a)(“))
k k 8C()k k ’
[=0,1,2,...,r—1 (76)

The main disadvantage of the Newton observer is the computation of the Jacobian matrix
and the corresponding inverse at each iteration and for each time instant. This continuous
evaluation of the partial derivatives is time-consuming and increases the computational cost
[18-20]. There are some strategies that allow avoiding the Jacobian matrix, such as the
Finite Difference Approximations method, Variational Equation method and the Maximum
Principle method (see [17,19,29] for further details). However, the first requires solving a
system of n equations n times in the interval between time instants k and k+n— 1. In
addition, it requires identifying additional parameters, which depend on the time scale, the
system parameters and the dynamics of the model. On the other hand, the second method
requires solving n?> equations between time instants k and k 4+ n — 1. Meanwhile, in the last
method, n equations must be solved n times backward by considering different integration
intervals.

Remark 9. If the overall change around the point of interest is zero, the inverse of the
Jacobian matrix does not exist and therefore, the Newton observer fails. This scenario would
also imply that the system is non-observable such that is not possible to estimate the unknown
states from the available output.

4. Example and numerical results

In the following section, we present the implementation of the Fixed-Point observer to
estimate the unknown states of a modified Chua chaotic attractor [30]. The Chua’s system
is the mathematical modelling of the well known Chua’s circuit, a simple circuit that ex-
hibits chaotic behaviour and was created to produce nonperiodic oscillations, which have,
both theoretical and practical applications, such as in secure communications [31-34]. The
equations that describe the attractor are the following:

(1) = a|:X2(t) + bsin (mf;(t) —|—d>]

a

x2(t) = x1(t) —xa(t) +x3(2)
x3(t) = —Bxa(t)
y(@) =x1 (@) 77)
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where the state vector is x = (Xg, X2, x3)T. Meanwhile, the parameters «, B, a, b and d are
constant values. An alternative discrete-time representation of system (77) can be obtained
via a forward finite differences discretization scheme, such that the 7-sampled system is:

+ d)] = f1 (%)
xaua1 = Xok + T (X1k — X2 +x30) = f2(x%)
X341 = X346 — BT X2 = f3(xx)

Yk = X1,k

. TTX1,k
X1,k+1 = X1,k + OlTI:XZ,k + bsin ( 2

(78)

. T . . . .
with x; = (xl'k, X2,k X3J<) . Then, we can design a Fixed-Point estimator for the system (78).
4.1. Fixed-Point estimator design for modified Chua chaotic attractor

One can note that the system’s dimension is n = 3. Therefore, we have

Yk—2
Yi = | Y1 (79)
Yk
and on the other hand,
X1,k=2
X1k—2 + T X k2 + bsin (Z352 + d)
H(x_o) = X1 k—2 +aT | X k-2 + bsin (% + d) (80)

+aT {xo 42 + T [X14—2 = Xok—2 + X342
+bsin (3 {x14-2 + oT [xo4-2 + bsin (Z522 +d)]} +d)}

Then, by considering the representation (24) of the Fixed-Point observer, we have that

o =0’ + ¥~ H() = G

Wll,k Ye—2
= Wéi + | Yi—1
wii ] Lo
B ) .
Wik
()
wl,+ oT | Wi, + bsin 2k 4 d)
()
_ Wil}c—}—aT Wg}{—i-bsin % +d (81)
! ! ! !
v )+ 7w ) + ]
)
+bsin <21 {wﬁ’}( + aT[wg{; + bsin <% + d)} } + d) }
where
. . . NT
(o) = o) (o) o)

Then, to guarantee convergence of the iteration method we need to find acceptable initial
conditions. To achieve this, we analyze the partial derivatives of G and select initial conditions
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such that the absolute value of each partial derivative is less than 1 (contraction map). It is
easy to note that

881(60(0) 3gl(w(i)) 381(0)(0) 382(w(i))
v U el e v R v .

On the other hand, we have that

022 (wlii))

1+ aTbr _ 1
= <
Bwl,k 2a “ ’
8g2(w,§i))
— | =|1—-aT| <1,
E)wz,k
()
883(")1( ) aTbr (. _  oTbr _ _ )
—| =1+ +22+ 2122 | +aT"| < 1,
8W1,k 2a
(@)
383(wk ) ,  a*T*wh_
— 2| = 2aT —aT* + 2| < 1,
3W2,k a
s (o)
—— | =aT*-1| <1 (84)
8W3yk
with

_ (nwgi)k )
7] = €cOS = +d
2a

0) (i) @)
TW alntw Trh W
Z_2:COS( l’k—}- 2,k+01 id sin( 21’k+d>+d)
a

2a 2a 2a

The system of inequalities (84) can be solved by means of a mathematical software. Thus,
with the help of Wolfram Mathematica we find that the inequalities are satisfied if

2
T e <O, —> (85)
o

4.2. Newton observer design for modified Chua chaotic attractor

For comparison purposes, we implement the Newton observer to the Chua attractor. Thus,
according to the Newton observer algorithm, we have that the Jacobian matrix is

10 0
Hy, aT 0 (86)
H3’ 1 H3’2 O(T2

OH ()

Bwk
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with
(i)
_ Tbr TW
H2_1=1+a cos Ly a
2a 2a
_ _ 5 aTnb  o*T**r? aw)
Hy 1 =H, +oal” + + cos —~4+d||C
’ ’ 2a 4a? 2a
,  &’T*bm
H3.2 =2aT — aT +
’ 2a

and where

i)
C = cos X w +aT|w? + bsin nwfk +d +d
2a Lk 2.k 2a

Hence, the Newton observer is given by

i

0H ("

0+ — o 4 [%} [Yk _H(wlil))] (87)
Wi

for /] =0,1,2,...,r—1 and with Y; and H (co,gl)) as in the Fixed-Point observer. Note that
we have already considered the representation (76) of the Newton observer. Finally, the state
estimate at time instant k is

2 (r) (r) (r)
fi <W1,k’ Wk W3,k)

K1k
N 5 (
X=Xk | = f3 (W1f1)w ng)c’ Wgrl)c) (88)
X3,k 2 (r) (r) (r)
13 (wlfk’ W WSTk

4.3. Results and comparison discussion

Now, we show the numerical results obtained by the Fixed-Point estimator. These results are
compared with those obtained by the Newton observer, a discrete-time Luenberger nonlinear
observer and a discrete-time sliding mode observer.

Let us consider the following parameters for the modified Chua attractor: o = 10.82, g =
14.286, a =1.3, b =0.11 and d = 1. Therefore, by considering (85), we set the sampling
time as T = 0.05.

For the Fixed-Point estimator we consider a)((,o) =[5, 10, —S]T as initial guess and m =
1073 for its stop criterion. The same initial guess is considered for the Newton observer

On the other hand, we implement the following discrete-time Luenberger nonlinear ob-
server:

1 = Q&) + Lk — 19)
Lk = Lx1k (39)

where ;X; and ;y; are the Luenberger observer state vector and output, respectively. L eR?
is the Luenberger gain, which was selected as L = [0.5,0.4,0.2]”. The initial conditions for
this observer are ; %y = [5, 10, —5]".
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In addition, we consider the following sliding mode observer:

sufirr = f(sm¥e) + Qv — smdx) + S(k)
SMYk = SMX1.k (90)

where g%, and )9 are state vector and output of the observer, respectively. Q € R3 is a
gain vector and S(k) is a saturation function given by
Ve — SM)A’k>

v

with R = [r1, 72,7317, 11 > 0,7, > 0,73 > 0 and ¥ > 0. The following values are selected for
these parameters: Q = [0.1,0.2,0.1]", R = [4.1,2.1,3.9]" and y = 10. Meanwhile, the initial
conditions are ;.5y = [5, 10, —5]7. It is worth mentioning that the gain parameters of this and
the last observer, were chosen based on an LMI approach. All the following simulations were
performed on a machine with an Intel Core i7-4770k, 8 GB memory RAM installed and
Matlab 2020b.

Figs. 3 and 4 show the estimates made by each of the state observers. All of them are
capable of an adequate state estimation. However, we can appreciate that the estimates of the
Fixed-Point and the Newton estimators are closer to the real state values since the very first
time instants. This is due to the nature of these. Remember that for any time instant a root
search problem is solved, this is, an accurate estimation is obtained since the very first time
instants, as is shown in the figure. On the other hand, the estimates made by the Luenberger
and sliding mode observers present a transition behaviour, i.e., converge to the actual state
after several time instants.

In Fig. 5 we can observe the estimation error of each observer. Note that the estimation
error is defined for any time instant k as the difference between the real state and the estimated
value (ex = x; — Xx). In this figure we note again how the Luenberger and sliding mode
observers require several time instants before converging to the real state. On the other hand,
we can observe that the estimates of the Fixed-Point and Newton estimators present certain
noise. Nonetheless, let us consider the mean square error (MSE):

S = R sat( 1)

M
1 A2
MSE = i Zl (X,' - X,’) 92)
=
where M is the total number of time instants of the simulation. Then, when we calculate
the MSE (considering the whole interval) of each estimator, we find out that the Fixed-Point
estimator has the best performance.

Fixed-Point observer: MSE = 0.0165
Newton observer: MSE = 0.0180
Luenberger observer: MSE = 0.3335
Sliding-Mode observer: MSE = 0.3025

It is clear that as the number of time instants considered in the simulation grows, the
performance of all observers tends to be equal. Although, it is important to have in mind
that the Fixed-Point estimator, does not require determining a great number of additional
parameters and its estimates are close to the real state values since the very first-time instants.

Finally, in Fig. 6 we observe the sequences generated at time instant k = 3 by the Newton
observer (a) and by the Fixed-Point estimator considering the different accelerated convergence
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Fig. 3. Modified Chua chaotic attractor: estimates obtained by the different observers, a) X, and b) X3.
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Fig. 4. Modified Chua chaotic attractor space state and the different state estimates.
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Fig. 5. Modified Chua chaotic attractor estimation error for the different state observers: a) ey = xp ; — X x and b)
€3 = X3k — X3 k-

schemes. The red line represents the sequence {Wg}(}fio, while the green line corresponds to

the sequence {wé{;{}j’io. We show the sequences at this time instant since it is when the initial
guess is farthest from the fixed point.

Observe that all sequences converge to the fixed point [yk, 2.1428, —0.1648]T. However,
the convergence speed of each is different. The Newton observer converges faster since it
only requires three iterations. It is followed by the Fixed-Point estimator with Steffensen
method (42 iterations), then with the Aitken method (139 iterations) and finally without any
accelerated convergence scheme (284 iterations).
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Fig. 6. Sequences convergence at time instant k = 3: a) Newton observer, b) Fixed-Point estimator with no accelerated
convergence, c) Fixed-Point estimator with A2-Aitken accelerated convergence and d) Fixed-Point estimator with
Steffensen accelerated convergence.

Although the Newton observer requires very few iterations, compared to the Fixed-Point
estimator, the latter has a lower computational cost. This is reflected in the elapsed time

required to execute the algorithms: 0.040140 seconds for the Fixed-Point estimator (Steffensen
method) and 0.250582 seconds for the Newton observer.

5. Conclusions

In this work, we have presented an alternative algorithm for the state estimation of discrete-
time nonlinear systems. We named this algorithm as Fixed-Point observer with Steffensen-

6779



R. Martinez-Guerra and J.P. Flores-Flores Journal of the Franklin Institute 360 (2023) 67576782

Aitken accelerated convergence. We have addressed the state estimation problem as a set of
consecutive fixed point iteration problems. We relied on the fixed point concept to design the
observer and, in particular, to choose the sampling time and the initial guess of the iteration
method. Additionally, we have used the A2-Aitken method to increase the convergence speed.
Two schemes were considered: 1) using only the Aitken method and 2) applying the Aitken
method multiple times (Steffensen method).

Our proposal has a simple structure, does not require the identification of a great number
of additional parameters (such as gains), its estimates are close to the real state since the very
first-time instants and compared to a similar algorithm such as the Newton observer, does not
require complex calculations. Due to all this, the Fixed-Point estimator is less time-consuming
and easy to implement. In addition, to avoid unnecessary calculations, the algorithm incorpo-
rates a stop criterion for the iteration method. All the corresponding mathematical analyses
have been presented.

The numerical example shows that our proposal is capable of reconstructing the unknown
variables from a discrete-time sample. Moreover, the Fixed-Point estimator has the best per-
formance. The last claim is validated by the MSE criterion. Besides, the results show that the
second convergence acceleration scheme (Steffensen method) has indeed the best performance.
As can be observed in Fig. 6¢ and d, with the Steffensen approach, the necessary number
of iterations before satisfying the stop criterion and therefore the specified convergence error,
decreases from 130 to 43. This of course traduces into a computational cost even lower than
the Fixed-Point observer can have by itself.

For the Fixed-Point estimator, it is necessary to analyze the partial derivatives of its iteration
method to find the conditions that ensure its convergence. Therefore, the initial guess is
restricted to a specific set. However, this is a common issue in all state observers that demands
more attention. On the other hand, numerical results show that the iteration method still
requires a considerable amount of iterations before converging. Therefore, in the future we
pretend to implement an iterative method able to further reduce the number of iterations and
therefore, the computational cost. Also, we will try to extend the set of acceptable initial
guesses of the algorithm. At this moment, our first approach is based on the iterative Gauss-
Seidel method for systems of nonlinear equations.
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